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When a compact object collapses to form a BH, QFT predicts the
emission of massless particles which carry energy to 3+.

The emission process relaxes to a steady state known as Hawking radiation.
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Where (in spacetime) does this Hawking radiation energy come from?

(Hawking, 1974)
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“The origin of the enerqgy in black hole evaporation has been
a longstanding issue, which is still not entirely settled.”
- Chen, Unruh and collaborators (2017)

Clearly, the Hawking-radiation energy comes from the
strong field region. But exactly from what part?
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Option i: the outgoing radiation starts from zero at (extremely close to) the event

horizon, and gradually develops over a fairly broad strong-field region

Option ii: the energy emerges from the collapsing body itself and
propagates in a conserved manner through the surrounding strong-field region



Proc. R. Soc. Lond. A. 351, 129-139 (1976)
Printed in Qreat Britain

On the origin of black hole evaporation radiation

By P.C. W. DaAVIES
Department of Mathematics, King’s College, London

(Commumnicated by R. Penrose, F.R.S. — Recewved 26 February 1976)

The physical basis underlying the black hole evaporation process is
clarified by a calculation of the expectation value of the energy-momentum
tensor for a massless scalar field in a completely general two dimensional
collapse scenario. Itisfound that radiation is produced inside the collapsing
matter which propagates both inwards and outwards. The ingoing com-
ponent eventually emerges from the star after travelling through the
centre. The outgoing energy flux appears at infinity as the evaporation
radiation discovered by Hawking. At late times, outside the star, the
former component fades out exponentially, and the latter component
approaches a value which is independent of the details of the collapse
process. In the special case of a collapsing hollow, thin shell of matter, all
the radiation is produced at the shell. These results are independent of
regularization ambiguities, which enter only the static vacuum polariza-
tion terms in the energy-momentum tensor.

The significance of an earlier remark about black hole explosions is
discussed in the light of these results.



Spherically symmetric
collapsing object,
surrounded by a vacuum
region — Schwarzschild
geometry (Birkhoff)

A key component
of the stress-
energy tensor:

(Tuu)
F = 4nr3(T,,)

origin of ,_1:
coordinates

T -

ren

H‘callﬂpsing body

ren

horizon

ds? = —fdt* + f~1dr? + r2dQ?
f=1-2M/r

Null Eddington coordinates
(outside the star and outside the horizon)

v=t+r,,
wherer, =r + 2M ln(ﬁ—l)

(in Minkowskir, = 1)

(u, v) — outward energy flux density

- the quantum energy outflux

Late time domain u > M: outflux at I* has already settled down to its constant value

Hawking radiation (F at 3):

T —00

AP /M?

The surface of the collapsing object has reached its near-horizon r valuer = 2M
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How does the outflux
behave along a late-
time outgoing
null geodesic
(qualitatively)

Option i: the outgoing radiation starts from zero at (extremely close to) the event
horizon, and gradually develops over a fairly broad strong-field region

Option ii: the energy emerges from the collapsing body itself and
propagates in a conserved manner through the surrounding strong-field region



Option ii: the energy emerges from the collapsing body itself and
propagates in a conserved manner through the surrounding strong-field region

| | F = 4nr2(Tuu) - the energy outflux
singularity . ren
__event horizon

C 2\ is conserved along a late-time null geodesic
X\ (T = Fy/anr? at u>» M
D / § J uu) o, = Fu/4mrs at u
r= | ' .

origin of "1: 56\(\ " ~ \(ii,surface) 2

coordinates (Tuu)ren = Fy /4n(2M)* at the surface
| _
177, J
177 In a regular (Kruskal) coordinate U oc —e~%/4M.
| Hcallﬂpsing body
] A (ii,surface) ~ \(ii,surface)

(Tyu),. o< (Tyu). - JU? - o at the EH
Significant backreaction effects atU = 0 (u > M)
Halting the collapse process? (dM /du = —4nr?T,,, and u — o)

—

Preventing horizon formation (horizon avoidance)? ‘s



In the absence of concrete calculations (in 4d gravitational collapse),
it is hard to prove which of the two options is the correct one.

Our main goal is to present such a concrete analysis.

(we will derive a simple, explicit, analytical expression for (Tuu)ren in the
Schwarzschild region just outside a collapsing object.)

(A >(surface)

A >(ii,surface)
UU/ren

# (T

at late times

= F, /41(2M)?

ren

Schwarzschild — (0 inaccordance with option i



The spherically-symmetric collapsing thin null shell model

Black hole is born &:

(0 = 4) Jayuao

Event horizon

Schwarzschild [space] [spacetime]



The spherically-symmetric collapsing thin null shell model (4d)

[Andersson, Siahmazgi, Clark, Fabbri and others have considered this model]

Shell propagating
inward along an
incoming null ray
V= V.

M —_ M()@(U — vo)
P
Mass of the shell
The two different geometries

are continuously matched
across the shell.

(0 = 4) Jauao

-3

Metricin (u, v, 0, @):
ds? = —fdudv + r?dQ?

