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Conventions and notation

Disclaimer
@ work over C
o for the duration of the talk, "symplectic = holomorphic symplectic”

@ all our moduli spaces will be moduli schemes and not moduli stacks
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Notation
@ >, smooth projective curve of genus g > 1
e Mg(g,n), Betti moduli space, M (X4, n), Dolbeaut moduli space
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Conventions and notation

Disclaimer
@ work over C
o for the duration of the talk, "symplectic = holomorphic symplectic”

@ all our moduli spaces will be moduli schemes and not moduli stacks

Notation
@ >, smooth projective curve of genus g > 1
e Mg(g,n), Betti moduli space, M (X4, n), Dolbeaut moduli space

Main goal: study the singularities of My(%z, n), using results on
Mpg(g, n), via the Nonabelian Hodge correspondence
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Symplectic singularities

Definition (Beauville, 2000)

Let X be a normal variety. X is a symplectic singularity if there exists a
symplectic form w on the smooth locus X*" such that, for every resolution
of singularities m : X — X, the form 7*w extends to a (possibly
degenerate) form on X.
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Definition (Beauville, 2000)

Let X be a normal variety. X is a symplectic singularity if there exists a
symplectic form w on the smooth locus X*" such that, for every resolution
of singularities m : X — X, the form 7*w extends to a (possibly
degenerate) form on X.

Remark: it suffices to show the above condition for only one resolution
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Symplectic singularities

Definition (Beauville, 2000)

Let X be a normal variety. X is a symplectic singularity if there exists a
symplectic form w on the smooth locus X*" such that, for every resolution
of singularities m : X — X, the form 7*w extends to a (possibly
degenerate) form on X.

Remark: it suffices to show the above condition for only one resolution

Definition

If X is a symplectic singularity, a resolution 7 : X = X is symplectic if
7w is everywhere non-degenerate.
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e Kleinian singularities: X = C2/T, T finite subgroup of SLy(C),
symplectically resolved by blowing up the singular point

Andrea Tirelli (ICL - LSGNT) Singularities of Higgs moduli spaces June 22, 2017 4 /13



e Kleinian singularities: X = C?/T, T finite subgroup of SLy(C),
symplectically resolved by blowing up the singular point

e W symplectic vector space, I' C Sp(W) finite subgroup, X = W//T;
in general, not know when there is a symplectic resolution, partial
results by Bellamy and Schedler
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e Kleinian singularities: X = C2/T, T finite subgroup of SLy(C),
symplectically resolved by blowing up the singular point

e W symplectic vector space, I' C Sp(W) finite subgroup, X = W//T;
in general, not know when there is a symplectic resolution, partial
results by Bellamy and Schedler

e V symplectic surface, X = Sym”(V/), symplectically resolved by
Hilb"(V) — Sym"(V)
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e Kleinian singularities: X = C?/T, T finite subgroup of SLy(C),
symplectically resolved by blowing up the singular point

e W symplectic vector space, I' C Sp(W) finite subgroup, X = W//T;
in general, not know when there is a symplectic resolution, partial
results by Bellamy and Schedler

e V symplectic surface, X = Sym”(V/), symplectically resolved by
Hilb"(V) — Sym"(V)

@ g semisimple complex Lie algebra, X = N nilpotent cone,
symplectically resolved by the flag variety G/B, via the Springer map
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Quiver varieties

Given @ quiver with vertex set I, a € ZL, dimension vector, A € C/,

0 € Q', the quiver variety Mg o(, 0) is the moduli space of 6-polystable

representations of dimension « of a certain deformed preprojective algebra
n)\
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Quiver varieties

Given @ quiver with vertex set I, a € ZL, dimension vector, A € C/,

0 € Q', the quiver variety Mg o(, 0) is the moduli space of 6-polystable

representations of dimension « of a certain deformed preprojective algebra
n)\

Maa(A0) = 1 (N) JoG(a)
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Quiver varieties

