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Q-functions from Affine Gaudin Bethe Equations

Conjectures and perspectives.

Davide Masoero GFMUL



Linear ODEs and Math Phys

It is a general fact that many interesting objects in mathematical
physics can be expressed via the (generalised) monodromy data of
a of linear ODE in the complex plane.

Quantum field theories & related geometrical objects often
correspond to equations with irregular singularities (e.g. Frobenius
manifolds and TQFT, ODE/IM correspondence).
This correspondence is somehow mediated by the Nonlinear Stokes
Phenomenon (Wall-Crossing).
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Monster potentials

We consider the linear ODE

−Ψ′′(x) +

(
x2α +

ℓ(ℓ+ 1)

x2
− 2

d2

dx2
logP(x2α+2)− E

)
Ψ(x) = 0.

α > 0, x ∈ C̃∗,E , ℓ ∈ C.
P is a polynomial such that i) P(0) ̸= 0, and ii) the
monodromy is trivial about the singularities x ̸= 0,∞.

Assuming roots z1, . . . , zN of P are distinct: the trivial monodromy
is equivalent to the BLZ system

∑
j ̸=k

zk

(
z2k+(3+α)(1+2α)zk zj+α(1+2α)z2j

)
(zk−zj )

3 − αzk
4(1+α)

+∆(ℓ,α)=0, k=1,...,N.

Dorey-Tateo (1998) ℓ = 0,N = 0,
Bazhanov-Lukyanov-Zamolodchikov (1998 and 2003).
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ODE/IM Correspondence - Dorey-Tateo 1998

As a (entire) function of E , the central connection coefficients
Q±(E ) and the Stokes multiplier T (E ) satisfy the Quantum
Wronskian, TQ relations and Bethe Equation of Quantum KdV:

γ Q+(qE )Q−(q
−1E )− γ−1Q+(q

−1E )Q−(qE ) = 1,

T (E )Q±(E ) = γ±1Q±(q
2E ) + γ∓1Q±(q

−2E )

γ−2Q+

(
E ∗ q−2

)
Q+ (E ∗ q2)

= −1, ∀E ∗ s.t. Q+(E
∗) = 0.

Here γ, q depends on the paramters ℓ, α.
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The ODE/IM Conjecture for Quantum KdV

Bethe States
of

Quantum KdV

$$

//
Anharmonic osc.

with
Monster potential

oo

yy

solutions of BE
zeroes are almost all

real and positive

dd 99

Remark: 1. Quantum KdV (Bazhanov-Lukyanov-Zamolodchikov

’94-’96) is a CFT with c = 1− 6α2

α+1 ,∆ = (2ℓ+1)2−4α2(α+1)
4α+4 .

2. Substantial progress on the bijection monster
potentials/solution of Bethe Equations in Conti, M. (2021,2023).
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Affine Gaudin Model Bethe Ansatz Equation

Quantum KdV should be related to the (hypothetical) Affine
Gaudin Model (a Quantum Integrbale Model).

The algebra is ŝl2 and the module L2m,2l ⊗ L1,0.

The Hamiltonians should act on the space of singular vectors
of the module.

Feigin-Frenkel 2011, Feigin-Jimbo-Miwa-Mukhin 2017,
Lacroix-Vicedo-Young 2020, Kotousov-Lukyanov 2021.
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The ŝl2 module L2m,2l ⊗ L1,0: Sugawara Construction

degree

0

1

2

3

4

5

weight−6 −4 −2 0 2 4 6

...
...

...
...

...

After Sugawara,
(
L2m,2l ⊗ L1,0

)
sing

∼= ⊕r∈ZMc,∆r as a Virasoro

module, with c = 1− 6
(k+2)(k+3) , ∆r =

(l−2r−kr)(l+1−2r−kr)
(k+2)(k+3) .
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Affine Gaudin Model Bethe Ansatz Equation

The BAE for the ŝl2-module L2m,2l ⊗ L1,0 is an algebraic system on

variables {si}d0i=1, {tj}
d1
j=1:

1/2

si − 1
+

k/2− l

si
+

d1∑
j=1

1

si − tj
−

d0∑
j=1,j ̸=i

1

si − sj
= 0,

l

ti
+

d0∑
j=1

1

ti − sj
−

d1∑
j=1,j ̸=i

1

ti − tj
= 0.