2M

1 ——

r

f =1- (ZMO/T‘)@(U — UO) discontinuity
Metric continuity across the shell:
(1 , v > v,
) ZMO Schwarzschild
=1-— , v< vV
\fo T(u' UO) I\/Iinkowsgi

where r(u, vy) = %(vo —Uu)

) at the shell (approaching from both sides)



The quantum field and vacuum state

Minimally-coupled massless scalar field ®, Klein-Gordon: O =0

Decompose into normalized mode solutions, defined by initial data:

1 —i —
Do (t,1,0,0) = " Y (B,0) e 'Y at I~ + regularity condition atr = 0.

D(x) = f

dw Z [q)wfm () 8yom + Cbz)fm(x)awfm]
0 m

Vacuum state taken with respect to the positive-frequency modes @ ;..

The “in” vacuum state |0);,, : Vow,?,m:  a,m|0)i, =0

no incoming excitations from I~ (the natural state which Hawking analyzed —
coincides with vacuum in Minkowski)



(0 = 4) Joyua0

AN\

In Minkowski: ( L in the “in” vacuum vanishes everywhere

>ren

— by causality, also in our model at v < v,.

<A”u>ren 1?7 v>u,
\

Non-zero, due to spacetime curvature

Our goal:
at the outer surface of the shell, (on the

compute (Tuu>ren

Schwarzschild side, approaching from the exterior v = v{{)

(massless scalar field in vacuum — no ambiguities related to the renormalization.)
(The paper also does (@z)ren, but I'll skip it in this talk)



An illustration of our goal

Quantum energy outflux
at the shell’s outer surface

A~ +
<Tuu>ren (Xsn) o
—>e Minkowski =]
Xsh EE
=
r 1
0 = The Schwarzschild

Radius of the sphere:
To = Ty

side of the shell
V- Vg

Schwarzschild X = Xg, on the shell, with v = vy, r =1y (and U = iy (v, 19))



Classically: Twu = ®, P,
Naive quantum version: (Ty,) = (P, D)

Point-splitting reqularization — schematic overview

Gy (2, x") =

~ 1, ~ - _
(Tuu> (x) = lim E({q),u(x)q),u(x’)» — Ly (x, x7)

ren x!=x A
l Symmetrization l

X X Depends on the (non- Depends only on the
o< o .
static) quantum state (locally static) geometry
Constructed from modes @ ,;m Known analytically

Requires numerical computation
(notoriously demanding)



< uu>ren(3€) — llm [G‘LLu(X X’) Luu(x x )]

x'—x

Constructed from modes @ ;. _ 1 /
Requires numerical computation Guu (X, x — E ({CD u(x)(l) u(x )})

(notoriously demanding)
Symmetnzation

L., (x,x") is the coordinate based counterterm

obtained from the (covariant) Christensen’s counterterm C, L, x")
Levi (2017)

Known analytically

0-splitting: x=(,v,0 =0,90), x'=(ii,v,0 =&, @) X X
(spherical symmetry) 60 = ¢

(T, )ren(x) = llm[Guu(u v; ) — Ly (15 6)]
! !

Depends on the (non- Depends only on the
static) quantum state  (locally static) geometry



X = Xgp, on the shell, with v = vy, r = 1 (and @i = iy (vy, 1))

Requires numerics Known analytically

u>ren(x5h) = E_{%[Guu(ao; Vo; €) — zuu(roi 5)]

Xsp 1S approached from the
. side of the shell

T
éﬂ)

Xgp IS approached from the A
side of the shell < Uu

>ren(x5h) — (lgi_I)%[GUU(ﬁO' Vo; £) — Zuu(roi 5)]

Xsh

/

Want to use continuity at the shell



X = Xgp, on the shell, with v = vy, r = 1 (and @i = iy (vy, 1))

Requires numerics Known analytically

u>ren(x5h) = E_{%[Guu(ao; Vo; €) — Zuu(roi 5)]

Xgp IS approached from the
. side of the shell

T
éﬂ)

Xgp IS approached from the

side of the shell (Tuu>

ren(xSh) = E_I)%[Guu(ﬁo’ Vo, £) — Zuu(roi 5)]

Problem: G,,, is composed of EI\D,u and is not continuous across the shell.

A~

To proceed, transform to i (P g is continuous across the shell):

1, -
Gag(x, x") = = ({@ 2 ()P z(x)})
2

2
5 d
Lyz(ro; €) = (



X = Xgp, on the shell, with v = vy, r = 1 (and @i = iy (vy, 1))

Want:
Xsp 1S approached from the ~ Known analytically
side of the shell T~~~ X — hm[ —_ L~~ T £ ]
( uu)ren( sh) P ( 0’ )
Xgp IS approached from the ] ~
side of the shell = llm[ — L~~(10: € ]
€50 uu( 0 )
Subtracting these T _ . T ]
equations: <T >ren (xSh) hm [L (TOI E) Lﬁﬁ (TOJ 8)]

We got rid of the notoriously demanding numerical part! e



( >ren(x5h) - hm[L (7‘0; 5) — Zﬁﬁ(ro; 8)]

Recall:
Ju 1 - , v > vy (Schw.)
— = _ 0 : 1
dii. |fo=1- vy v < vy (Mink.) [r(u, vo) = = (vo —u)]
Back to u:

Schw. Mink.

