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@ The Kontsevich—-Witten theorem for the intersection numbers
on My .

@ The Hamiltonians of the KdV hierarchy and the double ramification
cycles on M ,,.

@ A quantization of the KdV hierarchy through the double ramification
cycle. Quantum tau-function of the KdV hierarchy. A theorem of X.
Blot.

@ Quantum intersection numbers and the stationary Gromov—Witten
invariants of CP!.
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Intersection numbers:
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The generating series of intersection numbers:

tg tg, ...t
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Witten's conjecture (1991, proved by Kontsevich in 1992)

o u= %2732: is a solution of the KdV equation (we identify x = t)
0
2
€

ou
871 = U, + ﬁumx.
@ Moreover, u is a solution of the whole hierarchy of infinitesimal
symmetries of the KdV equation

2
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Together with the stri jon 0F — tp1 OF + 8 thi
oget far with the §tr|ng eq-uatlon G = Zkzo k157, + 3, this
determines all the intersection numbers.
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Space of local functionals, Poisson structure

Algebra of differential polynomials A= Clu, Uy, Uy - - -, €], u; := O
Oy 1= ano un+1%: A= A

Space of local functionals A := A/Im ().

Projection A — A, f [ fda.

~ ~

Variational derivative 2 := > ns0(—0z)" o %: A— A
Im(0k) C Ker(%) = i: A — Ais well defined.
Poisson bracket on A: {f,g}:= [ gfangdx
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The KdV hierarchy is Hamiltonian:
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The first few Hamiltonians are

B 3 2
- ut g2 et
hg = / <24 + @Uzumm + M“ix) :

The Hamiltonian h; gives the KdV equation
- 7 2
{u,h1} = 61% = Uty + 5Uzza-
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More on the intersection numbers

u= ‘?;Tg: is a solution of the KdV hierarchy % = {u, h,}, with the initial

condition ult.,—o = « (recall that we identify ¢ty = z).
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More on the Poisson structure on A

The Poisson structure on A can be described in another coordinates.

B :=Clp1,p2, .. ([P, p-1,p-2,- - €]l.

Poisson bracket on B: {P,Q} :=> ez ik%agc_?k,P, QeB.

¢: A — B, f — Coef i (f’ukzzaez(m)kpaem> (informally, we consider
the expansion of u in the Fourier series “u(z) = ) .y pae'™").

Im(dy) C Ker(¢) = ¢: A — B is well defined.

o: A — Bis an injection.

o({f.9}) ={2(/),6(@)}, [f.g¢€ A,

We will denote ¢(hy,) € B by hy,.

We will give an explicit formula for the KdV Hamiltonians h,,, as
elements of B, using the moduli space M, .
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Double ramification cycle

A= (a,...,an) €Z", > a; =0.
The partition p is formed by the positive numbers among the a;-s. The

partition v is formed by the negatives of the negative numbers among the
a;-s. ng is the number of zeroes among the a;-s.

The map st: ﬂ;no (p,v) = My, assigns to a stable relative map the
source curve.

The class
DRg(a1, ..., an) = st (Mg, (11, 0)]™) € H?(My,n)
is called the double ramification (DR) cycle.
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Double ramification cycle

A= (a,...,an) €Z", > a; =0.
The partition p is formed by the positive numbers among the a;-s. The

partition v is formed by the negatives of the negative numbers among the
a;-s. ng is the number of zeroes among the a;-s.

The map st: ﬂ;no (p,v) = My, assigns to a stable relative map the
source curve.

The class
DRg(a1, ..., an) = st (Mg, (11, 0)]™) € H?(My,n)
is called the double ramification (DR) cycle.

Rank g vector bundle E
~ over M,, called the
Hodge bundle.

The space of holomorphic differentials
on any stable curve is g-dimensional.

The Hodge classes \; := ¢;(E) € H*(Mg,,).
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Here is an explicit geometric formula for the KdV Hamiltonians, as
elements of B.

Theorem (B., 2015)

_ —e2)9 n
hg = Z ( n') Z (/M I DR, (0, ay, . .. ,an)> Hpai.
> ’ g+l i=1

Example: consider
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The KdV Hamiltonians and the double ramification cycles

Here is an explicit geometric formula for the KdV Hamiltonians, as
elements of B.