Here l ∈ C and k := 2m + 2l > −2.
The integer r (sector) in Sugawara should be d1 − d0.
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λ-opers

Given a solution to the BAE one can cosntruct two affine opers L0
and L1 with apparent singularities at {tj}d1j=1 and {si}d0i=1.
In particular,

L1 = −∂2x+
(
xk(x − 1)λ2 +

l(l + 1)

x2

+

d0∑
i=1

2

(x − si )2
+

d0∑
i=1

k + si/(si − 1)

x(x − si )

)
.

Here (x , λ) ∈ C̃∗ × C̃∗, l ∈ C, k > −2.

Above cited works + Gaiotto-Lee-Vicedo-Wu 2022.
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1. Frobenius solutions

We are interested in solution analytic in x , λ:
A = {ψ : (x , λ) ∈ C̃∗ × C̃∗ → C, L1ψ(x , λ) = 0}.

1. Frobenius solutions: for generic l , ∃!χ± ∈ A,

χ±(x , λ) = x
1±(2l+1)

2

 ∞∑
j=0

x jgj(x
k+2λ)

 , gj : C → C, g0(0) = 1.

They are eigensolution of the (Quantum) Monodromy:

Mχ±(e
2πix , e−π(k+2)iλ) = −e±

2l+1
2

πiχ±(x , λ).

M-Mukhin-Raimondo (2023).
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2. Sibuya solutions

Stokes sectors

Σj [λ] =

{
x ∈ C̃∗ :

∣∣∣∣arg λ+
k + 3

2
arg x − πj

∣∣∣∣ ≤ π

2

}
, j ∈ Z.

For every j ∈ Z, ∃! Sibuya solution ψ(j) ∈ A such that ∀λ ∈ C̃∗

lim
x→∞

ψ(j)(x , λ) /

(
x−

k+1
4 e(−1)j+1 2λ

k+3
x
k+3
2 +...

)
= 1 ,

in any proper subsector of the sector Σj−1[λ] ∪ Σj [λ] ∪ Σj+1[λ].

M-M-R (2023), using a theorem by Cotti-Guzzetti-M (2023).
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3. Connection Problems

The central and lateral (=Stokes multiplier) connection coefficients

Q±(λ) = λ−
k+3
4

±(l+r+ 1
2
)Wrx

(
χ±(x , λ

k+3
2 ), ψ(0)(x , λ

k+3
2 )
)
.

T (x , λ) = Wrx
(
ψ(−1)(x , λ

k+3
2 ), ψ(1)(x , λ

k+3
2 )
)

are analytic functions Q±,T : C∗ → C.

They satisfy the TQ and QQ system of quantum KdV for the
Virasoro parameters c = 1− 6

(k+2)(k+3) , ∆r =
(l−2r−kr)(l+1−2r−kr)

(k+2)(k+3)
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The ODE/IM Conjecture for Quantum KdV, revised

Bethe States
of

Quantum KdV

��

//
Anharmonic osc.

with
Monster potential

oo

vv
solutions of BE

zeroes are almost all
real and positive

OO 66

λ− opers from
Affine Gaudin

Bethe Ansatz Equations

oo

OO
hh
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λ → 0 limit

The λ→ 0 limit is very singular: the irregular singularity disappear.
The limit depends on r , namely on the variables tj , which do not
appear in the equation.

Theorem (M-M-R 2023)

Q+ and T extends to entire functions C → C.

Conjecture (M-M-R 2023)

If l is generic: Q− extends to an entire function and Q±(0) ̸= 0.
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λ → +∞ limit. Ground state d0 = 0, and l real.

1. The zeroes λj , j ∈ N of Q+(λ; l) are simple, real and positive.
Moreover,

(λj)
k+3
2 =

k + 2

2

√
πΓ
(
k+5
2

)
Γ
(
k+4
2

) (
2j + 1 +

l + 1
2

k + 2

)
+ O(j−1), j → +∞,

2. Fixed j , as l → +∞

(λj)
k+3
2 =

(
k + 3)

k+3
2(

k + 2
) k+2

2

(l +
1

2
) +

(
8(2 + k)1+k

(3 + k)4+k

)− 1
2

(2j + 1) + O
(
ℓ̂−1
)
.