(T >ren(x5h) = = hm[l’uu(ro: £) — fO uu(ro: 5)]



_|_

(Tuu)

In Schwarzschild

(counterterm expanded in

the point-separation &)

side:
Plugin M = M,
side:
PluginM =0

ren

(Xsn) = — (lgi_r)lg[zuu(ro; ) — fozzuu(roi )]

L,,(r;e)=nh

NZ, A. Levi, A. Ori (2020)

Zuu(roi ) =nh

Zuu(roi ) =h

Reminder:

F=1-20
2M,
fo=1-——
2 2 o
f sin % (E) — SMf
64mirs 2 160m2r>
fo2 f) _ 3Mofo2
64121y 2/ 160m2ry

The finite

. 9 E counterterm
/o2 (£)
_647% 2

The & dependence drops off completely! &



The outflux density emerging from the shell (at a point where r = 7,)
\

x [ J
sh The component most

y (Tuu>ren(r0) — h 07‘[37"07 (TO - ZMO)Z directly related to the

1 6 question of EH regularity

schwarzsehild A the shell approaches the horizon, the outflux density vanishes
quadratically with the remaining distance ry — 2M,.

Regularity of the Kruskal-based (TUU) ;

u ren

UX —e 4M . . .
NearEH X1 — 2M (TUU> X (T’U,U,)/UZ X (Tuu>/(r0 - ZMo)Z (flnlte)
(with v = const):
Significant backreaction effects at the horizon
Option ii Halting the collapse process? Nope.

A

Preventing horizon formation (horizon avoidance)? &



The evolution of the outflux along a late-time outgoing null ray

(0 = 4) Joyeo

F = 4nr?(T,.) u=1uy, » M,

ren

(o

The geodesic leaves the shell atr = ry = 2M,

b
and propagates towards 37 .

The outflux emerging from the shell is negligibly small
for such a geodesic (o< §72).

Asymptotic value in the weak field regionr > M,, F — Fy.

So, the evolution of the outflux from 0 at the shell to Fy at 3%
occurs gradually as the ray traverses the strong-field region.



(0 = 4) Jayuao

F = 4nr?(Ty,)
N
I/ \\
1 \
! \
I o
I N
Optfon i - Fy
K="
I P
1 ’
I /
! //
I/
Optioni | /7
—> 1 — T
v r/M~0(1) 0
(strong field)
The outfluxes along a late-time outgoing

null geodesic (u = ug > M)
leaving the shell atr =1y = 2M,



In the absence of concrete calculations (in 4d gravitational collapse),
it is hard to prove which of the two options is the correct one.

Our main goal is to present such a concrete analysis.

(surface) ~ \ (ii,surface)
% (Ty)

at late times

T —_ 2
<Tuu>ren ren = Fy /4m(2M)

Schwarzschild — (0 inaccordance with option i
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Option i: the outgoing radiation starts from zero at (extremely close to) the event
v horizon, and gradually develops over a fairly broad strong-field region

Option ii: the energy emerges from the collapsing body itself and
propagates in a conserved manner through the surrounding strong-field region



Additional insights

(time permitting)



Bonus topic I: what is now known
for the outflux in the collapsing shell spacetime

Along a outgoing null geodesic the
outflux is a function of 7, and

lim =0, lim = Fy
o
= Along 3~ the outflux vanishes (the “in” vacuum state)
I Along the outflux is a (monotonic?) function of u,
= and

lim =0, lim = Fy

Along the shell v = v, the outflux F () is now known, and

The energy outflux
F = 4nr¥(T,.)

lim F*(r,) =0, lim F"(r,) =0

ren To—0 To—2M



Bonus topic I: what is now known
for the outflux in the collapsing shell spacetime

2
& O The outflux + _ 2(p \t _ 3Mo — %
\qu at the shell (o) = 4mrg (Tuu>ren =h 407‘[7’05 : To

10
§ has a maximal value at 1% = — M
= 3
®
= Maximum 31
=~
I outfluxat FT(ry"a*) = AM ™% =
&= the shell 2500007
The Hawking outflux ~ FH ~ Elster (1983)

The outflux F may evolve non-monotonically (with r) along the
outgoing null geodesic emanating from the shell at ry"%*



(0 = 4) 1oyua0

F+ (rgnaX) 7 \\

—_—
-—
-~

The outfluxes along the outgoing null geodesic

leaving the shellat 7 = 1"~




The situation in the Unruh state in Schwarzschild

r =0 singularity [+ _ Latetimes, r € [2M, o)

r=0 singularity [~

The Unruh state (some facts):
* |sdefined on an eternal stationary background (e.g. Schwarzschild)
* |s constructed to mimic gravitational collapse atu — oo, v = o
e |sstationary (unlike the state in collapse) — everything depends only on r
* Involves Hawking radiation at infinity
imFY(r) = FH

T—00



The situation in the Unruh state in Schwarzschild

107 Based on data from Levi (2017)
14

2 /\

10 - E \ F—|— (,r(l]nax)

r/M

l | | | |
0
5 10 15 20 25 30 35 40 45

2

Given this behavior in the Unruh state, it is not too surprising if the outflux along outgoing null
geodesics in the collapsing-shell spacetime exhibits a similar non-monotonic trend.



