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N
1. Introduction

The Ablowitz-Ladik equation
irn,t =Tpt1+ Tho1 — 2r, £ T;Tn(rnJrl + Tnfl)

was proposed by Ablowitz and Ladik as a discretization of the nonlinear Schrodinger
equation and was solved by the inverse scattering method in 1975. It has close relations
with some other important soliton equations such as the 2D Toda lattice equation, the
relativistic Toda lattice equation and the Toeplitz lattice equation. It also characterizes
some elementary geometric properties of the motion of discrete curves on the
N-dimensional spheres. Our study of this equation is motivated by its relation with the
Gromov-Witten invariants of local CP! that is discovered by Andrea Brini in 2010.



The Ablowitz-Ladik equation can be represented by the compatibility condition of the
following linear system:
\Iln+1 = Ln\IJny \Ijn,t = Mn\I/ny

where
Ag .
L, = <rn )\nl> sy Qn = F7p,
Mn = Mn,—l + Mn,O + Mn,l
_ A2 — InTn—1 qnA (-1 0 . 0 —qn_lA_l
= < Tp_1A 0 ti 0 1 ti —ra AL A2 4 g
The flow % can be represented as sum of the flows 631, %, 8%1 given by the following

evolution of the wave function:

\I/n,t,1 = n,—llIlna \I/n,to = Mn,O\Ilny \I/n,tl = Mn,lan-



We can introduce other positive flows (% (k> 1) and negative flows % (k>1) by

imposing appropriate evolutionary conditions on the wave function, these flows form the
positive and negative flows of the Ablowitz-Ladik hierarchy (Suris 2003).

We define the variables ¢(z), r(x) by applying an e-interpolation to the discrete variables of
Gn, Tn such that

qn = q<$)|m=nea 'n = T($)|x:nea

then the AL hierarchy can be rewritten as evolutionary equations of ¢(z), r(z).

Now we introduce a pair of new unknown functions

q q -
PZT? Q:T(liq’r’)a
q q

here and in what follows we denote fT(z) = Af(z), f~(z) = A~ f(z) with A = e,



In terms of the functions (P, ()) the positive and negative flows of the AL hierarchy can be
represented by the following Lax equations:

Zi B 6(2)![(”6)*’[’]’ k=1,
aath = (_1)k_1€(k oty n, k1,

where the Lax operators L and M have the forms
L=(1-QA ) (A= P),
M=(A—P)" 11— QA Y.

This integrable hierarchy is called the relativistic Toda hierarchy in the literature. We still
call it the Ablowitz-Ladik hierarchy



The Ablowitz-Ladik hierarchy was shown by Adrea Brini to be related with the equivariant
Gromov-Witten invariants of the resolved conifold

X =0pi(-1)® Op1(—1)

with anti-diagonal C*-action on the fibers. He conjectured that the generating function of
these Gromov-Witten invariants yields a tau function of the Ablowitz-Ladik hierarchy, and
proved his conjecture at the genus one approximation. Andrea Brini, Guido Carlet, Paolo
Rossi further showed that the dispersionless limit of the positive flows of the Ablowitz-Ladik
hierarchy belong to the Principal Hierarchy of a generalized Frobenius manifold Ma; with
non-flat unity, which is almost dual to the Frobenius manifold associated with the
Gromov-Witten invariants of the resolved conifold with anti-diagonal action.

We are to construct a certain extension of the Ablowitz-Ladik hierarchy by including to it
some additional flows, and to show that the extended Ablowitz-Ladik hierarchy possesses a
set of Virasoro symmetries that act linearly on its tau function, and from this fact it follows
that it is the topological deformation of the Principal Hierarchy of the generalized Frobenius
manifold My, .



