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The renormalization problem

The semiclassical Einstein equations

Gαβ + O(R2) = 8π
(︂

T (cl)
αβ + ⟨T̂αβ⟩A

ren

)︂
.

Computational Problem: can we express the K(x , x ′) as a
mode-sum in the same form as GA(x , x ′) so that we subtract
mode-by-mode?
Recent solution: Extended coordinate method (ECM)

Taylor, Breen, 2016, 2017;
Taylor, Breen, Ottewill, 2022;
Arrechea, Breen, Ottewill, LP, Taylor, 2025.
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Extended Coordinate Method

The ECM allows to express the Hadamard parametrix

K(x , x ′) ∼ U(x , x ′)
σϵ(x , x ′) + V (x , x ′) log

(︃
2σϵ(x , x ′)

ℓ2

)︃
as a mode-sum in the same form as GA(x , x ′)

K(x , x ′) =
∞∑︂
l=0

(2l + 1)Pl(cos γ)
∫︂ ∞

0
dω e−iω∆tk(m)

ωl (r , r ′).

Mode-by-mode subtraction
Renormalized vacuum polarization (VP)

⟨Φ̂2⟩A
ren : = lim

x′→x

(︁
GA(x , x ′) − K(x , x ′)

)︁
=

∞∑︂
l=0

(2l + 1)
∫︂ ∞

0
dω

(︂
gA

ωl(r) − k(m)
ωl (r)

)︂
.

The order m of the expansion defines the rate of convergence
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VP near the Cauchy horizon - numerical results

Results for the Hartle-Hawking (solid lines) and Unruh (dashed lines)
states.
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VP near the Cauchy horizon - semi-analytical
analysis

It can be shown that
⟨Φ̂2⟩A

ren ∼ w< as r → r−,

where

w< = 1
4π2

∞∑︂
l=0

(2l + 1)
∫︂ µ

0
dω

{︂
g<

ωl − k(m)
ωl

}︂
,

g<
ωl (r) =

1
2 r2

− ω

[︁(︁
|Aωl |

2 + |Bωl |
2 + Aωl B∗

ωl e
2iω r∗ + A∗

ωl Bωl e
−2iω r∗

)︁
coth( π ω

κ+
)

+ ℜ
{︁

Aup
ωl

(︁
A2

ωl e
2iωr∗ + B2

ωl e
−2iωr∗ + 2Aωl Bωl

)︁}︁
csch( πω

κ+
)
]︁

as r → r−.

Small-ω expansions (McNamara 1978; Kehle, Shlapentokh-Rothman 2019)

Aωl =
i ql
ω

+ a(0)
l + O(ω), Bωl = −

i ql
ω

+ b(0)
l + O(ω), with |Bωl |

2 − |Aωl |
2 = 1.

We find

⟨Φ̂2⟩A
ren ∼ k(µ, Q) log |f |, r → r−. State independent result
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Small-ω expansions (McNamara 1978; Kehle, Shlapentokh-Rothman 2019)

Aωl =
i ql
ω

+ a(0)
l + O(ω), Bωl = −

i ql
ω

+ b(0)
l + O(ω), with |Bωl |

2 − |Aωl |
2 = 1.

We find

⟨Φ̂2⟩A
ren ∼ k(µ, Q) log |f |, r → r−. State independent result
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RSET near the Cauchy horizon

RSET components

⟨T̂ t
t⟩A

ren = −⟨T̂ r
r ⟩A

ren ∼ KA

|f | , r → r−,

⟨T̂ θ
θ⟩A

ren = ⟨T̂ ϕ
ϕ⟩A

ren ∼ L log |f |, r → r−.

L vanishes for µ = 0.

The semiclassical fluxes are finite on the Cauchy horizon

⟨T̂ −
uu⟩H

ren = ⟨T̂ −
vv⟩H

ren = KH

2 , ⟨T̂ −
yy⟩U

ren = KH

2 + Jy,

→ In agreement with previous massless results (Zilberman et al., 2020).
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The RSET near the Cauchy horizon

Numerical computation of the semiclassical fluxes:

Massless (Zilberman et al., 2020) Mass µM = 0.1
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Ingoing flux at the CH (in agreement with massless results (Zilberman et al., 2020))

⟨T̂ −
VV ⟩A

ren = ⟨T̂ −
vv⟩A

ren

κ2
−V 2 , V → 0+.

Result independent of state
and field parameters

→ Classical perturbations: T −
VV ∼ C

V 2(log(V ))p , p > 0.
→ May convert the CH into a strong singularity (Hollands et al., 2020).
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Components as r → r− Massless Massive

⟨Φ̂2⟩A
ren Finite k(µ, Q) log |f |

⟨T̂ t
t⟩A

ren = −⟨T̂ r
r ⟩A

ren ∝ |f |−1 ∝ |f |−1

⟨T̂ θ
θ⟩A

ren = ⟨T̂ ϕ
ϕ⟩A

ren Finite L log |f |

⟨T̂ −
yy⟩A

ren Finite Finite

Near extremality ⟨T̂ −
yy⟩A

ren < 0 ⟨T̂ −
yy⟩A

ren > 0

⟨T̂ −
VV ⟩A

ren ∝ V −2 ∝ V −2
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Thank you, any questions?
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