Bonus topic Il: Comparison to the situation in 1+1

The outflux at the shell F*(ry) = 4mr§ lim+('f"uu)

Vv ren’
3+1: 3M 2M,\°
Fr(ry) = h—x(1———

A step-function discontinuity at the shell!
1+1: (Hiscock, 1981)

(0 = 4) J9)UdD

The energy outflux
F = 4nr?(T,)

ren



PHYSICAL REVIEW D

VOLUME 23, NUMBER 12

15 JUNE 1981

Models of evaporating black holes. I
William A. Hiscock

_ -a(vo -~ 4m)
@+ 4m)(w,—U)

The stress-energy tensor of the quantized field
may now be calculated by the usual procedure.
The result in region I is the obvious one,

T,y =0 @<O0). (B11)

ds?= d% ds (w>vy).  (B10)

In region II (v,>v >0) the stress-energy is

(B12)

T,,= (247)™ (—- L 4 —’”—f) | (B13)

2
Tyn,= 241 (- 1) (1- =), (B14)

(xResult in FabbriNavarro-Salas book Eq. (5.104),
taking rg=(vg-Uji,) /2;
also Hiscock1981 Eq. (B12) where \overline
fu} 1s our \tilde{u} with vg=
@ (where the shell appears here) and thus
equals 2rg at the shell,
and u*=
v-2r* is the usual Eddington coordinate 1in
the Schwarzschild region)
1 -M

3
Tuu = + -
24 x \prr3 2

M2 M M2
M . | JU———
r? (-2re)? (-2re)?

{Tuu/. r-reoe

Vanishes on both sides
0 of the collapsing shell




Bonus topic Il: Comparison to the situation in 1+1

The outflux at the shell F*(ry) = 4mr§ lim+('f"uu)

Vv ren’
3+1: 3M 2M,\°
Fr(ry) = h—x(1———

O
% A step-function discontinuity at the shell!
=< 1+1: (Hiscock, 1981)
I Ff(ry) =0
=

Continuity at the shell is enforced in the 1+1 case:

(Tuv)ren e (Tﬂ“)ren o« R bounded at the shell
The energy outflux \l

F = 4nr?(Ty,) Energy-momentum conservation: (T, ) must be continuous

(T, ;=0 "% atthe null shell

ren



Bonus topic Il: Comparison to the situation in 1+1

The outflux at the shell F*(ry) = 4mr§ lim+('f"uu)

Vv ren’
3+1: 3M 2M,\°
— Fr(ry) = h—x(1———
P]
D
= A step-function discontinuity at the shell!
=< 1+1: (Hiscock, 1981)
I Ff(ry) =0
-
- NoT 3+1
Continuity atNthe shell isénforced in the 24T case:
oT
3+1: More degrees of freedom (Tuv> }{(T;‘) < R bounded at the shell
(angular components) ren ren

The energy outflux \l ~
F = 4nr?(Ty,) Energy-momentum conservation: (T, ) must be continuous

B ren
(T g5 = 0) at the null shell

ren



Bonus topic Il: Comparison to the situation in 1+1

(0 = 4) J9)UdD

The energy outflux

F = 4nr?(T,)

ren

The outflux at the shell F*(ry) = 4mr§ lim+('f"uu)

Vv ren’
3+1: 3M 2M,\°
Fr(ry) = h—x(1———

A step-function discontinuity at the shell!
1+1: (Hiscock, 1981)

Fr(r5) =0
NOT 3+1
Continuity at the shell iS%nforced in the 4T case:
NOT @
The field is not (Tuv) \oc/(T””) X R bounded at the shell
conformally-coupled ren ren ot _lD@2>
\ ocalterm 2 ren NOT

A\

| N |
Energy-momentum conservation: (Tuu)ren must be continuous
(T 5 = 0) at the null shell in3+1



Summary

* We computed the outflux at the outer surface of a collapsing thin null shell:
+ 3M0

F+(T0) — 471'7‘02<Tuu>ren — h 1607'[27"7 (T'O — 2M0)2
0

* Crucially, as the shell approached the horizon, the emitted outflux vanishes
quadratically with the remaining distance 1, — 2M, (exponentially in u).

* This result confirms the Hawking energy outflux does not emerge from the
collapsing body, as is sometimes speculated, but develops in a broad strong-
field region outside. This corroborates the more conventional picture of

Hawking radiation as a gradual, steady process that cannot interfere with
black hole formation in gravitational collapse.



Take away message:

Semiclassical backreaction does not

significantly modify the classical horizon
geometry and does not give rise to

horizon avoidance.



Thank you for listening!

The paper presented in this talk:
PRL 135, 021401 (2025) | arXiv:2503.00622

Questions?

nz3745@princeton.edu



Hidden/backup slides

The trace of a minimally-coupled massless scalar field in 3+1

| 1 ; _
(1) ven = Tanomaly — 5 ] <fI>‘2 > (minimally coupled massless field) .
rert

B 1
'ﬂl.namal}f 988 () 2

(Rﬂ ;"3 Y d R ' “ 'ﬁ K : T R (8l ff R 'ﬂf 'ﬁ + %Rz + 6 D R)



Energy-momentum conservation in 3+1

: 1 { N
0= Tgf;_,ﬁ — \/—_—g (\/__chj ) 535 g}BH,QT’j’[
0= (TQT{LU) U T (TQT{LG) v o TQ.gﬂvgﬁ-’U,'ﬁ-Tﬁ.v — ga.t,:gge,ﬁ,Tg