The Principal Hierarchy of a generalized Frobenius manilold Ma;

2. The Principal Hierarchy of a generalized Frobenius manilold Ma,

The generalized Frobenius manifold that is related with the Ablowitz-Ladik hierarchy has
the potential

1 1
F= 5(01)2112 +ole?” + §(v1)2 log v*

n = (1ag) = <(1) é) :

The non-flat unity e and the Euler vector field E of Ma are given by

and flat metric

V101 — 0,2
2

T , B= v18v1 + 0,2,

e =

v ev



The Principal Hierarchy of a generalized Frobenius manilold Mp,

On Mpa we have the deformed flat connection V defined by
Vab=Vab+za-b, Va,be Vect(M),

where V is the Levi-Civita connection of the flat metric 7, and the multiplication a - b of the
vector fields a, b is defined by 0, - 0g = cgﬁ&y with 9, = % and

v e PF()

a8 =" Fran D’ (1) = (ag) ™"

This deformed connection can be extended to a flat connection on Ma x C* by the
formulae

1
Vab=0,b+FE-b— —pw,
z

d
dz

2—d 11
=2 " _VE=di I I
I 5 \Y% d1ag< 2,2>

where



The Principal Hierarchy of a generalized Frobenius manilold Mp,

A basis of the horizontal sections of the connection V yields a system of deformed flat
coordinates (¥', 9?) of Ma_, which can be chosen to take the form

(01, 02) = (01(v, 2), 02(v, z))z“zR,

0 0
RZRl:(Q 0>

is part of the monodromy data of M at z = 0, and the functions 6, (v, z) are analytic at
z = 0 and have the expansions

where the constant matrix

Ou(v,2) = 29a7k(v)zk, 0a,0(V) = Vo :=Nayv?, a=1,2.
k>0



The Principal Hierarchy of a generalized Frobenius manilold Mp,

The coefficients 6, (v) satisfy the equations

8’yaﬁea,k+1 = iﬁa\i‘ea,ku 0475:’7 = 1727 k > 07
aEv‘goz,k = (k + ta — M)vea,k + (Rl)zvez—:,k—la a,v =1, 2, k>1.

To define the Principal Hierarchy of Ma_ we need to introduce another set of functions 6 ¢
for £ € Z. They are determined by

o0 = ¢ = v* —log(e”” — 0'),
and the relations

020800 ¢ = 0368760’4_1’ a,8=1,2,¢cZ;
Ogbor = kOo i + 0231, Opbo_r=—kbo_x, k=>1,

here the function ¢ has the propert that its gradients w.r.t. the flat metric and the
intersection form of Ma, yield the unity and the Euler vector fields.



The Principal Hierarchy of a generalized Frobenius manilold Ma;

The first few of them are given by

1
b1 = (v* +log v')o' + (€U2 — '), a1 = vle?” + 5(1)1)27

1
012 = (v2 + log 01)02,1 + *(621}2 4tV — (01)2),

4
Ly g2 1\2 02 L 13
Oro=-v e +(v)e” +—(v)°,
2 6
1
6071 - 1)1,1}27 00,2 - 5(1)2 + 1)(1)1)2 + (1)2 - 1)61)21]17
’U1 2921
0o,—1 = — 0o,—2 = :

(1)1 _ 61}2)2’ (Ul _ 6U2)4'



The Principal Hierarchy of a generalized Frobenius manilold Mp,

The Principal Hierarchy of Ma consists of the following Hamiltonian systems of

hydrodynamic type:

v s r1(V)\ [ 4 [0] _
D17k (81} ={r@ By, «p=1

ac 0

Oz

o™  ae 0 890%4.1(71) B o [0] _

H10:¢ =n 656(8’[)5 —{’U (x)’H07g}07 a=1,2¢cZ.

Ui

Here the Poisson bracket {-,-}¢ is given by the Hamiltonian operator

0 0 8x

and the Hamiltonians are given by

HE;@:/%&H(U(@)M, Hé?g :/9074+1(v(m))dx.