Given @ quiver with vertex set I, a € ZL, dimension vector, A € C/,

0 € Q', the quiver variety Mq (), 0) is the moduli space of f-polystable
representations of dimension « of a certain deformed preprojective algebra
n)\

Maa(X8) = 17 (N) foG(a)

Theorem (Bellamy-Schedler, 2016)

M@.a(A, 0) is an irreducible symplectic singularity and it admits a
symplectic resolution if and only if (*) is satisfied
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Quiver varieties

Given @ quiver with vertex set I, a € ZL, dimension vector, A € C/,

0 € Q', the quiver variety Mq (), 0) is the moduli space of f-polystable
representations of dimension « of a certain deformed preprojective algebra
n)\

Maa(X8) = 17 (N) foG(a)

Theorem (Bellamy-Schedler, 2016)

M@.a(A, 0) is an irreducible symplectic singularity and it admits a
symplectic resolution if and only if (*) is satisfied

Remark. (*) is a combinatorial condition on Q and «
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From quiver to character varieties

Consider the Jordan quiver J; with dimension vector o = n

MJg,n(Ov 0) = C/MB(g7 n)
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From quiver to character varieties

Consider the Jordan quiver J; with dimension vector o = n

MJg,n(Ov 0) = C/MB(g7 n)
where
Mpg(g,n) = Hom(m1(X,), GL,)// GL,
In this case (*) < (g,n) =(2,2) org =1
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From quiver to character varieties

Consider the Jordan quiver J; with dimension vector o = n
MJg,n(O> 0) = C/MB(g7 n)

where
Mpg(g,n) = Hom(m1(X,), GL,)// GL,

In this case (*) < (g,n) = (2,2) or g =1

Theorem (Bellamy-Schedler, 2016)

Mg(g, n) is an irreducible symplectic singularity and it admits a
symplectic resolution if and only if (g,n) = (2,2) org = 1.
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Nonabelian Hodge theory

Define M (%4, n) = moduli space of polystable Higgs bundles of rank n
and degree 0 on X,
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Nonabelian Hodge theory

Define M (%4, n) = moduli space of polystable Higgs bundles of rank n
and degree 0 on X,

From the work of Hitchin, Simpson, Donaldson, Corlette we get

There is a bijection

¢ Mp(g,n) = Mp(Xg,n)

which is a homeomorphism of topological spaces
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Nonabelian Hodge theory

Define M (%4, n) = moduli space of polystable Higgs bundles of rank n
and degree 0 on X,

From the work of Hitchin, Simpson, Donaldson, Corlette we get

There is a bijection

¢ Mp(g,n) = Mp(Xg,n)

which is a homeomorphism of topological spaces

Remark. Can extend the above to arbitrary degree d and G-Higgs
bundles for G reductive.
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Possible extensions

Can we say anything about the singularities of My(X,, n)?

Andrea Tirelli (ICL - LSGNT) Singularities of Higgs moduli spaces June 22, 2017 8 /13



Possible extensions

Can we say anything about the singularities of My(X,, n)?

Theorem ( -, 2017)

MHu(Xg, n) is a symplectic singularity and it admits a symplectic
resolution if and only if (g,n) = (2,2) or g = 1.
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Possible extensions

Can we say anything about the singularities of My(X,, n)?

Theorem ( -, 2017)

MHu(Xg, n) is a symplectic singularity and it admits a symplectic
resolution if and only if (g,n) = (2,2) or g = 1.

Related work: Kiem and Yoo (2005) prove analogous result for the
SL>-Higgs bundle moduli space, using the stringy E-function
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Possible extensions

Can we say anything about the singularities of My(X,, n)?

Theorem ( -, 2017)

MHu(Xg, n) is a symplectic singularity and it admits a symplectic
resolution if and only if (g,n) = (2,2) or g = 1.