Plugging the step function behavior of T3 (which is exactly that of T, ) at
the shell:
rTha = o (,v) O (v — vo)
0= (TQT{;.U) _ 4+ (C}i@ ('U — 'Uo)):_v — 7“29&@9&@,:ﬁ__Tﬁ,U — gﬁrvg(ﬂﬁ;&Tg

U
0= + o (1, -v)’,v O(v—1vy)+ad(v—1y)— — g.,&..l,,gggjﬁ’j’g

We see the o-function along v = vy can come from either 7, (both green
expressions, since the derivative in the first is wrt @ and not v, can give a
§ (v — o) if Tay o § (v —0)), or from T = T7. So there are two possible
sources for the required 0 function. This is unlike the 2D case, in which the
0 function has to come from 7T},, which is entirely determined by the trace
anomaly.



Our result for the vacuum polarization at the shell’s exterior surface

kM,
247 7

<‘i’2>$n(”0)

Incidentally, when evaluating this result at r, = 2M,, one

obtains 71/1927> M3, which is precisely the value of (®?)
at the EH of a Schwarzschild BH in the Hartle-Hawking
state :

P. Candelas, Vacuum polarization in Schwarzschild space-
time, Phys. Rev. D 21, 2185 (1980).



The #-splitting PMR counter-terms, obtained by processing Christensen’s counter-terms and expanding them

in the splitting parameter e = 66 = ¢’ — #, have the general form |[8|:

1 - +
=Ly (€) = apy sin™ (€/2) + by sin™2 (€/2) + cpp sin™ (€/2) + d,,, log (sin (¢/2)) + e,
For the two flux components, corresponding to 4 = v = y, we have:
(y =uorv)
D2 1 The method presented for computing
oy = 7 (1) 6124 (T )ien only holds for Q = 0.
_ For Q # 0, the € dependence does not
Cyy =0 drop in the difference between the

Qz / interior and exterior counterterms.

dyy = f* (r) 555

vy 240726

2Q%(7T+ ) + Q?log (r*p?) — M r
4807246

where ~ is the Euler constant, p is an unknown scale parameter related to the ambiguity in the regularization

|

Eyy = 2 (r)

procedure (see more in Sec. 6), and, recall, f(r) = (r —r_)(r — ) /r?. This leaves us with
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  𝒗


  𝒖


  ⟨    𝑻 ^  𝒖 𝒖 ⟩


     ⟨    T ^  u u ⟩ ren ( u , v )


  F ≡ 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


  r


  r ≈ 2 M


  ℏ P /  M 2


   𝑭 𝑯


  r = 2 M


  u ≫ M


   ℑ +  


  𝒊


  𝒊 𝒊


   𝑭 𝑯


  r −  r surface


  F ≡ 4 𝜋  r 2  ⟨    T ^  u u ⟩


  u =  u 0 ≫ M


   F H


  r / M ~ O  ( 1 )


  𝒗


  𝒖


  ⟨    𝑻 ^  𝒖 𝒖 ⟩


  𝒊 𝒊


  F ≡ 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


     ⟨    T ^  u u ⟩ ren  ( i i ) =  F H / 4 𝜋  r 2


  u ≫ M


     ⟨    T ^  u u ⟩ ren  ( i i , surface ) =  F H / 4 𝜋    ( 2 M ) 2


  U ∝   − e  − u / 4 M


     ⟨    T ^  U U ⟩ ren  ( i i , surface ) ∝    ⟨    T ^  u u ⟩ ren  ( i i , surface ) /  U 2


  U ≈ 0


  u ≫ M


  d M / d u = − 4 𝜋  r 2  T  u u


  u → ∞


  → ∞


  u → ∞


   𝑭 𝑯


     ⟨    T ^  U U ⟩ ren  ( i i , surface ) =  (    F H  𝜋  M 2 ) exp ( u / 2 M )


  U → 0


  u ≫ M


     ⟨    T ^  u u ⟩ ren  ( surface )


    ≠  ⟨    T ^  u u ⟩ ren  ( i i , surface ) =  F H / 4 𝜋    ( 2 M ) 2


  i


  Schwarzschild


  → 0


     ⟨    T ^  u u ⟩ ren


   ℑ +


   ℑ −


  v =  v 0


  M =  M 0 Θ  ( v −  v 0 )


   u ~  ( u ) ≡ u − 4  M 0  ln ⁡   (    v 0 − u  4  M 0 − 1 ) Θ  (  v 0 − v )


  d  s 2 = − f d u d v +  r 2 d  Ω 2


   ( u , v , 𝜃 , 𝜑 )


  f = 1 −  ( 2  M 0 / r ) Θ  ( v −  v 0 )


   g   u ~ v = −  1 2  ( 1 −   2  M 0 r )


   ℑ +


   ℑ −


    d u  d  u ~ =  {    1                                                                       ,     v >  v 0    f 0 ≡ 1 −   2  M 0  r  ( u ,  v 0 )           ,       v <  v 0


  r  ( u ,  v 0 ) =  1 2  (  v 0 − u )


