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Propagation effects carry cosmological and astrophysical information.

Propagation effects
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Dark energy & modified gravity:  
• How is the Universe expanding?

• Are the laws of gravity different on large scales?

• AG et al. JCAP (2019),  
• Tasinato, AG et al JCAP 2021,  
• AG. et al arXiv:2110.14689 
• AG et al. PRD (2021),  
• Balaudo A., AG et al JCAP 2023,  
• AG, et al, JCAP 2025 
• S. Akama, AG et al arXiv:2603.03165 

Black holes: 
• How do BH respond to perturbations?

• What can we learn about gravity in the strong-field regime?

• De Luca V., AG et al PRD (2024) 
• M. Carrillo-Gonzales, AG et al, PRD 2025

Dark matter & wave-optics effects: 
• How is matter distributed in the Universe? 

• Do small-scale halos have cores or cusps?

• AG PDU 2024,  
• Braga G., AG et al JCAP 2024, 
• M. Carrillo-Gonzales, AG et al, PRD 2025 
• R. Amoruso, AG et al arXiv:2604.15313 
• AG, G. Tasinato arXiv:2605.21584 

Research interests

3

https://arxiv.org/abs/2603.03165
https://arxiv.org/abs/2605.21584
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Gravitational lensing: Geometric & Wave optics

Weak lensing Strong lensing

Geometric optics: λ ≪ M Wave optics: λ ≥ M

Interference

M
λ
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Wave optics for GWs

• LVK: GW231123  strong candidate for WO  

• LISA: ~(0.1 - 1.6)% of MBHB with  
and  

→

(105 − 106.5)M⊙
4 ≤ z ≤ 10

M < 108M⊙ ( f
mHz )

−1

2507.08219, 2512.16916, 2512.17631, 2512.19077

2102.10295
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Rules of the game

Goal: 


solve wave equation on the lens 
background

□ h… = 0

U(r)
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Talk’s plan

1. Diffraction integral formalism for wave-optics effects


2. Scattering amplitudes for including PM effects  2511.15797


3. Wave-optics in modified gravity  2605.21584 


4. Many lenses with open quantum systems  2604.15313

→

→

→
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1. Diffraction integral formalism for wave-optics effects


2. Scattering amplitudes for including PM effects  2511.15797


3. Wave-optics in modified gravity  2605.21584 


4. Many lenses with disorder systems  2604.15313

→

→

→

Talk’s plan



 /359

• Consider a scalar wave 


•  In , assume:


1. Eikonal: 


2. Paraxial: 


3. Newtonian lens: 


4. Scalar fields


• KG equation becomes Schrödinger 


• Solve with path integral:

h = F(x) (eiω|x−xs|/ |x − xs |)
□ h = 0

ω ≫ |∂2
rF | / |∂rF |

φ ≪ 1

U ≪ 1

iω∂rF = −
∂2

φF
2r2

+ 2ω2UF

The diffraction integral

Fdiff(r, ⃗φ O) = ∫ 𝒟 ⃗φ (r)eiω ∫r
0 dr′￼[ r2

2 |
· ⃗φ (r) |2 − 2U(r, ⃗φ (r))]

Nakamura&Deguchi 1999 

⃗φ

⃗φO
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⃗φ

⃗φO

Considering that the lens extension along the optical axis is small (thin lens)

Fdiff (ω, b⃗O) =
ωzeff

2πi ∫ d2b⃗ ei ω Φ(b⃗,b⃗O)

• If : sum of the saddle point 


• If : interference among all possible paths

ν ≫ 1 ∇b⃗Φ(b⃗, b⃗O) = 0
ν ≲ 1

Fermat potential:
 Φ(b⃗, b⃗O) =
zeff

2 (b⃗ −
zsl

zso
b⃗O)

2

− 2∫ dz U(z, b⃗)

Defining adimensional frequency parameter: ν = ωLlens

b⃗O

b⃗
zeff = zslzlo/zso

The diffraction integral
Nakamura&Deguchi 1999 

b⃗ = zsl ⃗φ
b⃗O = zso ⃗φ O
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1. Diffraction integral formalism for wave-optics effects


2. Scattering amplitudes for including PM effects  2511.15797


3. Wave-optics in modified gravity  2605.21584 


4. Many lenses with disorder systems  2604.15313

→

→

→

Talk’s plan
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<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="6V9KxO2Ks7wKBiUzPKd+yG1/4QY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AG22I/W</latexit>

ẑ

<latexit sha1_base64="ecPA9K2l16mXpmJ5kbHepvxaHYo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWtB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2omiocBDyWJGsHVSO+tpgR6m/XLFr/pzoFUS5KQCORr98ldvkJBUUGkJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh2VWFATZvNzp+jMKQMUJ9qVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZkyq1VJLFojjlyCZo9jsaME2J5RNHMNHM3YrICGtMrEuo5EIIll9eJa2LalCr1u4vK/WbPI4inMApnEMAV1CHO2hAEwiM4Rle4c1T3ov37n0sWgtePnMMf+B9/gAdlI9x</latexit>

S

<latexit sha1_base64="cAvJN+CEGWgS29KrNJclXNqxAfg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjx4qGA/oF1KNs22oUk2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73C2vrG5lZxu7Szu7d/UD48apkk1YQ2ScIT3YmwoZxJ2rTMctpRmmIRcdqOxrczv/1EtWGJfLQTRUOBh5LFjGDrpHbW0wLdT/vlil/150CrJMhJBXI0+uWv3iAhqaDSEo6N6Qa+smGGtWWE02mplxqqMBnjIe06KrGgJszm507RmVMGKE60K2nRXP09kWFhzERErlNgOzLL3kz8z+umNr4OMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMmFECy/vEpaF9WgVq09XFbqN3kcRTiBUziHAK6gDnfQgCYQGMMzvMKbp7wX7937WLQWvHzmGP7A+/wBEvGPag==</latexit>