Theorem (B., 2015)

)
hag = Z (:;!)g Z (/M +11/;f)\gDRg(O,a1,...,an)> Hpai-

g>0,n>2 al,esan€Z i=1
a;=0
Example: consider
- 3 2
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hi = [( &+ 55UUee)dr = Za1+a2+a3:0 6 €% e 0775
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The KdV Hamiltonians and the double ramification cycles

Here is an explicit geometric formula for the KdV Hamiltonians, as
elements of B.

Theorem (B., 2015)

)
hag = Z (:;!)g Z (/M +11/;f)\gDRg(O,a1,...,an)> Hpai-

g>0,n>2 al,esan€Z i=1
a;=0
Example: consider
- 3 2
_ u” ol _ PayPagPaz 2 2PaP—a
hi = [( &+ 55UUee)dr = Za1+a2+a3:0 6 €% e 0775

Then

PayPagP
Dartartas=0 5t e Jxg,, Y120DRo(0, a1, az,a3) = 1

2
ez P e [ i MDRi(0,0,—a) = 4
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Introduce B" := B[[A]] and
o
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Towards quantum KdV

Recall E:C[pl,pg,.. Jlpo, p—1,p-2, .., €] With bracket
oP
{P,Q} = szf
= OpkOp-i

Introduce B" := B[[A]] and
o o N
f‘kg::f<zzk>0Z Pk O k).g? f,gGBh.

For f = fo +O(h), g= go +O(h), we have [f,g] = i{ fo, go} + O(h?).
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We want to quantize the KdV hierarchy:

construct H,, = hy, + O(h) € B" such that [Hpn, Hy] = 0.
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Towards quantum KdV

Recall E:C[pl,pg,.. Jlpo, p—1,p-2, .., €] With bracket
oP
{P,Q} = szf
= OpkOp-i

Introduce B" := B[[A]] and
o o N
f‘kg::f<zzk>0Z py; Op— k).g? f,gEBh.

For f = fo +O(h), g = go +O(h), we have [f, g] = i{fo, g0} + O(h?).

<~ =~

eB eB

We want to quantize the KdV hierarchy:

construct H,, = hy, + O(h) € B" such that [Hpn, Hy] = 0.

The moduli space M, ,, gives a beautiful solution!
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Recall

hq = Z Z szl;paz <//\/lg . ¢?<_52)9A9DR9(076L>>

920,n>2a=(a1,...,an)EL"
> ai=0
Define

T H?:1 Pa;
9 d: Z Z 771! X

920,n>2a=(a1,...,an)EL™

> a;=0
/ U (=) + (=) tikAg1 + ... + (h)? )DR (0, 7)
M

g,n+1
=(=e2)92g+O0(h)
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Recall

ha= Y. > FEEEL L (2?0 DR,(0,)
QZO:HZQEZ(al,...,an)GZn : Mg,n+1
> a;=0
Define

9 T Z Z H?:1 Pa;
d: — X

n!
9>0,n>2a=(ay,.. ,an)GZ"

>-a;=0
/ B((—2)0 + (—e)9  ihAg1 + ... + (ih)? DR, (0,a)

My,nt1

=(=e2)9Ag+0(h)
Obviously, Hy, = hy, + O(h).
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Quantum KdV hierarchy |

Recall

ha= >, ). M(/MWw?<—e2>9AgDRg<o,a>>

n!
920,n>2a=(a1,...,an)EL"
> ai=0
Define

9 T Z Z H?:1 Pa;
d: — X

n!
920,n>2a=(ay,...,an)EZ"

> a;=0
/ U (=) + (=) tikAg1 + ... + (h)? )DR (0, 7)
M

g,n+1
=(=e2)92g+O0(h)

Obviously, H,, = h,, + O(h).

Theorem (B.—Rossi, 2016)
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Quantum KdV hierarchy Il

The integral
/ PH((—e?)9Ng + (=27 HihAg_1 + ... + (ih)7)DRg(0, a1, . . ., a,)

Mg,nt1
is a polynomial in a1,...,an,.

This implies that H,, = | Hydzx for some H,, € ./Zl\[h]

For example,

— ud g2
H, = / (6 + 24uum> dzx,

FQ = / <u4 + €2u2uﬁm + €4uuzmxw . Zh2uumz + U2> de.