From the physics literature, full proof in Degano-M. to appear.

What about large λ, l asymptotics for other opers?
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Asymptotics of Gaudin BAE

Given a partition (µ1, . . . , µj) ⊢ d0, one defines the

Pµ(x) = Wr [Hµ1+j−1(x), . . . ,Hµj (x)] = Cµ
d0∏
i=1

(x − vµi ).

Conjecture (MMH, following Conti-M.). Partially proven

1. For generic l , the number of solutions of the Gaudin BAE
coincides with the number of partitions of d0.
2. For every partition µ of d0, there exists a solution {sµi , t

µ
i }

d0
i=1

with the asymptotics

sµi =
k + 2

k + 3

(
1 +

21/4

(k + 2)1/4(k + 3)1/4
vµi l−

1
2 + O(l−1)

)
.
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Parenthesis: A proven identity

Conjecture Conti-M., proven in Felder-Veselov 2024

Let µ ⊢ N, assume Pµ has N distinct zeroes Consider the Jacobian

Jµij = δij

1 +
∑
l ̸=j

6

(vµi − vµj )
4

− (1− δij)
6

(vµi − vλj )
4
, i ,j=1,...,N.

The eigenvalues of Jµ are are square of the hook-lengths of the
partition µ.
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λ, l → +∞ limit. d0 > 0

Conjecture (MMH, following Conti-M.)

Fix d0 = d1 and a solution sµi of the Gaudin BAE.
1. If l is large enough, the zeroes λµj , j ∈ N of Q+(λ; l) are simple,
real and positive. Moreover,

(λj)
k+3
2 =

k + 2

2

√
πΓ
(
k+5
2

)
Γ
(
k+4
2

) (
2j + 1 +

l + 1
2

k + 2

)
+ O(j−1), j → +∞.

2. Fixed j , as l → +∞,

(
λµj

) k+2
3

=

(
k + 3)

k+3
2(

k + 2
) k+2

2

(l+
1

2
)+

(
8(2 + k)1+k

(3 + k)4+k

)− 1
2

(2nµj +1)+O(l−1),

where nµj = j − µtj+1 (Maya diagram) .

RMK: The zeroes of the Q+ function for monster potentials satisfy
the same asymptotic expansions (Conti-M. 2021).
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Classification of solution to Bethe Equation for Quantum
KdV

Theorem. Conti-M. (2023).

Let −2 < k < −1 and d0 > 0 be fixed.
1. If l > 0 is large enough, solutions to the Bethe Equations for
Quantum KdV, with purely real roots satisfying the large λ
asymptotics of the zeroes of Q+, are classified by partitions of d0.
2. The solution associated with the partition µ satisfies the large
momentum asymptotics of the zeroes of the Q+ functions.

Corollary. MMH

Assuming the conjectures on the asymptotic of the zeroes of Q+

hold.
If l is large, for every sector r , there is a bijection among λ-opers
and monster potentials such that the spectral determinants
coincide.
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The Big ODE/IM Conjecture

The Big ODE/IM Conjecture

If a QFT is Bethe Integrable then the corresponding solutions of
the Bethe Equations are spectral determinants of linear
differential operators.
→ Bethe Roots are eigenvalues of a (possibly self-adjoint)
differential operator (cf. Hilbert-Pólya Conjecture).

M - Raimondo- Valeri) (2016,20717), M.-Raimonfo
(2020,2021,2023), after Feigin-Frenkel (2011)

ĝ an affine Kac-Moody Lie-algebra and Lĝ the Langlands dual,{
Bethe states of ĝ−quantum KdV

}
L9999K

{
Lĝ− opers on C∗

}
.
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Open questions? A lot

The affine Gaudin model gives a an important hint on the nature
of the ODE/IM correspondence.
Even so, the ODE/IM correspondence for Quantum KdV is just a
tiny piece of an enormous field of research of which we know a lot
but still very little.

How do we guess which ODE (if any) corresponds to a given
Quantum Field Theory?

Once, they are found, how do we prove them?

Why the ODE/IM correspondence? Can we find a theory?
Why is the nonlinear Stokes phenomenon that important?
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