L

<latexit sha1_base64="v3yoCwoo6WYiD4uDhSfeOKTmsMw=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVJdFNy4r2Ac0MUymk3boPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDKqjed9O6W19Y3NrfJ2ZWd3b7/qHhx2tMwUJm0smVS9GGnCqCBtQw0jvVQRxGNGuvH4ZuZ3H4nSVIp7M0lJyNFQ0IRiZKwUudUgHdEHL8oDyckQTSO35tW9OeAq8QtSAwVakfsVDCTOOBEGM6R13/dSE+ZIGYoZmVaCTJMU4TEakr6lAnGiw3x++BSeWmUAE6lsCQPn6u+JHHGtJzy2nRyZkV72ZuJ/Xj8zyVWYU5Fmhgi8WJRkDBoJZynAAVUEGzaxBGFF7a0Qj5BC2NisKjYEf/nlVdI5r/uNeuPuota8LuIog2NwAs6ADy5BE9yCFmgDDDLwDF7Bm/PkvDjvzseiteQUM0fgD5zPH8vAkzM=</latexit>

ω0
ω

<latexit sha1_base64="Ziarg0K9AGhEFOQ58maQsJIrgMw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKtZh4dsWpOjPgZeLmpIJyNDz7qzeIaBIyCVQQrbuuE0M/Iwo4FWxS6iWaxYSOyZB1DZUkZLqfzU6f4GOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC46GdcxgkwSeeLgkRgiPA0BzzgilEQqSGEKm5uxXREFKFg0iqZENzFl5dJ67Tq1qq1m7NK/TKPo4gO0RE6QS46R3V0jRqoiSi6R8/oFb1ZT9aL9W59zFsLVj5zgP7A+vwB6q+UcQ==</latexit>zsl

<latexit sha1_base64="tn6qguT8E8/1NlNf1yxJ/Jo4lpc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKRTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD5JSUbQ==</latexit>zlo

<latexit sha1_base64="nHtgcodWGjeYTRXmR+qTdFMZGtE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKdTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD7z6UdA==</latexit>zso

<latexit sha1_base64="9anDcAPlrhEOywgZvta7v6pM8Fw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpJht2J0JJ+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMirVjDeZkkq3A2q4FDFvokDJ24nmNAokfwxGtzP/8YlrI1T8gOOE+xEdxCIUjKKVOpOsG4QkmPbUpFeuuFV3DrJKvJxUIEejV/7q9hVLIx4jk9SYjucm6GdUo2CST0vd1PCEshEd8I6lMY248bP5yVNyZpU+CZW2FSOZq78nMhoZM44C2xlRHJplbyb+53VSDK/9TMRJijxmi0VhKgkqMvuf9IXmDOXYEsq0sLcSNqSaMrQplWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDBc/wCm8OOi/Ou/OxaC04+cwx/IHz+QNjHpFX</latexit>

|bo| <latexit sha1_base64="1BijY4VG494O0uTx2osG1aCLqqg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXrxZwX5Au5Rsmm1Dk2xIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMkmqCW2ShCe6E2FDOZO0aZnltKM0xSLitB2Nb2d++4lqwxL5aCeKhgIPJYsZwdZJ7aynBbqf9ssVv+rPgVZJkJMK5Gj0y1+9QUJSQaUlHBvTDXxlwwxrywin01IvNVRhMsZD2nVUYkFNmM3PnaIzpwxQnGhX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTKrUUkkWi+KUI5ug2e9owDQllk8cwUQzdysiI6wxsS6hkgshWH55lbQuqkGtWnu4rNRv8jiKcAKncA4BXEEd7qABTSAwhmd4hTdPeS/eu/exaC14+cwx/IH3+QMXgI9t</latexit>

O

<latexit sha1_base64="jcin4QscGaqgwN53lFDxiVpeJR8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURqS6LblxWsA9oQphMJ+3QeYSZiVBCwV9x40IRt36HO//GaZuFth64cDjnXu69J04Z1cbzvp2V1bX1jc3SVnl7Z3dv3z04bGuZKUxaWDKpujHShFFBWoYaRrqpIojHjHTi0e3U7zwSpakUD2ackpCjgaAJxchYKXKPg3RIozyQnAzQBFaDOIHqPHIrXs2bAS4TvyAVUKAZuV9BX+KME2EwQ1r3fC81YY6UoZiRSTnINEkRHqEB6VkqECc6zGfnT+CZVfowkcqWMHCm/p7IEdd6zGPbyZEZ6kVvKv7n9TKTXIc5FWlmiMDzRUnGoJFwmgXsU0WwYWNLEFbU3grxECmEjU2sbEPwF19eJu2Lml+v1e8vK42bIo4SOAGnoAp8cAUa4A40QQtgkINn8ArenCfnxXl3PuatK04xcwT+wPn8AT/ylQg=</latexit>

ωω(r)<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

ω

<latexit sha1_base64="83oZYF3SrIRplgnKmeSxY6pGADQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnawfhCSYDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqler1h6uK43bPI4inME5XIIHdWjAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gARLo9p</latexit>

b

Scattering amplitudes

hlens. = F(rO, θO) eiω|r−rs|

|r − rs |
hscatt. = f(θO)eiωz +

eiωr

r

With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 
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<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="6V9KxO2Ks7wKBiUzPKd+yG1/4QY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AG22I/W</latexit>

ẑ

<latexit sha1_base64="ecPA9K2l16mXpmJ5kbHepvxaHYo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWtB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2omiocBDyWJGsHVSO+tpgR6m/XLFr/pzoFUS5KQCORr98ldvkJBUUGkJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh2VWFATZvNzp+jMKQMUJ9qVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZkyq1VJLFojjlyCZo9jsaME2J5RNHMNHM3YrICGtMrEuo5EIIll9eJa2LalCr1u4vK/WbPI4inMApnEMAV1CHO2hAEwiM4Rle4c1T3ov37n0sWgtePnMMf+B9/gAdlI9x</latexit>