24 48 480 48
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Quantum intersection numbers

Recall
an-i—l F
Otyoty, ...0tg,

IR(SCESENIEN

Define F9 € C[[to, t1,...,e, ]| by the relations
(B.—Dubrovin—-Guéré-Rossi (2020) + Blot (2022))

n+1 1(q) _ SH - U o
ey D m:o:h1 ! H H 6517Hd2} 7Hd3:| ,] ,Hdn]

8t08td1 ..0tq,,
oF@ - 9F@ t2 ih
ot = 2izolitlTn t 3 T ar

UR=0p,1

)
Up=0k,1
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Recall
an-i—l F

) Ty — | - _
mt*zo— {{{{ Su 7hd2}7hd3}7"-}ahdn}

Define F@ € C|[to, t1, ..
(B.—Dubrovin— Guere—Ross

UR=0p,1
h]] by the relations

,E,
([ 2[ ;dBlOt (2022))

o1 Fla) _ #l-n 70 H H
Oy, ...0tg =h Su o itda | Hd3| o)y ddn )
1 n | t,=0 =0,
k=—0k,1
AFl@ . OF@ ih
oh = iz litl gy 3 5

j
2
Obviously, F(9) = F + O(h).
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Recall
Ty A G AL S SR
oy L ok ,hd},...},hdn}
Otyoty, ...0tg, =0 ou 2 3 up=84.1
Define F9 € C[[to, t1,...,e, ]| by the relations
(B.—Dubrovin— Guere—Ross 020) + Blot (2022))
an+1f(q) . §Hd = = =
73150315(11...315% _— = hl n |:|: 6u1 7Hd2:| 7Hd3:| g e :| 7Hdn:| )
T up=0k,1
oF (@ oF (@
gtoq = Zizo tit1 gtq + 70 - %
Obviously, F(9) = F + O(h).
Introduce quantum intersection numbers:
o Fla)
<Td1 . Tdn>l 1= Zd 39— "+3Coefgzzﬁgfz P U — S Q
9= Ota, ... Ota, |,
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Recall
0”“]-’ 5Ed1 T 7 7
T T = .8 —h h RN}
atoatdl A atdn t*:O {{ {{ 6u ’ d2} ’ d3} ’ } ’ dn} uk:6k71
Define F9 € C[[to, t1,...,e, ]| by the relations
(B.—Dubrovin— Guere—Ross (2020) + Blot (2022))
gn+1r(a) n 6Hy4, = - -
7at08tdlmatdn _— :ﬁl |:|: |:|: &jldez:l 7Hd3:| 7:| 7Hdn:| )
T Uk =0k,1
dF@) oF (@) ih
f = Yot G+ § — &
Obviously, F(9) = F + O(h).
Introduce quantum intersection numbers:
. o Fla)
<Td1 . Tdn>lg l = Zd 39— +3C06fezlﬁg—l m L S Q

Relation with the classical intersection numbers:
(Tay - Tdn)go = (Tdy - Tdn ) -



Quantum intersection numbers
000080000000

Theorem of X. Blot

e?/2_e—2/2
z

Denote S(z) :=

Theorem (X. Blot, 2022)

For g,n > 0 satisfying 2g — 2 +n > 0, we have
E : d dn _
<Td1 © oo Tdn>07g ,Ull : p’n

d1 om0
29=34n | [Tj=1 S(ks2)
- ()" corn (M)
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Theorem of X. Blot

e?/2_e—2/2
z

Denote S(z) :=

Theorem (X. Blot, 2022)

For g,n > 0 satisfying 2g — 2 +n > 0, we have
E : d dn _
<Td1 © oo Tdn>07g ,Ull : p‘n

d1,---7dn20
29=34n | [Tj=1 S(ks2)
() ot (Tg2).

The proof is remarkably complicated!
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Relation with one-part double Hurwitz numbers

X. Blot interpreted the theorem in the following way.

For two tuples u = (1, ..., 1) € Zgl and v = (v1,...,vm) € 22,
k,m >1, with >~ p; = > v;, denote by Hj, ,, the double Hurwitz number.
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Relation with one-part double Hurwitz numbers

X. Blot interpreted the theorem in the following way.

For two tuples u = (1, ..., 1) € Zgl and v = (v1,...,vm) € 22,
k,m >1, with >~ p; = > v;, denote by Hj, ,, the double Hurwitz number.

Goulden—Jackson—Vakil (2005):

r—1 IT5=: S(usz)
g — . 2h=1=7N 7
HZM,(ul,...,un) = (Z MJ) Coet2 ( S(z) ’

where r :=2¢g — 1 + n.
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Relation with one-part double Hurwitz numbers

X. Blot interpreted the theorem in the following way.

For two tuples u = (1, ..., 1) € Zgl and v = (v1,...,vm) € 22,
k,m >1, with >~ p; = > v;, denote by Hj, ,, the double Hurwitz number.
Goulden—Jackson—Vakil (2005):

r—1 [15=; S(uj2)
g _ . 1lj=1=\"9~7
B = () contn (BT,

where r :=2¢g — 1 + n.