   Φ ^ ,  


  ◻  Φ ^ = 0


   Φ  𝜔 ℓ m  ( t , r , 𝜃 , 𝜑 ) =  1  r  4 𝜋 𝜔    Y  ℓ m  ( 𝜃 , 𝜑 )    e  − i 𝜔 v


   ℑ −


  r = 0


   Φ ^  ( x ) =   ∫ 0 ∞  d 𝜔   ∑  ℓ m   [  Φ  𝜔 ℓ m  ( x )    a ^  𝜔 ℓ m +  Φ  𝜔 ℓ m ∗  ( x )    a ^  𝜔 ℓ m † ]


   Φ  𝜔 ℓ m


     | 0 ⟩ in  


   ℑ −


  ∀ 𝜔 , ℓ , m :                a ^  𝜔 ℓ m    | 0 ⟩ in = 0


   ℑ +


   ℑ −


     ⟨    T ^  u u ⟩ ren


  →


  v <  v 0


     ⟨    T ^  u u ⟩ ren


  v →  v 0 +


     ⟨    T ^  u u ⟩ ren =  {    0         v <  v 0   ?         v >  v 0


     ⟨    Φ ^ 2 ⟩ ren


   r 0 ≥  r s


   r 0


     ⟨    T ^  u u ⟩ ren +  (  x sh )


   ℑ −


   ℑ +


  v →  v 0 +


   x sh


  x =  x sh


  v =  v 0


  r =  r 0


   u ~ =    u ~ 0 (  v 0 ,  r 0 )


     ⟨    T ^  u u ⟩ ren  ( x ) =    lim   x ′ → x ⁡   [  1 2  ⟨  {    Φ ^  , u  ( x )    Φ ^  , u  (  x ′ ) } ⟩ −    L ~  u u  ( x ,  x ′ ) ]  


   Φ  𝜔 l m


   T  u u =  Φ  , u  Φ  , u


   ⟨    T ^  u u ⟩ = ⟨    Φ ^  , u    Φ ^  , u ⟩


  →


  x


  x ′


   G  u u  ( x ,  x ′ ) ≡


     ⟨    T ^  u u ⟩ ren  ( x ) =    lim   x ′ → x ⁡   [  G  u u  ( x ,  x ′ ) −    L ~  u u  ( x ,  x ′ ) ]  


   G  u u  ( x ,  x ′ ) ≡  1 2  ⟨  {    Φ ^  , u  ( x )    Φ ^  , u  (  x ′ ) } ⟩


   Φ  𝜔 l m


     L ~  u u  ( x , x ′ )


   C  𝜇 𝜈  ( x , x ′ )


  𝜃


  x =  (  u ~ , v , 𝜃 = 0 , 𝜑 ) ,      x ′ =  (  u ~ , v , 𝜃 = 𝜀 , 𝜑 )


     ⟨    T ^  u u ⟩ ren  ( x ) =    lim  𝜀 → 0 ⁡   [  G  u u  (  u ~ , v ; 𝜀 ) −    L ~  u u  ( r ; 𝜀 ) ]  


  x


  x ′


  𝛿 𝜃 = 𝜀


  x =  x sh


  v =  v 0


  r =  r 0


   u ~ =    u ~ 0 (  v 0 ,  r 0 )


     ⟨    T ^  u u ⟩ ren +  (  x sh ) =    lim  𝜀 → 0 ⁡   [  G  u u +  (    u ~ 0 ,  v 0 ; 𝜀 ) −    L ~  u u +  (  r 0 ; 𝜀 ) ]  


   x sh


  𝒗 →  𝒗 𝟎 +


     ⟨    T ^  u u ⟩ ren −  (  x sh ) =    lim  𝜀 → 0 ⁡   [  G  u u −  (    u ~ 0 ,  v 0 ; 𝜀 ) −    L ~  u u −  (  r 0 ; 𝜀 ) ]  


   x sh


  𝒗 →  𝒗 𝟎 −


   x sh


   r 0


  Minkowski


  Schwarzschild


  𝒗 →  𝒗 𝟎 −


  𝒗 →  𝒗 𝟎 +


   x sh


   r 0


  Minkowski


  Schwarzschild


  𝒗 →  𝒗 𝟎 −


  𝒗 →  𝒗 𝟎 +


  x =  x sh


  v =  v 0


  r =  r 0


   u ~ =    u ~ 0 (  v 0 ,  r 0 )


     ⟨    T ^  u u ⟩ ren +  (  x sh ) =    lim  𝜀 → 0 ⁡   [  G  u u +  (    u ~ 0 ,  v 0 ; 𝜀 ) −    L ~  u u +  (  r 0 ; 𝜀 ) ]  


   x sh


  𝒗 →  𝒗 𝟎 +


     ⟨    T ^  u u ⟩ ren −  (  x sh ) =    lim  𝜀 → 0 ⁡   [  G  u u −  (    u ~ 0 ,  v 0 ; 𝜀 ) −    L ~  u u −  (  r 0 ; 𝜀 ) ]  


   x sh


  𝒗 →  𝒗 𝟎 −


   G  u u


     Φ ^  , u


   u ~


     Φ ^  ,  u ~


   G   u ~  u ~  ( x ,  x ′ ) ≡  1 2  ⟨  {    Φ ^  ,  u ~  ( x )    Φ ^  ,  u ~  (  x ′ ) } ⟩