S

<latexit sha1_base64="cAvJN+CEGWgS29KrNJclXNqxAfg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjx4qGA/oF1KNs22oUk2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73C2vrG5lZxu7Szu7d/UD48apkk1YQ2ScIT3YmwoZxJ2rTMctpRmmIRcdqOxrczv/1EtWGJfLQTRUOBh5LFjGDrpHbW0wLdT/vlil/150CrJMhJBXI0+uWv3iAhqaDSEo6N6Qa+smGGtWWE02mplxqqMBnjIe06KrGgJszm507RmVMGKE60K2nRXP09kWFhzERErlNgOzLL3kz8z+umNr4OMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMmFECy/vEpaF9WgVq09XFbqN3kcRTiBUziHAK6gDnfQgCYQGMMzvMKbp7wX7937WLQWvHzmGP7A+/wBEvGPag==</latexit>

L

<latexit sha1_base64="v3yoCwoo6WYiD4uDhSfeOKTmsMw=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVJdFNy4r2Ac0MUymk3boPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDKqjed9O6W19Y3NrfJ2ZWd3b7/qHhx2tMwUJm0smVS9GGnCqCBtQw0jvVQRxGNGuvH4ZuZ3H4nSVIp7M0lJyNFQ0IRiZKwUudUgHdEHL8oDyckQTSO35tW9OeAq8QtSAwVakfsVDCTOOBEGM6R13/dSE+ZIGYoZmVaCTJMU4TEakr6lAnGiw3x++BSeWmUAE6lsCQPn6u+JHHGtJzy2nRyZkV72ZuJ/Xj8zyVWYU5Fmhgi8WJRkDBoJZynAAVUEGzaxBGFF7a0Qj5BC2NisKjYEf/nlVdI5r/uNeuPuota8LuIog2NwAs6ADy5BE9yCFmgDDDLwDF7Bm/PkvDjvzseiteQUM0fgD5zPH8vAkzM=</latexit>

ω0
ω

<latexit sha1_base64="Ziarg0K9AGhEFOQ58maQsJIrgMw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKtZh4dsWpOjPgZeLmpIJyNDz7qzeIaBIyCVQQrbuuE0M/Iwo4FWxS6iWaxYSOyZB1DZUkZLqfzU6f4GOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC46GdcxgkwSeeLgkRgiPA0BzzgilEQqSGEKm5uxXREFKFg0iqZENzFl5dJ67Tq1qq1m7NK/TKPo4gO0RE6QS46R3V0jRqoiSi6R8/oFb1ZT9aL9W59zFsLVj5zgP7A+vwB6q+UcQ==</latexit>zsl

<latexit sha1_base64="tn6qguT8E8/1NlNf1yxJ/Jo4lpc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKRTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD5JSUbQ==</latexit>zlo

<latexit sha1_base64="nHtgcodWGjeYTRXmR+qTdFMZGtE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKdTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD7z6UdA==</latexit>zso

<latexit sha1_base64="9anDcAPlrhEOywgZvta7v6pM8Fw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpJht2J0JJ+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMirVjDeZkkq3A2q4FDFvokDJ24nmNAokfwxGtzP/8YlrI1T8gOOE+xEdxCIUjKKVOpOsG4QkmPbUpFeuuFV3DrJKvJxUIEejV/7q9hVLIx4jk9SYjucm6GdUo2CST0vd1PCEshEd8I6lMY248bP5yVNyZpU+CZW2FSOZq78nMhoZM44C2xlRHJplbyb+53VSDK/9TMRJijxmi0VhKgkqMvuf9IXmDOXYEsq0sLcSNqSaMrQplWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDBc/wCm8OOi/Ou/OxaC04+cwx/IHz+QNjHpFX</latexit>

|bo| <latexit sha1_base64="1BijY4VG494O0uTx2osG1aCLqqg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXrxZwX5Au5Rsmm1Dk2xIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMkmqCW2ShCe6E2FDOZO0aZnltKM0xSLitB2Nb2d++4lqwxL5aCeKhgIPJYsZwdZJ7aynBbqf9ssVv+rPgVZJkJMK5Gj0y1+9QUJSQaUlHBvTDXxlwwxrywin01IvNVRhMsZD2nVUYkFNmM3PnaIzpwxQnGhX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTKrUUkkWi+KUI5ug2e9owDQllk8cwUQzdysiI6wxsS6hkgshWH55lbQuqkGtWnu4rNRv8jiKcAKncA4BXEEd7qABTSAwhmd4hTdPeS/eu/exaC14+cwx/IH3+QMXgI9t</latexit>

O

<latexit sha1_base64="jcin4QscGaqgwN53lFDxiVpeJR8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURqS6LblxWsA9oQphMJ+3QeYSZiVBCwV9x40IRt36HO//GaZuFth64cDjnXu69J04Z1cbzvp2V1bX1jc3SVnl7Z3dv3z04bGuZKUxaWDKpujHShFFBWoYaRrqpIojHjHTi0e3U7zwSpakUD2ackpCjgaAJxchYKXKPg3RIozyQnAzQBFaDOIHqPHIrXs2bAS4TvyAVUKAZuV9BX+KME2EwQ1r3fC81YY6UoZiRSTnINEkRHqEB6VkqECc6zGfnT+CZVfowkcqWMHCm/p7IEdd6zGPbyZEZ6kVvKv7n9TKTXIc5FWlmiMDzRUnGoJFwmgXsU0WwYWNLEFbU3grxECmEjU2sbEPwF19eJu2Lml+v1e8vK42bIo4SOAGnoAp8cAUa4A40QQtgkINn8ArenCfnxXl3PuatK04xcwT+wPn8AT/ylQg=</latexit>