Equivalent formulation of the theorem:

B 1)
_ Hg \[1s-- o5 hn
<7-d1 cee Tdn>0,g - Coef'uclll,..'uf’lln ( T’! Z /1/] ) .
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More properties of the quantum intersection numbers

X. Blot proved and conjectured more properties of the quantum
intersection numbers.

In particular, he conjectured that (7y, ...74,), ,; vanishes if
> di <2g—3+mn—1and that

<Td1...7dn>lvg_l=(—1)9/ AgApt - iy " di=29 -3+ n -1

Mgn
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More properties of the quantum intersection numbers

X. Blot proved and conjectured more properties of the quantum
intersection numbers.

In particular, he conjectured that (7y, ...74,), ,; vanishes if
> di <2g—3+mn—1and that

<Td1...7dn>lvg_l=(—1)9/ AgApt - iy " di=29 -3+ n -1

Mgn

So mysteriously various invariants from curve-counting theories are
collected in the formal power series F(9)1
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Relation with stationary Gromov-Witten invariants of CP*!

For u = (p1, .-, pk) eZél and v = (vi,...,v) € Z%y, k,m > 1, with

> i = y_vj, denote by ngn(CIP’l, i, V) the moduli space of stable
relative maps to (CP!, 0, c0).
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Relation with stationary Gromov-Witten invariants of CP*!

For p = (p1,..., k) € Zél and v = (vi,...,v) € Z%y, k,m > 1, with
>~ pi = > v;, denote by Mg, (CP!, 11, v) the moduli space of stable
relative maps to (CP!, 0, c0).

Theorem (Blot-B., arXiv:2403.05190)

Let g,1>0,n>1, andd = (dy,...,dn) € 7.
1. For any k > 1, the integral

Pgﬂ(al, ey ak) =
ds
Ity e agor,a) Ll V57 eVj ), an,- o an € 2o,

is a polynomial in ay,...,a,. Here A:=>" a;.
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Relation with stationary Gromov-Witten invariants of CP*!

For p = (p1,..., k) € Zél and v = (vi,...,v) € Z%y, k,m > 1, with
>~ pi = > v;, denote by Mg, (CP!, 11, v) the moduli space of stable
relative maps to (CP!, 0, c0).

Theorem (Blot-B., arXiv:2403.05190)

Let g,1>0,n>1,andd = (dy,...,dn) € Z%,
1. For any k > 1, the integral

Pgﬂ(al, ey ak) =
n d;
f[ﬂg,n(cpl7A7(al7---7ak))]Vir Mllja¥yevi@), a1, an € L2,
is a polynomial in ay,...,a,. Here A:=>" a;.
2. Letk::Zdj—Qg—i—l—i—l Then
gCoefa1 . gd L ifk>1,
0T T gt =\ (L1 [ AU, ifk=0andn =1,

otherwise.

T
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Relation with Witten's intersection numbers

Recall that for [ = g the quantum intersection number from the theorem
coincides with a usual intersection number on M ;1.
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Relation with Witten's intersection numbers

Recall that for [ = g the quantum intersection number from the theorem
coincides with a usual intersection number on M ;1.

We have

d
11...wnn:

My,n+1

1 I
= —Coefg,...q / g | | Y. evi(w)
k! ' * [mgyn(cplvAv(a’l7"'7ak)):|v” j:l ! ’

where k = 2g — 2 + n.
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More on the theorem of X. Blot

In the opposite case I = 0, the previous theorem says that
(T0Tdy -+ Tdn)o,g =
1 noo )
= ECoefal.“ak o " H Q,Z)j]er (W),
’ [Mgm((cpl,A,(lu,.‘.,ak))] i=1

where k=3 d;j —2g+1>1.



Quantum intersection numbers
000000000800

More on the theorem of X. Blot

In the opposite case | = 0, the previous theorem says that
(T0Tdy -+ Tdn)o g =
1 LI
Coefa1 ax, / ) Y evi(w)
TR [Mg,n(CP, A, (a1,....a5 ))]"“jnl Y
where k=3 d;j —2g+1>1.