The Principal Hierarchy of a generalized Frobenius manilold Mp,

These flows are mutually commutative, and they satisfy the following bihamitonian
recursion relations:

{1} = p+1 {v@ 5} .
A =p @, a2 {0 @), H%‘” b
(

o} = {0 @), B+ 0@, B o,
{or@. L, 0} = —p {0, 8L}

0

where the Poisson bracket {-,-}; is given by the Hamiltonian operator

Pl _ 20! ef@z + (vt 6”2);J (v + €”*)d, '
! (vt + e ), + (vh+ ev)d, 20,



The Principal Hierarchy of a generalized Frobenius manilold Mp,

The functions 0, ;, « = 1,2,k > 0 and 0y ¢, £ € Z can be represented in terms of the
superpotential , ,
Ap)=p+ vt 4 ole? (p — e )_1

of Map. To this end, we need to expand log(A(p)) in two ways. The first way is to assume
[0!| < |p — €”’| < |e*”| and expand log(A(p)) as follows:

2
ev p—ev

9 p— 6”2 'Ul
logT(A(p)) = v* +1log | 1+ + log (1 + 2)
The second way is to assume |e”’| < |p — ¢*’| < |v*| and and expand log()) as follows:

2 2
B p— e’ e?
log~ (A(p)) = log v! + log (1 + ) + log (1 + 2) .

1 p—ev




The Principal Hierarchy of a generalized Frobenius manilold Ma;

Proposition

We have the following formulae:

d
O = (—1) 1kl Resp_o)\(p)_k?p,
1 k + dp
Oox = 15 Res,_ 2 A (p) (log™ (A(p)) — Hy) >
1 P
01k = 7 Res,_ .2 N(p) (log™ (A(p) + log™ (A(p)) — 2Hy) —,
dp
0 R o )\k-i-l “Y
2,k (k—i— 1)| CSp= ( ) D )

herekZlande:1+%+~-+

=




The Principal Hierarchy of a generalized Frobenius manilold Mp,

The Principal Hierarchy possesses a tau cover

0
oY O ov ]

— Y€
otk Yok gl T PtakBl ok T n a’EQa,O;a,k’

where v = 1,2, the indices («, k), (3, ) belong to the set

IT={(&q|&=1,2,¢>0}U{(0,q)]| qeZ},

and the functions ), 1.3, can be defined in terms of the gradients of the functions 0, .
These functions satisfy the relations
0o 00py

[0] _ [0] _ olo] [0] _
(%Qa,k;ﬁ,@ G A T Qa,k;ﬂ,f - Q,B,Z;a,kv Q(),o;a,k = Oq k-

For a solution (f[o},fg)}c, v7) of the tau cover, we call 7% = ¢/'” the tau function for the
solution v!(t), v%(t) of the Principal Hierarchy.



The Principal Hierarchy of a generalized Frobenius manilold Mp,

The tau cover of the Principal Hierarchy possesses an infinite number of Virasoro
symmetries, they can be represented in terms of the Virasoro operators of the form
0? %) 1

a7p ) 3 s
OterHiBa + M;ﬁ,qtﬁ qatcx,p + gcm;a,p;ﬁ,qta Peha 4 KOm,0, m > —1.

Ly, = ag{p;&qE?
These operators satisfy the Virasoro commutation relations
(L, Lp] = (m — n) Ly, m,n>—1.

The actions of these Virasoro symmetries on the tau cover of the Principal Hierarchy of
Mpy are given by

ol
Osm,

: 0
= a%pﬁﬂfo[c?;)fﬁ[é + bf;{%,qtﬁ’qfﬂ) + Crsapi.gtOP .



The Principal Hierarchy of a generalized Frobenius manilold Mp,

The topological deformation of the Principal Hierarchy of Mp; is constructed via a
quasi-Miura transformation of the form

82
va—>wazva+W Zek.}"k(v,vz,...,v(m’“)) , a=1,...,n
E>1

which is induced from the a deformation of the tau function

log 70 logT = e 2log 04 Z Ek*Q}"k(v, Ugy o ey v(mk))
E>1

of the Principal Hierarchy, we require that the action of the Virasoro symmetries of the
Principal Hierarchy on the deformed tau function are given by

or

E = LmT, m > —1.