ωω(r)<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

ω

<latexit sha1_base64="83oZYF3SrIRplgnKmeSxY6pGADQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnawfhCSYDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqler1h6uK43bPI4inME5XIIHdWjAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gARLo9p</latexit>

b
f(rO, θO)

eiωr

r
= iω

∞

∑
ℓ=0

2ℓ + 1
2

(−1)ℓ (eiδℓ − 1) [h(1)
ℓ (ωrO)h(1)

ℓ (ωrs)] Pℓ(cos θO)

Doing a partial wave expansion of :□ h = 0

hlens. = F(rO, θO) eiω|r−rs|

|r − rs |
hscatt. = f(rO, θO)eiω|r−rs|

|r − rs |
+

eiωr

r

Phase shifts

h(1)
ℓ (ωr)h(1)

ℓ (ωrs) ≈ (−1)ℓ+1 eiωr

ωr
eiωrs

ωrs
e

iℓ(ℓ + 1)
2ω ( 1

r + 1
rs )

Expand for large  
including Fresnel factor

ωr

Scattering amplitudes: the Fresnel factor
With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 
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f(rO, θO) =
e

− iωzeff b⃗2
O

2z2
lo

zeff

∞

∑
ℓ=0

(2ℓ + 1)
2iω (eiδℓ − 1) e

i(ℓ + 1/2)2
2ωzeff Pℓ(cos θO)

ℓ = ω |b | ≫ 1

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="6V9KxO2Ks7wKBiUzPKd+yG1/4QY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AG22I/W</latexit>

ẑ

<latexit sha1_base64="ecPA9K2l16mXpmJ5kbHepvxaHYo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWtB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2omiocBDyWJGsHVSO+tpgR6m/XLFr/pzoFUS5KQCORr98ldvkJBUUGkJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh2VWFATZvNzp+jMKQMUJ9qVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZkyq1VJLFojjlyCZo9jsaME2J5RNHMNHM3YrICGtMrEuo5EIIll9eJa2LalCr1u4vK/WbPI4inMApnEMAV1CHO2hAEwiM4Rle4c1T3ov37n0sWgtePnMMf+B9/gAdlI9x</latexit>

S

<latexit sha1_base64="cAvJN+CEGWgS29KrNJclXNqxAfg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjx4qGA/oF1KNs22oUk2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73C2vrG5lZxu7Szu7d/UD48apkk1YQ2ScIT3YmwoZxJ2rTMctpRmmIRcdqOxrczv/1EtWGJfLQTRUOBh5LFjGDrpHbW0wLdT/vlil/150CrJMhJBXI0+uWv3iAhqaDSEo6N6Qa+smGGtWWE02mplxqqMBnjIe06KrGgJszm507RmVMGKE60K2nRXP09kWFhzERErlNgOzLL3kz8z+umNr4OMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMmFECy/vEpaF9WgVq09XFbqN3kcRTiBUziHAK6gDnfQgCYQGMMzvMKbp7wX7937WLQWvHzmGP7A+/wBEvGPag==</latexit>

L

<latexit sha1_base64="v3yoCwoo6WYiD4uDhSfeOKTmsMw=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVJdFNy4r2Ac0MUymk3boPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDKqjed9O6W19Y3NrfJ2ZWd3b7/qHhx2tMwUJm0smVS9GGnCqCBtQw0jvVQRxGNGuvH4ZuZ3H4nSVIp7M0lJyNFQ0IRiZKwUudUgHdEHL8oDyckQTSO35tW9OeAq8QtSAwVakfsVDCTOOBEGM6R13/dSE+ZIGYoZmVaCTJMU4TEakr6lAnGiw3x++BSeWmUAE6lsCQPn6u+JHHGtJzy2nRyZkV72ZuJ/Xj8zyVWYU5Fmhgi8WJRkDBoJZynAAVUEGzaxBGFF7a0Qj5BC2NisKjYEf/nlVdI5r/uNeuPuota8LuIog2NwAs6ADy5BE9yCFmgDDDLwDF7Bm/PkvDjvzseiteQUM0fgD5zPH8vAkzM=</latexit>

ω0
ω

<latexit sha1_base64="Ziarg0K9AGhEFOQ58maQsJIrgMw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKtZh4dsWpOjPgZeLmpIJyNDz7qzeIaBIyCVQQrbuuE0M/Iwo4FWxS6iWaxYSOyZB1DZUkZLqfzU6f4GOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC46GdcxgkwSeeLgkRgiPA0BzzgilEQqSGEKm5uxXREFKFg0iqZENzFl5dJ67Tq1qq1m7NK/TKPo4gO0RE6QS46R3V0jRqoiSi6R8/oFb1ZT9aL9W59zFsLVj5zgP7A+vwB6q+UcQ==</latexit>zsl

<latexit sha1_base64="tn6qguT8E8/1NlNf1yxJ/Jo4lpc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKRTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD5JSUbQ==</latexit>zlo

<latexit sha1_base64="nHtgcodWGjeYTRXmR+qTdFMZGtE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKdTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD7z6UdA==</latexit>zso

<latexit sha1_base64="9anDcAPlrhEOywgZvta7v6pM8Fw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpJht2J0JJ+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMirVjDeZkkq3A2q4FDFvokDJ24nmNAokfwxGtzP/8YlrI1T8gOOE+xEdxCIUjKKVOpOsG4QkmPbUpFeuuFV3DrJKvJxUIEejV/7q9hVLIx4jk9SYjucm6GdUo2CST0vd1PCEshEd8I6lMY248bP5yVNyZpU+CZW2FSOZq78nMhoZM44C2xlRHJplbyb+53VSDK/9TMRJijxmi0VhKgkqMvuf9IXmDOXYEsq0sLcSNqSaMrQplWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDBc/wCm8OOi/Ou/OxaC04+cwx/IHz+QNjHpFX</latexit>

|bo| <latexit sha1_base64="1BijY4VG494O0uTx2osG1aCLqqg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXrxZwX5Au5Rsmm1Dk2xIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMkmqCW2ShCe6E2FDOZO0aZnltKM0xSLitB2Nb2d++4lqwxL5aCeKhgIPJYsZwdZJ7aynBbqf9ssVv+rPgVZJkJMK5Gj0y1+9QUJSQaUlHBvTDXxlwwxrywin01IvNVRhMsZD2nVUYkFNmM3PnaIzpwxQnGhX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTKrUUkkWi+KUI5ug2e9owDQllk8cwUQzdysiI6wxsS6hkgshWH55lbQuqkGtWnu4rNRv8jiKcAKncA4BXEEd7qABTSAwhmd4hTdPeS/eu/exaC14+cwx/IH3+QMXgI9t</latexit>