Related work: Kiem and Yoo (2005) prove analogous result for the
SL>-Higgs bundle moduli space, using the stringy E-function

Our approach: transfer results on Mp(g, n) to My(Xg,n) using NHC,
in particular the Isosingularity theorem (for the non-existence part)
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Isosingularity theorem

Theorem (Simpson, 1994)

The moduli spaces Mg(g, n) and My(Xg,n) are locally étale isomorphic
at corresponding points (via NHC)
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Isosingularity theorem

Theorem (Simpson, 1994)

The moduli spaces Mg(g, n) and My(Xg,n) are locally étale isomorphic
at corresponding points (via NHC)

Prove uses Goldman-Milson deformation theory
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Isosingularity theorem

Theorem (Simpson, 1994)

The moduli spaces Mg(g, n) and My(Xg,n) are locally étale isomorphic
at corresponding points (via NHC)

Prove uses Goldman-Milson deformation theory

As a consequence we get

M (g, n)x = Mu(Zg, 1)y
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Sketch of the proof

g = 1: explicit geometric description of the moduli space

Theorem (Franco, Garcia-Prada, Newstead, 2012)

MH(Zl, n) = Sym"(T*Zl)
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Sketch of the proof

g = 1: explicit geometric description of the moduli space

Theorem (Franco, Garcia-Prada, Newstead, 2012)

MH(Zl, n) = Sym"(T*Zl)

T*X; is a sympectic surface so we get a resolution using Hilb"(T*%;)
(moduli theoretic description of this given by Groechenig)
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Sketch of the proof

g = 1: explicit geometric description of the moduli space

Theorem (Franco, Garcia-Prada, Newstead, 2012)

Mpy(X1,n) = Sym"(T*%,)

T*X; is a sympectic surface so we get a resolution using Hilb"(T*%;)
(moduli theoretic description of this given by Groechenig)

g>2

Theorem (Namikawa, 2001)

A normal variety is a symplectic singularity if and only if it has admits a
symplectic form on the smooth locus and has rational Gorenstein

singularities
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Sketch of the proof

We can check that the hypotheses of the above theorem are satisfied in
the case of My(X4, n):
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Sketch of the proof

We can check that the hypotheses of the above theorem are satisfied in
the case of My(X4, n):

o M3i(%g, n) is hyperkahler
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Sketch of the proof

We can check that the hypotheses of the above theorem are satisfied in
the case of My(X4, n):

o M$i(Xg, n) is hyperkahler
@ rational Gorestein, étale local property, hence use Isosingularity
theorem
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Sketch of the proof

We can check that the hypotheses of the above theorem are satisfied in
the case of My(X4, n):

o M3i(%g, n) is hyperkahler

@ rational Gorestein, étale local property, hence use Isosingularity
theorem

Existence of symplectic resolution:
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Sketch of the proof

We can check that the hypotheses of the above theorem are satisfied in
the case of My(X4, n):

o M3i(%g, n) is hyperkahler
@ rational Gorestein, étale local property, hence use Isosingularity
theorem
Existence of symplectic resolution:

e (g,n) =(2,2): blow-up of the singular locus; similar to O'Grady's
IHS manifolds; no clear moduli theoretic interpretation
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Sketch of the proof

We can check that the hypotheses of the above theorem are satisfied in
the case of My(X4, n):

o M3i(%g, n) is hyperkahler

@ rational Gorestein, étale local property, hence use Isosingularity
theorem

Existence of symplectic resolution:

e (g,n) =(2,2): blow-up of the singular locus; similar to O'Grady's
IHS manifolds; no clear moduli theoretic interpretation

e (g,n) # (2,2): by contradiction: using Isosingularity theorem get a
symplectic resolution of (an open subet of) the Betti moduli space
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Future directions
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Future directions

@ study the (2,2) cases: work in progress with Emilio Franco
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Future directions

@ study the (2,2) cases: work in progress with Emilio Franco

e Isosingularity theorem in arbitrary degree and/or G-Higgs bundles
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Future directions

@ study the (2,2) cases: work in progress with Emilio Franco
e lIsosingularity theorem in arbitrary degree and/or G-Higgs bundles

o consider g = 0, character varieities of punctured Riemann surfaces:
representations of multiplicative preprojective algebras
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Thank you for your attention!
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