For a general semisimple generalized Frobenius manifold with non-flat unity, the Principal
Hierarchy and its topological deformation were constructed by Si-Qi Liu, Haonan Qu & Z.



3. Deformation of the Principal Hierarchy of Ma,

We write the positive and negative flows of the Ablowitz-Ladik hierarchy in the form

ot2»p = 6(p—|— 1)|[(Lp )+>L]7 p =0,

—1)P1(y —
oo = = g, p21,

where the operators L, M are given by
L=1-QAH Y A-P), M=A-P)'(1-QA™).

Introduce the variables
w'=Q—-P, w?=logQ.

Then the positive and negative flows are tau-symmetric deformations of the flows
t2p (p>0) and tO — (p > 1) of the Principal Hierarchy of Ma,.



Deformation of the Principal Hierarchy of Ma

The above flows can be represented as bihamiltonian systems of the form:
§Ho, d0Hp p—1
atQ,p w2 0 5H27p P —+ 1 1 5H2,p,1 ’ p =Y,
Sw? Sw?
6H()’_ 5H0,— —1
L w! -7P Swl . _ _l,P 5wf >1
atO:*p ’w2 =0 0Ho,—p - k 1 0Ho,—p—1 b=
Sw?

Sw?

where Hamiltonian operators are given by

/0 A-1
Po=¢ (1—A1 0)’

Dy = o —e”’ ALt + wrAe®®  wl(A—1) 4 ¥’ (1 — A7)
b (1—A"Dw! + (A — 1)’ A—A1 ’



Deformation of the Principal Hierarchy of Ma

The Hamiltonians
H27p = /h27p_|_1 dQE, HO,_q = /h07_q+1 d]?, P 2 —1, q Z 1
have the densities

1
hy, = ———— Res LPT! >0
2,p (p+1)| €8 ) P =V

1f%_1 <w2 - log(ew2 — wl)) ., q=0,
(_1)q(q_1)!ReSMq7 QZ 17

»—4q =
which satisfy the tau-symmetry condition

Ohap  Ohgg
otba — gtr’




Deformation of the Principal Hierarchy of Ma

Now let us consider the deformation of the flows % (p>0)and at% (p > 0) of the
Principal Hierarchy of Mai. Since the bihamiltonian structure (Py,P1) is a deformation of
that of the Principal Hierarchy of My, there exist bihamiltonian conserved quantities

HO,p - /hO,p-i-l(wa U}I)"')d‘rv Hl,p - /hl,p-‘rl(w) ’Ll)x,...)dl', p Z -1
of the bihamiltonian structure (Py, P1) with densities of the form
ha,p(w, wy, ... ) = bq,p(w) + shg’]p(w, wy) + 52h§]zj(w, Wy Wyz) + ..., a=0,1,p>0.

We thus obtain a deformation of the Principal Hierarchy of Ma (the extended
Ablowitz-Ladik hierarchy):
ow™ . Poé,yéH,gp

900~ 70 gun 0 @=L2 B0 el

with
IT={(q|&£=1,2,¢>0}U{(0,q)]| qeZ}.



Deformation of the Principal Hierarchy of Ma

Proposition

The densities hy p,(w, wy, . ..), hi p(w, Wy, ... ) of the Hamiltonians Hy ,—1 and
Hy ,—1(p > 0) can be chosen to satisfy the tau-symmetry conditions

Oha,p  Ohg g
otba — gtp’

(a, ), (B,9) € T.