O

<latexit sha1_base64="jcin4QscGaqgwN53lFDxiVpeJR8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURqS6LblxWsA9oQphMJ+3QeYSZiVBCwV9x40IRt36HO//GaZuFth64cDjnXu69J04Z1cbzvp2V1bX1jc3SVnl7Z3dv3z04bGuZKUxaWDKpujHShFFBWoYaRrqpIojHjHTi0e3U7zwSpakUD2ackpCjgaAJxchYKXKPg3RIozyQnAzQBFaDOIHqPHIrXs2bAS4TvyAVUKAZuV9BX+KME2EwQ1r3fC81YY6UoZiRSTnINEkRHqEB6VkqECc6zGfnT+CZVfowkcqWMHCm/p7IEdd6zGPbyZEZ6kVvKv7n9TKTXIc5FWlmiMDzRUnGoJFwmgXsU0WwYWNLEFbU3grxECmEjU2sbEPwF19eJu2Lml+v1e8vK42bIo4SOAGnoAp8cAUa4A40QQtgkINn8ArenCfnxXl3PuatK04xcwT+wPn8AT/ylQg=</latexit>

ωω(r)<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

ω

<latexit sha1_base64="83oZYF3SrIRplgnKmeSxY6pGADQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnawfhCSYDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqler1h6uK43bPI4inME5XIIHdWjAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gARLo9p</latexit>

b

f eik(rO, θO) =
e

− iωzeff b⃗2
O

2z2
lo

zeff [ ωzeff

2πi ∫ d2b⃗ e
zeff
2 (b⃗ − zsl

zso b⃗O)
2

(eiδeik − 1)]

Scattering amplitudes: the eikonal limit

Fdiff (ω, b⃗O) =
ωzeff

2πi ∫ d2b⃗ ei ω Φ(b⃗,b⃗O) At  one has 𝒪(U) δeik = − 2ω∫ dz U

With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 

Equivalent to 
ω ≫ |∂2

rF | / |∂rF |
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Diffraction 
integral

Scattering 
amplitude

Fdiff (ω, b⃗O) =
ωzeff

2πi ∫ d2b⃗ e
zeff
2 (b⃗ − zsl

zso b⃗O)
2
−2 ∫ dzU

Scattering amplitudes: matching f & F

f eik(rO, b⃗O) =
e

− iωzeffb⃗2
O

2z2
lo

zeff [ ωzeff

2πi ∫ d2b⃗ e
zeff
2 (b⃗ − zsl

zso b⃗O)
2
−2 ∫ dzU − 1]

With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 
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Fdiff (ω, b⃗O) = zeff e
iωzeffb⃗2

O
2z2

lo f eik(rO, b⃗O) + 1

This came from  at : 
from scattering techniques and 

BHPT we can improve the 
computation of the phase shift

δeik 𝒪(U)

Diffraction 
integral

Scattering 
amplitude f eik(rO, b⃗O) =

e
− iωzeffb⃗2

O
2z2

lo

zeff [ ωzeff

2πi ∫ d2b⃗ e
zeff
2 (b⃗ − zsl

zso b⃗O)
2
−2 ∫ dzU − 1]

Scattering amplitudes: matching f & F
With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 
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<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>

�

<latexit sha1_base64="6V9KxO2Ks7wKBiUzPKd+yG1/4QY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AG22I/W</latexit>

ẑ

<latexit sha1_base64="ecPA9K2l16mXpmJ5kbHepvxaHYo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWtB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2omiocBDyWJGsHVSO+tpgR6m/XLFr/pzoFUS5KQCORr98ldvkJBUUGkJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh2VWFATZvNzp+jMKQMUJ9qVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZkyq1VJLFojjlyCZo9jsaME2J5RNHMNHM3YrICGtMrEuo5EIIll9eJa2LalCr1u4vK/WbPI4inMApnEMAV1CHO2hAEwiM4Rle4c1T3ov37n0sWgtePnMMf+B9/gAdlI9x</latexit>

S

<latexit sha1_base64="cAvJN+CEGWgS29KrNJclXNqxAfg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjx4qGA/oF1KNs22oUk2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73C2vrG5lZxu7Szu7d/UD48apkk1YQ2ScIT3YmwoZxJ2rTMctpRmmIRcdqOxrczv/1EtWGJfLQTRUOBh5LFjGDrpHbW0wLdT/vlil/150CrJMhJBXI0+uWv3iAhqaDSEo6N6Qa+smGGtWWE02mplxqqMBnjIe06KrGgJszm507RmVMGKE60K2nRXP09kWFhzERErlNgOzLL3kz8z+umNr4OMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMmFECy/vEpaF9WgVq09XFbqN3kcRTiBUziHAK6gDnfQgCYQGMMzvMKbp7wX7937WLQWvHzmGP7A+/wBEvGPag==</latexit>