     L ~   u ~  u ~  (  r 0 ; 𝜀 ) ≡    (   d u  d  u ~ ) 2    L ~  u u  (  r 0 ; 𝜀 )


  x =  x sh


  v =  v 0


  r =  r 0


   u ~ =    u ~ 0 (  v 0 ,  r 0 )


     ⟨    T ^   u ~  u ~ ⟩ ren +  (  x sh ) =    lim  𝜀 → 0 ⁡   [  G   u ~  u ~ +  (    u ~ 0 ,  v 0 ; 𝜀 ) −    L ~   u ~  u ~ +  (  r 0 ; 𝜀 ) ]  


   x sh


  𝒗 →  𝒗 𝟎 +


     ⟨    T ^   u ~  u ~ ⟩ ren −  (  x sh ) =    lim  𝜀 → 0 ⁡   [  G   u ~  u ~ −  (    u ~ 0 ,  v 0 ; 𝜀 ) −    L ~   u ~  u ~ −  (  r 0 ; 𝜀 ) ]  


   x sh


  𝒗 →  𝒗 𝟎 −


   x sh


   r 0


  Minkowski


  Schwarzschild


  𝒗 →  𝒗 𝟎 −


  𝒗 →  𝒗 𝟎 +


     ⟨    T ^   u ~  u ~ ⟩ ren +  (  x sh ) = −    lim  𝜀 → 0 ⁡   [    L ~   u ~  u ~ +  (  r 0 ; 𝜀 ) −    L ~   u ~  u ~ −  (  r 0 ; 𝜀 ) ]  


     ⟨    T ^   u ~  u ~ ⟩ ren +  (  x sh ) = −    lim  𝜀 → 0 ⁡   [    L ~   u ~  u ~ +  (  r 0 ; 𝜀 ) −    L ~   u ~  u ~ −  (  r 0 ; 𝜀 ) ]  


   u ~  ( u ) ≡ u − 4  M 0  ln ⁡   (    v 0 − u  4  M 0 − 1 ) Θ  (  v 0 − v )


    d u  d  u ~ =  {    1                                                                       ,     v >  v 0       ( Schw . )    f 0 ≡ 1 −   2  M 0  r  ( u ,  v 0 )           ,       v <  v 0     ( Mink . )


   [ r  ( u ,  v 0 ) =  1 2  (  v 0 − u ) ]


  u


     ⟨    T ^  u u ⟩ ren +  (  x sh ) = −    lim  𝜀 → 0 ⁡   [    L ~  u u +  (  r 0 ; 𝜀 ) −  f 0 2    L ~  u u −  (  r 0 ; 𝜀 ) ]  


     L ~  u u  (  r 0 ; 𝜀 )    ​ |  M =  M 0


     L ~  u u  (  r 0 ; 𝜀 )    ​ |  M = 0


     ⟨    T ^  u u ⟩ ren +  (  x sh ) = −    lim  𝜀 → 0 ⁡   [    L ~  u u +  (  r 0 ; 𝜀 ) −  f 0 2    L ~  u u −  (  r 0 ; 𝜀 ) ]  


     L ~  u u  ( r ; 𝜀 ) = ℏ  [    f 2  64  𝜋 2  r 4  sin  − 2  (  𝜀 2 ) −   3 M  f 2  160  𝜋 2  r 5 ]


  𝜀


     L ~  u u +  (  r 0 ; 𝜀 ) = ℏ  [    f 0 2  64  𝜋 2  r 0 4  sin  − 2  (  𝜀 2 ) −   3  M 0  f 0 2  160  𝜋 2  r 0 5 ]


     L ~  u u −  (  r 0 ; 𝜀 ) = ℏ  [  1  64  𝜋 2  r 0 4  sin  − 2  (  𝜀 2 ) ]


  M =  M 0


  M = 0


  𝜀


  f = 1 −   2 M r


   f 0 = 1 −   2  M 0   r 0


     ⟨    T ^  u u ⟩ ren +  (  r 0 ) = ℏ   3  M 0  160  𝜋 2  r 0 7    (  r 0 − 2  M 0 ) 2


  r =  r 0


   r 0 − 2  M 0


     ⟨    T ^  U U ⟩ ren +


    ⟨  T ^  U U ⟩ ∝   ⟨  T ^  u u ⟩ /  U 2 ∝   ⟨  T ^  u u ⟩ /    (  r 0 − 2  M 0 ) 2


  𝒊 𝒊


   x sh


   r 0


  Schwarzschild


  U ∝   − e  −  u  4 M ∝ r − 2 M


  v = c o n s t


  u =  u 0 ≫  M 0


   ℑ +


   ℑ −


  ∝ 𝛿  r 2


  r =  r 0 ≈ 2  M 0


   ℑ +


  r ≫  M 0


  F →  F H


  F = 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


   F H


   ℑ +


   F H


   ℑ +


   ℑ −


    u = u 0 ≫  M 0


  r =  r 0 ≈ 2  M 0


  r −  r 0


  F ≡ 4 𝜋  r 2  ⟨    T ^  u u ⟩


   F H


   F H


  r / M ~ O  ( 1 )


     ⟨    T ^  u u ⟩ ren  ( surface )