This deformation of the Principal Hierarchy has a tau structure defined by

1 Ohe
“(A=1D)Qapp0 =557 (0p) (B9 €T
o OlogT(1)

Qap:p,q(W0, Wy, ... Mw”‘:wo‘(t) =€ EICTE T (o, p), (B, q) € L.
From this definition of the tau function, we have relations

dlogT
ot ’

hap = €(A—1)

)



Deformation of the Principal Hierarchy of Ma

We have the explicit expressions of the flows ag,o, 83’0' m(ﬁ?_l, m‘gpin terms of the
unknown functions P, Q:

opP 0Q _ -
€W:P(Q+_Q)u 5W:Q(Q+—Q - P+P7),

oP QY Q 0 Q@ @

A i S Tl

(sto-8)p _PQ =P (5hr-£),_ QQ"—P)
e ( )P = W7 e ( )Q W
opP 0Q

10,0 = Iz 9700 = Q.

where PT = AF1P, QF = A*1(Q).

We note that the exponential of the flow ﬁio - % yields an auto-Backlund transformation
of the extended Ablowitz-Ladik hierarchy.



4. A super extension of the extended Ablowitz-Ladik hierarchy

In order to show that the extended Ablowitz-Ladik hierarchy possesses an infinite set of
Virasoro symmetries which act linearly on its tau function, we need to construct a super
tau-cover of this integrable hierarchy. To this end, we first recall some notations associated
with the infinite jet space of a super manifold.

Let M be a smooth manifold of dimension 7, and M = [[(T*M) be the super manifold of
dimension (n|n) obtained from the cotangent bundle of M by reversing the parity of its
fibers.

Let (U ut u™) be a system of local coordinates of M, then the dual coordinates
01,...,0, on the fibers of U C M satisfy the relations

0i6j+9j9i:0, ,j=1,...,n.



A super extension of the extended Ablowitz-Ladik hierarchy

Let J°°(M) be the infinite jet space of M, and A be space of differential polynomials on
M. Locally they can be represented in the forms

A=C®(D)[[u™*,0t | i=1,...n;5 > 1,t>0]],
where u*? = u?, #9 = 0;. By using the global vector field
Z S (it . pst1 9
Os = 8u’ 8 i0s
i=1 s>0 ¢
on JOO(M) we define the space of local functionals as the quotient space
F=A/0,A,

and denote by [ the projection operator.



A super extension of the extended Ablowitz-Ladik hierarchy

There are two gradations on A which are defined by
deg, u"* = deg, 0f = s; degyu® =0, degy 05 = 1.

We call them the differential gradation and super gradation of A repsectively, which induce
two gradations on F, and we denote the corresponding homogeneous spaces by

Fg={f € Fldeg, f =d}, FP={fe Fldeg,f=rp}, ﬁé’:ﬁdﬂfp.

We equip the space of local functionals a graded Lie algebra structure by using the following
Schouten-Nijenhuis bracket:

F F A A
[F,G]:/<5 ¢ | (cap?l 50), Fe#r, GeF

50; 6u’ Sut 60;



A super extension of the extended Ablowitz-Ladik hierarchy

For any local functional X = inHZ- € F!, we can associate with it an evolutionary PDEs
of the form y
u® .
— =X ¢=1,...,n,
ot

here we need to make the replacement u®* — 95u’.

We call X € ! a Hamiltonian evolutionary PDE if there exist I € F2 and H € F° such

that
X=[H,I], [I,I]=0.

Here I and H are called the Hamiltonian structure and the Hamiltonian of X respectively.



A super extension of the extended Ablowitz-Ladik hierarchy

We can represent I and H in the form
/ZP;’J’@,-@;, H= /h(u, Ug, .. .),
s>0

then the Hamiltonian evolutionary PDEs can be represented as

ou’
— lj Jas
D =P E PY0;.
s>0

The evolgtionary PDE X is called a bihamiltonian system if there exist Iy, I} € F2 and
H, G € FO such that

X =[H,I)) =[G, L], [l I)=I[h %L =]l L] =0.



A super extension of the extended Ablowitz-Ladik hierarchy

The Ablowitz-Ladik hierarchy corresponds to local functionals on the super manifold with
local coordinates
ut=P, W=0Q, 0, 6.