L

<latexit sha1_base64="v3yoCwoo6WYiD4uDhSfeOKTmsMw=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVJdFNy4r2Ac0MUymk3boPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDKqjed9O6W19Y3NrfJ2ZWd3b7/qHhx2tMwUJm0smVS9GGnCqCBtQw0jvVQRxGNGuvH4ZuZ3H4nSVIp7M0lJyNFQ0IRiZKwUudUgHdEHL8oDyckQTSO35tW9OeAq8QtSAwVakfsVDCTOOBEGM6R13/dSE+ZIGYoZmVaCTJMU4TEakr6lAnGiw3x++BSeWmUAE6lsCQPn6u+JHHGtJzy2nRyZkV72ZuJ/Xj8zyVWYU5Fmhgi8WJRkDBoJZynAAVUEGzaxBGFF7a0Qj5BC2NisKjYEf/nlVdI5r/uNeuPuota8LuIog2NwAs6ADy5BE9yCFmgDDDLwDF7Bm/PkvDjvzseiteQUM0fgD5zPH8vAkzM=</latexit>

ω0
ω

<latexit sha1_base64="Ziarg0K9AGhEFOQ58maQsJIrgMw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKtZh4dsWpOjPgZeLmpIJyNDz7qzeIaBIyCVQQrbuuE0M/Iwo4FWxS6iWaxYSOyZB1DZUkZLqfzU6f4GOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC46GdcxgkwSeeLgkRgiPA0BzzgilEQqSGEKm5uxXREFKFg0iqZENzFl5dJ67Tq1qq1m7NK/TKPo4gO0RE6QS46R3V0jRqoiSi6R8/oFb1ZT9aL9W59zFsLVj5zgP7A+vwB6q+UcQ==</latexit>zsl

<latexit sha1_base64="tn6qguT8E8/1NlNf1yxJ/Jo4lpc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKRTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD5JSUbQ==</latexit>zlo

<latexit sha1_base64="nHtgcodWGjeYTRXmR+qTdFMZGtE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVI9FLx4r2A9oS9hsN+3SzSbsTtQY+1O8eFDEq7/Em//GbZuDtj4YeLw3w8w8PxZcg+N8W4WV1bX1jeJmaWt7Z3fPLu+3dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vjq6nfvmNK80jeQhqzfkiGkgecEjCSZ5cfvR6wB8h6wGWKdTTx7IpTdWbAy8TNSQXlaHj2V28Q0SRkEqggWnddJ4Z+RhRwKtik1Es0iwkdkyHrGipJyHQ/m50+wcdGGeAgUqYk4Jn6eyIjodZp6JvOkMBIL3pT8T+vm0Bw0c+4jBNgks4XBYnAEOFpDnjAFaMgUkMIVdzciumIKELBpFUyIbiLLy+T1mnVrVVrN2eV+mUeRxEdoiN0glx0juroGjVQE1F0j57RK3qznqwX6936mLcWrHzmAP2B9fkD7z6UdA==</latexit>zso

<latexit sha1_base64="9anDcAPlrhEOywgZvta7v6pM8Fw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpJht2J0JJ+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMirVjDeZkkq3A2q4FDFvokDJ24nmNAokfwxGtzP/8YlrI1T8gOOE+xEdxCIUjKKVOpOsG4QkmPbUpFeuuFV3DrJKvJxUIEejV/7q9hVLIx4jk9SYjucm6GdUo2CST0vd1PCEshEd8I6lMY248bP5yVNyZpU+CZW2FSOZq78nMhoZM44C2xlRHJplbyb+53VSDK/9TMRJijxmi0VhKgkqMvuf9IXmDOXYEsq0sLcSNqSaMrQplWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDBc/wCm8OOi/Ou/OxaC04+cwx/IHz+QNjHpFX</latexit>

|bo| <latexit sha1_base64="1BijY4VG494O0uTx2osG1aCLqqg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXrxZwX5Au5Rsmm1Dk2xIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMkmqCW2ShCe6E2FDOZO0aZnltKM0xSLitB2Nb2d++4lqwxL5aCeKhgIPJYsZwdZJ7aynBbqf9ssVv+rPgVZJkJMK5Gj0y1+9QUJSQaUlHBvTDXxlwwxrywin01IvNVRhMsZD2nVUYkFNmM3PnaIzpwxQnGhX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTKrUUkkWi+KUI5ug2e9owDQllk8cwUQzdysiI6wxsS6hkgshWH55lbQuqkGtWnu4rNRv8jiKcAKncA4BXEEd7qABTSAwhmd4hTdPeS/eu/exaC14+cwx/IH3+QMXgI9t</latexit>

O

<latexit sha1_base64="jcin4QscGaqgwN53lFDxiVpeJR8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURqS6LblxWsA9oQphMJ+3QeYSZiVBCwV9x40IRt36HO//GaZuFth64cDjnXu69J04Z1cbzvp2V1bX1jc3SVnl7Z3dv3z04bGuZKUxaWDKpujHShFFBWoYaRrqpIojHjHTi0e3U7zwSpakUD2ackpCjgaAJxchYKXKPg3RIozyQnAzQBFaDOIHqPHIrXs2bAS4TvyAVUKAZuV9BX+KME2EwQ1r3fC81YY6UoZiRSTnINEkRHqEB6VkqECc6zGfnT+CZVfowkcqWMHCm/p7IEdd6zGPbyZEZ6kVvKv7n9TKTXIc5FWlmiMDzRUnGoJFwmgXsU0WwYWNLEFbU3grxECmEjU2sbEPwF19eJu2Lml+v1e8vK42bIo4SOAGnoAp8cAUa4A40QQtgkINn8ArenCfnxXl3PuatK04xcwT+wPn8AT/ylQg=</latexit>

ωω(r)<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

ω

<latexit sha1_base64="83oZYF3SrIRplgnKmeSxY6pGADQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnawfhCSYDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqler1h6uK43bPI4inME5XIIHdWjAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gARLo9p</latexit>

b

For a Schwarzschild black hole  can be computed either via BHPT or  
resuming Feynman diagrams in the eikonal limit. Two small parameters: 


• PM:  

• Eikonal :  

δeik

GM/ |b |
(ℓ ≫ 1) 1/(ω |b | )