    ≠  ⟨    T ^  u u ⟩ ren  ( i i , surface ) =  F H / 4 𝜋    ( 2 M ) 2


  i


  Schwarzschild


  → 0


  𝒊


  𝒊 𝒊


   𝑭 𝑯


   ℑ +


   ℑ −


   F H


  u =  u 0 ≫  M 0


   F late  ( r )


  r


     lim  r → 2 M ⁡   F late  ( r ) = 0   ,        lim  r → ∞ ⁡   F late  ( r ) =  F H


   ℑ −


   ℑ +


   F   ℑ +  ( u )  


  u


     lim  u → − ∞ ⁡   F   ℑ +  ( u ) = 0 ,        lim  u → ∞ ⁡   F   ℑ +  ( u ) =  F H


  v =  v 0


   F +  (  r 0 )


     lim   r 0 → ∞ ⁡   F +  (  r 0 ) = 0   ,        lim   r 0 → 2 M ⁡   F +  (  r 0 ) = 0


  F = 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


  F = 0


  F ≠ 0


     F + (  r 0 ) = 4 𝜋  r 0 2  ⟨    T ^  u u ⟩ ren + = ℏ   3  M 0  40 𝜋  r 0 5    ( 1 −   2  M 0   r 0 ) 2


   r 0 max =  10 3 M


   F +  (  r 0 max ) =  81  250000 𝜋 ℏ  M  − 2 ≈ 1 . 031 ×  10  − 4 ℏ  M  − 2


   F H ≈ 7 . 44 ×  10  − 5 ℏ  M  − 2


  F


  r


   r 0 max


  r =  r 0 max


  r −  r 0


  F ≡ 4 𝜋  r 2  ⟨    T ^  u u ⟩


   F +  (  r 0 max )


   F H


  u → ∞ , v → ∞


  r


   lim  r → ∞  F U  ( r ) =  F H


  r ∈  [ 2 M , ∞ )


   ℑ +


   ℑ −


  F = 0


  F ≠ 0


  F = 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = ℏ   3  M 0  40 𝜋  r 0 5    ( 1 −   2  M 0   r 0 ) 2


   F +  (  r 0 ) = 4 𝜋  r 0 2    lim  v →  v 0 + ⁡     ⟨    T ^  u u ⟩ ren


   ℑ +


   ℑ −


  F = 0


  F ≠ 0


  F = 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = ℏ   3  M 0  40 𝜋  r 0 5    ( 1 −   2  M 0   r 0 ) 2


   F +  (  r 0 ) = 4 𝜋  r 0 2    lim  v →  v 0 + ⁡     ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = 0


     ⟨    T ^ 𝜇 𝜇 ⟩ ren ∝ R


     ⟨    T ^  u u ⟩ ren


     ⟨    T ^  u v ⟩ ren ∝


  (  T          𝛼 ; 𝛽 𝛽 = 0 )


  local   term −  1 2 □    ⟨    Φ ^ 2 ⟩ ren


   ℑ +


   ℑ −


  F = 0


  F ≠ 0


  F = 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = ℏ   3  M 0  40 𝜋  r 0 5    ( 1 −   2  M 0   r 0 ) 2


   F +  (  r 0 ) = 4 𝜋  r 0 2    lim  v →  v 0 + ⁡     ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = 0


     ⟨    T ^ 𝜇 𝜇 ⟩ ren ∝ R


     ⟨    T ^  u u ⟩ ren


     ⟨    T ^  u v ⟩ ren ∝


  (  T          𝛼 ; 𝛽 𝛽 = 0 )


   ℑ +


   ℑ −


  F = 0


  F ≠ 0


  F = 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = ℏ   3  M 0  40 𝜋  r 0 5    ( 1 −   2  M 0   r 0 ) 2


   F +  (  r 0 ) = 4 𝜋  r 0 2    lim  v →  v 0 + ⁡     ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = 0


     ⟨    T ^ 𝜇 𝜇 ⟩ ren ∝ R


     ⟨    T ^  u u ⟩ ren


     ⟨    T ^  u v ⟩ ren ∝


  (  T          𝛼 ; 𝛽 𝛽 = 0 )


   ℑ +


   ℑ −


  F = 0


  F ≠ 0


  F = 4 𝜋  r 2    ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = ℏ   3  M 0  40 𝜋  r 0 5    ( 1 −   2  M 0   r 0 ) 2


   F +  (  r 0 ) = 4 𝜋  r 0 2    lim  v →  v 0 + ⁡     ⟨    T ^  u u ⟩ ren


   F + (  r 0 ) = 0


     ⟨    T ^ 𝜇 𝜇 ⟩ ren ∝ R


     ⟨    T ^  u u ⟩ ren


     ⟨    T ^  u v ⟩ ren ∝


  (  T          𝛼 ; 𝛽 𝛽 = 0 )


  local   term −  1 2 □    ⟨    Φ ^ 2 ⟩ ren


     F + (  r 0 ) = 4 𝜋  r 0 2  ⟨    T ^  u u ⟩ ren + = ℏ   3  M 0  160  𝜋 2  r 0 7    (  r 0 − 2  M 0 ) 2


   r 0 − 2  M 0


  u


     ⟨  T  u u ⟩ ren +


  Q = 0


  Q ≠ 0


  𝜀


  y = u


  v