The local functionals correspond to the Hamiltonian operators Py, Py are given by

b=z oo (G 1) ()

= o o )



A super extension of the extended Ablowitz-Ladik hierarchy

For each local functional I € FP? there is associated a derivation Dy € Der(.,zl) which is

defined by
= SF\ 0 SF\ 0
Dp = Sl — - -1)?o8 - .

i=1 s>0

These derivations satisfy the following relations:

[R@:/DMQ,VFeﬁsz/éeﬁa

()" ' Dip gy = Dr o Dg — (-1) 1 (=1)*"'Dg o Dp.



A super extension of the extended Ablowitz-Ladik hierarchy

The derivations Dy, Dy, € Der(fl) given by the bihamiltonian structure (1o, I1) yield two

odd flows Sy 51 50 5l
u . .
= v = D . @ @ = ! = _D . 00( = 1
o o0, - i) B = e = Dulba), =0,
They commute with each other, and satisfy the recursion relation
ou® 1y OuY 00U
o = (PrePol), 5o = By



A super extension of the extended Ablowitz-Ladik hierarchy

We introduce the following family of odd variables:
{oarla=1,2k€Z,s >0}

We will also denote O'g & by 04k, and we require that 0,0 = 0,. Let us replace the vector
field 9, on Jo°(M) by

s 9 o
Op = Z <P( +1) 2P0 ( > + Z Z +1 ,

s>0 i=1 >0, kEZ i,k

then the odd variables o7 , are required to satisfy the recursion relations

Pelos i1 = Pog.



A super extension of the extended Ablowitz-Ladik hierarchy

Proposition
We have a super extension of the extended AL hierarchy consisting of the flows of itself and
1) The odd flows correspond to the local and nonlocal Hamiltonian structures:

3P 0
— P(A—1)Qoap s, 22— QA — 1o,

87‘k aTk

30'1 k+m
Z o1 k+i(1 = A) Qo2 jpm—1-4, m =1,

5’01,k _o, 301,k _ _60'1,k+m, m> 1,

aTk aTker aTk

8(Q02,k+m) —
ET:_anl,k+mfialyk+i7 mZO,

0 (Qoa i 0(Qoa,k —

M :0’ Eg = Qzal,lﬁkmf’igl’k‘i’i’ m > 2.

8Tk+1 aTk+m

i=1

Here k € Z, and Ok = A_loaﬂk.




A super extension of the extended Ablowitz-Ladik hierarchy

Proposition (continued)

2) The evolutions of the odd unknown functions along the time variables t*? defined by

0Q(ork+02k) _ HKopg  O(Pork+ Qoag)  Ohgy
otha or, oth.a OTk+1 ’

3) We also have the super tau-cover of the extended AL hierarchy by adding the following
flows:

6f0¢,p — afa’p . n
8tﬂ7q - O‘7p;ﬁ7q7 € 8Tn - woc,zﬂ

aw&p _ 8Qa,p;ﬁ,q 3¢Z,p

_ AD,M
atﬁ’q 87—n 87‘m - AO‘»P ) (Oé,p) € Za nec Z,

All these flows are well defined and commute with each other.




Virasoro symmetries of the extended Ablowitz-Ladik hierarchy

5. Virasoro symmetries of the extended Ablowitz-Ladik hierarchy

We have the following theorem.

Theorem (Liu, Wang, Z. 2024)

The extended Ablowitz-Ladik hierarchy has a set of Virasoro symmetries which act linearly

on its tau function, i.e.,
or

08,
where the Virasoro operators L,, have the form

=Ly, m>-—1,

+ bOC’p ﬁ7q 8

1
9. ; b 2 9. 9
L = apP%e miB,q" otop t 2 CmiapiB,gt” P99 4 Kb, m > —L.

OturHtha

These operators satisfy the Virasoro commutation relations

[Lm, Ln) = (m —n)Lysyn, m,n>—1.