The integral f (€ Aarma)] | w;ljev}'f(w) is a stationary
1,---,0k

relative Gromov—Wltten invariant of CP', for which Okounkov and
Pandharipande (in 2006) presented an explicit formula using the infinite
wedge technique.
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Infinite wedge formalism

V= @kem% Ck,
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Infinite wedge formalism

V:@kem% Ck,
A%V:<ﬂ/\%/\...’ai:—i+%+cforsomecand 1 big enough>,
Ukt ATV = ATV () =k Av,

Yir ATV = ATV bt (aiAag /.. i= 000 (—1) 100, ga1 AL AGA. .,
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Infinite wedge formalism

V:@kem% Ck,
A%V:<ﬂ/\@/\...’ai:—i+%+cforsomecand 1 big enough>,
Ukt ATV = ATV () =k Av,

Yir ATV = ATV bt (aiAag /.. i= 000 (—1) 100, ga1 AL AGA. .,

o [P >0
e _¢;¢z7 If] < 07
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Infinite wedge formalism

V:@kem% Ck,
A%V:<ﬂ/\@/\...’ai:—i+%+cforsomecand 1 big enough>,
Ukt ATV = ATV () =k Av,

Yir ATV = ATV bt (aiAag /.. i= 000 (—1) 100, ga1 AL AGA. .,

:wwpz{%@’ ifj >0,

Er(z) = ZkEZJF% e F=3) oy —i—az’zo), where 1 € Z and

((e) =€ — 73,
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Infinite wedge formalism

V= @kem% Ck,
ATV = <ﬂ/\@/\...’ai = —i+%+cfor some ¢ and i big enough>,
Ukt ATV = ATV () =k Av,
Yir ATV = ATV bt (aiAag /.. i= 000 (—1) 100, ga1 AL AGA. .,
. iy, if g >0,
:wilbj = j o
_¢]¢z7 If] < 07
E(z) = ;kezté e F=3) oy —i—az’zo), where r € Z and
(o) =es —e73,

Commutation relation [£,(2), Ep(w)] = ((aw — bz)Epyp(z + w),
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Infinite wedge formalism

V= @kem% Ck,
ATV = <ﬂ/\@/\...’ai = —i+%+cfor some ¢ and i big enough>,
Ukt ATV = ATV () =k Av,
Yir ATV = ATV bt (aiAag /.. i= 000 (—1) 100, ga1 AL AGA. .,
i = {Wf =0
=i, if j <O,
Er(2) = Lrezsd e F=3) oy —i—az’zo), where r € Z and
((z) = — 7,
Commutation relation [£,(2), Ep(w)] = ((aw — bz)Epyp(z + w),
ar = &(0), k #0,
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Infinite wedge formalism

VZ@keZ—l-le

ATV = <a1/\a2/\ ’ =—i+ 3 +cforsomecandzb|genough>
U ATV 5 ATV, 4(v) == k Ao,

Yir ATV = ATV bt (aiAag /.. i= 000 (—1) 100, ga1 AL AGA. .,

:wwy={%@’ e

— Vi, Ifj <0,
&n(z) = ZkeZ-ﬂ,J ) g —i—g&o), where r € Z and
((z) = eF — 3,

Commutation relation [£,(2), Ep(w)] = ((aw — bz)Epyp(z + w),
Q. — 5k( ) k‘ 7é 0
vwp=—3AN—3A.
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Infinite wedge formalism

VZ@keZ—l-le

ATV = <a1/\a2/\ ’ =—i+ 3 +cforsomecandzb|genough>
U ATV 5 ATV, 4(v) == k Ao,

Yir ATV = ATV bt (aiAag /.. i= 000 (—1) 100, ga1 AL AGA. .,

:wwpz{%@’ ifj >0,

— Vi, ifj <0,
&n(z) = ZkeZ-ﬂ,J ) g —i—g&o), where r € Z and
((z) = eF — 3,

Commutation relation [£,(2), Ep(w)] = ((aw — bz)Epyp(z + w),
Q. — 5k( ) k‘ 7é 0
vwp=—3AN—3A.

For an operator A: A2V — AV denote by (A) the coefficient of vy in
Avy.
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Okounkov—Pandharipande formula

n dj |« _
J [M,n(CPY)e] "™ [[j= ¢ evj(w) =

l (v
Wcoegflﬂmzdnﬂ <H1(:N1) oy [Tj=1 €o(z)) 5 06—w> -
1= g Jj= n
In a joint work with X. Blot (arXiv:2403.05190), using the
Okounkov—Pandharipande formula, we give a short proof of the theorem of
X. Blot.
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