• First order BE vanishes for non-spinning lenses

• BE corrections depend on spin


• Use the matching  to improve Fdiff = zeff e
iωzeff b⃗2

O
2z2

lo f eik + 1 Fdiff

δeik = ν −log |b | +
15π
16

GM
|b |

+
(12s2 − 1)

24
1

(ω |b |)2

2401.08752

Scattering amplitudes: the phase shift

ν = 4MGω

With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 



 /3518

Post Minkowskian corrections: behavior in | ⃗φ O |

| ⃗φO |

10
0

×
| F

PM di
ff

|
| F

di
ff

|
−

1

FPM
diff (ν, ⃗φ O) =

ν
2πi ∫ d2 ⃗φ ei ν ( 1

2 ( ⃗φ − ⃗φ O)2 − log | ⃗φ | + 15π
64

θ̃E
| ⃗φ | ) θ̃E =

4MGzso

zslzlo

2407.00473, 2506.22519

Supermassive 
BH lens

Hierarchical 
triples

M(M⊙) zsl(pc) 15π
64

θ̃E

108 10−7

106 − 108 10−3 − 1 10−2 − 10−1

zso(pc)

108

108

108

With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 
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• For large  paths passing close to the 
lens, accumulate large phase shifts. 


• Dominant contribution comes from 
, where PM corrections are 

small.

| ⃗φ O |

| ⃗φ | ∼ | ⃗φ O |

Decaying trend:

FPM
diff (ν, ⃗φ O) =

ν
2πi ∫ d2 ⃗φ ei ν ( 1

2 ( ⃗φ − ⃗φ O)2 − log | ⃗φ | + 15π
64

θ̃E
| ⃗φ | ) θ̃E =

4MGzso

zslzlo

| ⃗φO |

10
0

×
| F

PM di
ff

|
| F

di
ff

|
−

1
Post Minkowskian corrections: behavior in | ⃗φ O |
With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 



 /3520

• Interference btw Newtonian images: 



• Frequency: .


• PM corrections: , 
misaligning the interference fringes wrt Newtonian 
case 


• , thus the phase difference increases 
(until it reaches )

∇ ⃗φ ΦNewt( ⃗φ , ⃗φ O) = 0 → { ⃗φ 1, ⃗φ 2}

ΔΦNewt = ΦNewt( ⃗φ 1) − ΦNewt( ⃗φ 2)

ΔΦNewt → ΔΦNewt + Δψ2PM

Δψ2PM ∝ ν
2π

Nature of the oscillations:

| F
PM di

ff
|

10
0

×
| F

PM di
ff

|
| F

di
ff

|
−

1
Post Minkowskian corrections: behavior in ν
With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 
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Tlong =

2π
Δψ2PM

Δψ2PM =
15π
64 ( 1

| ⃗φ2 |
−

1
| ⃗φ1 | ) θ̃E

Observer position

Image position

Period

| ⃗φ O | = 0.5

| ⃗φ 2 | = 0.78
| ⃗φ 1 | = 1.28

Tlong = 17θ̃−1
E

| ⃗φ O | = 1.5

| ⃗φ 2 | = 0.5
| ⃗φ 1 | = 2.0

Tlong = 5.7θ̃−1
E

| ⃗φO | = 0.5 | ⃗φO | = 1.5

θ̃E = 0.01

θ̃E = 0.001

10
0

×
| F

PM di
ff

|
| F

di
ff

|
−

1
Post Minkowskian corrections: behavior in ν
With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  
arXiv: 2511.15797 
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1. Diffraction integral formalism for wave-optics effects


2. Scattering amplitudes for including PM effects  2511.15797


3. Wave-optics in modified gravity  2605.21584 


4. Many lenses with disorder systems  2604.15313

→

→

→

Talk’s plan
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( □ − ξR) h = 0

Goal: 


solve modified wave equation on 
the lens background

U(r)

Wave optics with non-minimally coupled scalar field 

These corrections are suppressed in GO: ξR/ω2 ∼ ξ/(ωLlens)2 ∼ ξ/ν2

With: AG, G. Tasinato. 
arXiv: 2605.21584 
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• Consider a scalar wave 


•  In , assume:


1. Eikonal: 


2. Paraxial: 


3. Newtonian lens: 


4. Scalar fields


• KG equation becomes Schrödinger 

h = FMG(x) (eiω|x−xs|/ |x − xs |)
( □ − ξR) h = 0

ω ≫ |∂2
rFMG | / |∂rFMG |

φ ≪ 1

U ≪ 1

iω∂rFMG = −
∂2

φFMG

2r2
+ 2ω2UeffFMG

The diffraction integral in MG

Ueff = U +
ξΔU
2ω2

⃗φ

⃗φO

With: AG, G. Tasinato 
arXiv: 2605.21584 
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⃗φ

⃗φO

FMG
diff =

ν
2πi ∫ d2 ⃗x exp [iν ( 1

2
| ⃗x − ⃗y |2 − x −

ϵ
xν2 )]

Modified diffraction integral: Singular isothermal sphere

{
U = 2σ2

v log(r/r0)
R = 2σ2

v /r2
• Consider a SIS galaxy lens:


• dimensionless coordinates:


• Define key parameters: {
ν = 16π2σ4

v zeff ω
ϵ = 8π2σ4

v ξ

{ ⃗x = ⃗φ /θE

⃗y = ⃗φ O/θE

With: AG, G. Tasinato 
arXiv: 2605.21584 
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Issue with IR behavior
y = 0.5 y = 1.5

, 
no wave?
FMG

diff → 0

h = FMG
diff ×

eiω|r−rs|

|r − rs |
With: AG, G. Tasinato 
arXiv: 2605.21584 

The eikonal approximation breaks down at small frequency: the diffraction integral is not a good solution.