Virasoro symmetries of the extended Ablowitz-Ladik hierarchy

The explicit form of the first Virasoro operators are given by

0 0 0 1
_ Lk 2,k 0, 1,0,2,0
L _Z <t o1 Tt atz,k—1> +Zt pato,p—l ML
p

E>1 =
0 0 0
_ 1k 2k—1 0,
Lo=) k (t otk T 3t2,k—1> +_ vt W
k>1 PEZL

0 1 1
1,k 0,k 1,012 _ 1\k0,—k 1,k
+) <2t +1 >8t2»k*1+752(t )+—€2§( DA
k>1 k=0



Virasoro symmetries of the extended Ablowitz-Ladik hierarchy

The Virasoro symmetries induce the following flows on the tau cover of the extended
Ablowitz-Ladik hierarchy:

8f 7k N aQ 9 757
L2 = ot (5 30;5)/9 . + fa,p$yk:8,0 + 18,62, kiap

Osp, m
poP ap LB,
m»ykfa,p bm,@qtﬁ quka,p"‘ Cmiapiyk TP

aw . 8f2,0

T, (A-1) (asm> ;

8(w2 — log(e“’2 — wl)) B Ofo,0
83m = (A — 1)B_ (asrn> N

where w! = Q — P, w? = log Q, and the operator B_ is given by

1-A"H

B =
€0,

1



Virasoro symmetries of the extended Ablowitz-Ladik hierarchy

The theorem is equivalent to the commutation relation

0 0
— — | X = > -1 T
[asm’ ata,p} 0, mz-1L (ap) €L,
here X = f3 4, P, Q.

In order to prove it, we modify the Virasoro operators as follows:

)
L = Lo+ Lyt L3 =3 prp——,
pEZ Tp+m

It's easy to check that these modified operators still satisfy the Virasoro commutation
relations

[sz, Ln] = (m - n)Lm+na m,n > —1.



Virasoro symmetries of the extended Ablowitz-Ladik hierarchy

The modified Virasoro operators yield flows on the super tau cover of the extended
Ablowitz-Ladik hierarchy

b ) 00,
M — aaupvﬁaq (5W +fo¢7p v,k;8,q +f57 'Yvk?a’p>

O3m m otk

Oé (0% ]' (0% 7

m,]')y plap + = b ’p tﬂ 0 ks, + gcm;a,p;%kt P+ Z(CO + p)Tpa Oy )

pEeZ Tp+m
ow' 9f0 d(w? — log(e”” — w)) 9fo0
agm_(A_1)<agm>’ D5m _(A_l)B‘<agm)’
0(Qo1n+ Qoan)  OVYy  O(Poin1+ Qoan-1) o
— = — s — = AB_ — s
O3m, O3, O3m O3,

Ny _Ei Ofa,p
0%, Oy \ O3, )



Virasoro symmetries of the extended Ablowitz-Ladik hierarchy

Proof of the Theorem:
By using the results on variational bihamiltonian cohmologies (Si-Q Liu, Zhe Wang, Y.Z.
2022, 2023), we can reduce the proof of the theorem to
1) prove that
9 9
93;” O7;
for K = fa,pa 0-1,07 02,07 P7 Q
2) check the validity of the locality condition

]K:o, i=-1,2,7=0,1,

0 0 p .
|:a:§l,8tw):| KGA, for Z:—l, 2, (O[,p) GI
where K = 01,0, 02,0, P, Q
3) By using the super tau cover of the extended Ablowitz-Ladik hierarchy we arrive at
0 0 .
|:8SZ,W:| XZO, for 22*1,2,

where X = fg ., P, Q.
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Main Theorem (Liu, Wang, Z. 2024)

The topological deformation of the Principal Hierarchy of the generalized Frobenius
manifold Ma; coincides with the extended Ablowitz-Ladik hierarchy.

Based on joint work with Si-Qi Liu and Yuewei Wang

Si-Qi Liu and Yuewei Wang, Youjin Zhang, The extended Ablowitz-Ladik hierarchy and a
generalized Frobenius manifold, arXiv:2404.08895
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