−∫ dΩ |∂φFMG
diff |2 = 4σ2

v ξ∫ dΩ |FMG
diff |2

Multiplying the Schrödinger equation by , and integrating over a sphere, one finds for :FMG
diff

* ω → 0
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Distorted base waveform

In order to have a description that interpolate smoothly from  to , we change the reference function 
from to one with the correct static limit

ν ≫ 1 ν ≲ 1

Under the modified eikonal & paraxial:

∂2
rFref ≪

2
r

∂rFref + 2 ∂i ln href
ω ∂iFref

iω∂rFref = −
1
2

∂2
φFref + 2ω2UFref

 satisfies the same GR equation:Fref

h = FMG × hfree
ω

[∇2 + ω2] hfree
ω = 0 [∇2 + ω2 − 2ξΔU(r)] href

ω = 0
h = Fref × href

ω

With: AG, G. Tasinato 
arXiv: 2605.21584 

S

O

L
b

bo

z

zlo

zsl

zso

θ

γ

r

rs
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In order to have a description that interpolate smoothly from  to , we change the reference function 
from to one with the correct static limit

ν ≫ 1 ν ≲ 1

Under the modified eikonal & paraxial:

∂2
rFref ≪

2
r

∂rFref + 2 ∂i ln href
ω ∂iFref

iω∂rFref = −
∂2

φFref

2r2
+ 2ω2UFref

 satisfies the same GR equation:Fref

h = FMG × hfree
ω

[∇2 + ω2] hfree
ω = 0 [∇2 + ω2 − 2ξΔU(r)] href

ω = 0
h = FGR × href

ω
y = 0.5

Distorted base waveform
With: AG, G. Tasinato 
arXiv: 2605.21584 
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In order to have a description that interpolate smoothly from  to , we change the reference function 
from to one with the correct static limit

ν ≫ 1 ν ≲ 1

h = FMG × hfree
ω

[∇2 + ω2] hfree
ω = 0 [∇2 + ω2 − 2ξΔU(r)] href

ω = 0
h = FGR × href

ω
y = 0.5

λℓ = −
1
2

+
1
2

(2ℓ + 1)2 + 16σ2
v ξMG + SIS: shift of 

angular momentum

[ d2

dr2
+

2
r

d
dr

+ ω2 −
ℓ(ℓ + 1) + 4σ2

v ξ
r2 ] href

ωℓ(r, rs) = 0

The reference wave is a distorted spherical wave.

Distorted base waveform
With: AG, G. Tasinato 
arXiv: 2605.21584 
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In order to have a description that interpolate smoothly from  to , we change the reference function 
from to one with the correct static limit

ν ≫ 1 ν ≲ 1

h = FMG × hfree
ω

[∇2 + ω2] hfree
ω = 0 [∇2 + ω2 − 2ξΔU(r)] href

ω = 0
h = FGR × href

ω
y = 0.5

λℓ = −
1
2

+
1
2

(2ℓ + 1)2 + 16σ2
v ξ

The reference wave is a distorted spherical wave.

href
ω = iω

∞

∑
ℓ=0

(2ℓ + 1)jλℓ
(ωr<)h(1)

λℓ
(ωr>)Pℓ(cos γ)

Distorted base waveform
With: AG, G. Tasinato 
arXiv: 2605.21584 
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In order to have a description that interpolate smoothly from  to , we change the reference function 
from to one with the correct static limit

ν ≫ 1 ν ≲ 1

h = FMG × hfree
ω

[∇2 + ω2] hfree
ω = 0 [∇2 + ω2 − 2ξΔU(r)] href

ω = 0
h = FGR × href

ω
y = 0.5

The reference wave is a distorted spherical wave. When ωrs ≫ 1

href
ω ≃

eiω|r−rs|

|r − rs |
× eiΔΦ(b) ΔΦ = −

π
2 (λℓ − ℓ)ℓ+1/2=ωb

λℓ = −
1
2

+
1
2

(2ℓ + 1)2 + 16σ2
v ξ

Distorted base waveform
With: AG, G. Tasinato 
arXiv: 2605.21584 
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h
−

hG
R

hG
R

32

y = 0.5

Numerical results

For   ωrs ≫ 1 → hω ≃ FGR ×
eiω|r−rs|

|r − rs |
× eiΔΦ ΔΦ = −

π
2 (λℓ − ℓ)ℓ+1/2=ωb

= −
ϵ

2yν

With: AG, G. Tasinato 
arXiv: 2605.21584 
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ϵ = 1

h
−

hfr
ee

hf
re

e

Numerical results

For   ωrs ≫ 1 → hω ≃ FGR ×
eiω|r−rs|

|r − rs |
× eiΔΦ ΔΦ = −

π
2 (λℓ − ℓ)ℓ+1/2=ωb

= −
ϵ

2yν

With: AG, G. Tasinato 
arXiv: 2605.21584 

y = 0.5
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ξ ≈ 1013ϵ (
M⊙

MSIS ) ( zsl

1pc ) ( zlo

zso )

2407.00473, 2506.22519

Supermassive 
BH lens

Hierarchical 
triples

MSIS(M⊙) zsl(pc) ξ

106 − 108 108 ϵ (1013 − 1015)

106 − 108 10−3 − 1

zso(pc)

108

108 ϵ (102 − 107)

(hM
G

−
hfr

ee

hf
re

e
)−

(hG
R

−
hfr

ee

hf
re

e
)

y = 0.01

Numerical results

For   ωrs ≫ 1 → hω ≃ FGR ×
eiω|r−rs|

|r − rs |
× eiΔΦ ΔΦ = −

π
2 (λℓ − ℓ)ℓ+1/2=ωb

= −
ϵ

2yν

With: AG, G. Tasinato 
arXiv: 2605.21584 
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Scattering & Lensing

With: M. Carrillo Gonzales, V. De Luca, AG, J. Parra Martinez, M. Trodden.  

arXiv: 2511.15797 

WO in MG

With: AG, G. Tasinato 

arXiv: 2605.21584 

35Thank you!

Conclusions
Lensing in wave-optics is an interesting testing ground for scattering approaches with observational prospects. 

Fdiff ↔ f eik ( □ − ξR) h = 0


