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A simple story of gravity

Over the years, different approaches (scattering amplitudes, double copy, EFT, BHPT, hidden

symmetries...) have revealed a striking simplicity of gravity, yet to be fully understood.
Famously, BHs of GR display astonishing beauty and simplicity.
Despite being assembled from unknown microscopic constituents, and behaving like

maximally chaotic quantum systems with a rich entanglement structure, the classical features

of BHs are surprisingly simple.

Interestingly, not only do BH solutions are simple, but also their perturbations.

Some aspects of this simplicity are well understood in terms of (hidden) symmetries of

general relativity. Others remain mysterious.
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A simple story of gravity

One famous example: isospectrality — known to follow from Chandrasekhar’s duality.

True for massless (spin-0, 1, 2) fields on Schwarzschild/Kerr(-de Sitter) spacetime, as well as

for partially-massless spin-2 fields.

Another intriguing example arises from the study of black holes’ tidal responses: black hole

Love numbers vanish.

In the language of EFT, the remarkable property of black holes is that they behave like

elementary point particles (in the static regime).
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New era of gravitational physics

RADIUS ~10 km

ATMOSPHERE
~few centimetres

pmax ~ 1 g Cm_3

e Gravitational-wave observations provide an

unprecedented opportunity to gain insight into the

CRUST
~km
Neutron rich nuclei
+ free neutrons

(p2~4-10"gcm-3)

internal structure of neutron stars through their tidal

response.

OUTER CORE
Homogeneous nuclear

INNER CORE
charged mesons (pions,
kaons), heavier baryons
(hyperons), quark
matter... (?)

e Tidal effects change the dynamics during the inspiral:

BH-BH 2 -j-
T 77 NS-BH {
) Merger Ringdown
Inspiral

S
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New era of gravitational physics

* Aswe go toward the era of precision physics with GWs, ever more accurate waveform

templates are necessary.

e This requires to have a precise understanding of the conservative and dissipative dynamics of

two-body systems.

e This includes in particular subdominant tidal effects.
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Subleading tidal effects

e Various fundamental reasons (symmetries...) as well as practical ones (reduce systematics,

improve waveform, break degeneracy...) to study subdominant effects.

P @ # 0 (dynamical LNs)

e Two types of subleading corrections to Love Numbers: . N
. nonlinearities
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Subdominant tidal effects

* |ntense activity on dynamical tidal response:

Dyvnamical tides

References

Foundational / EFT

Waveform modelling

BH perturbation theory [ PN

framework

Scattering amplituces /
Raman scatiering

EFT off-shell matching

Dissipation, tidal heating
(w £ 0)

Dyupatnical Love nuinbers
(RG running)

Spinning objcets
Shell BFT

Neutron star dynamical tides
(normal-mode description)

Goldberger & Rothstein ef ol [10, 11]; Chakrsbarti e! ol. [20]"; Porto 13];
Endlick & Pence [163]; Goldberger et al. [29]

Hinderer et al [386])"; Steinhoff et al. [387]"; Schmidt & Hinderer [388];
Prasten ot al. [86]"; Saketh ct al. [67); Pitre & Poizson [97, 109 7; Jakobsen et
al. [389]"; Mandal ct ai. [390, 391]7; Hegade ¢t el. (3927; Yu et al [393];
Chakraborty ¢t al. [304]

Paisson [64]; Pitre & Poisson [97]': Katagiri et al. [347, 395]; Chekraborty ef
al. [194, 396]; Bhatt et al. [397]; Anderssom et al. 98] TTegade et

al. [392, 399-401)!

Saketh et al. |58 ; Ivanov ef al. [218, 223, 225, 220 Saketh ef al. [224)';
Carcn-Huct et al. |227); Correia & Isabella |202); Correia et oi. [403); Jarequi
et al. [404)'

Chakrabart! 2t al. [20]"; Combaluzier-Szteinsznaider o al. [179)

Goldbherge= et al 11, 24]; Chia [28]; Starobinsky & Churilov [403]; Page

05): Chia et al. [I88]; Saketh ef al [57]; Tihatt et al. [407]; Megade et
al. [199, 401]1; Kobayashi et al [408)]

Chakrabarli el al. [20)*; Charalambous el al. |30 Saketh ef ol |58); Perry &
Ruodrigues (385 : Ivanov el ol [218, 225)%; Katagiri el ol [385); De Luca =t
al. |[409|; Chakraborty ef al. |394 : Caron-Huot et al. [227]7:
Combaluzier-Szteinsznaider et ¢! 179]"; Kobayashi et al. [222]

Landry & Polsson [410]'; Stcinhoff ¢t a!. 85]"; Gupta ¢t al. 90, 91
Kosmaoponlos ef al. [411]%; Bhattacharyya ef al [412)°

Hinderer 2t al [336])": Steinhoff et al. [387]"; Andersson & Pnigouras [83]';
Passamonti et al. [84, 87]"; Steinheff 2t al. [853)"; Yu & Lau [113])"; Ghosh et
al. [114]"; Pereira et al. [115)"; Pnigourzs et al. 116)"

Adapted from [Rodriguez, LS and Solomon "26]
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Outline and summary

\-.

\\
Most of the existing results in the ||terature are mcomplete for grawtatlonal urbatlons
-K:ﬂ/ .

e | will show how to fully compute dynamical Love numbers for Schwarzschlld black holes

and neutron stars, including scheme- dependent flnlte terms in addition to their. unlversal

RG running.

 For BHs, | will discuss some aspects of hidden symmetry structure.”

For a complete list of refs., see recent reviews: [Rodriguez, LS and Solomon '26; Chakraborty and Pani '26]
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Beyond the static linear response

e A (post-)Newtonian-inspired ansatz for the relativistic analogue of the tidal potential is:

- N A -

B (1w ) Tl (e was) ()
£—1 - N N -

+22%m ’f’+2<1+ +.. >+kf< ) <1+7S+...>+kf<75> (1+7S+...>
po. - N -

n Z Z gmmlnzzz flml [7‘{1+f2<1+7s+“‘>+pﬁ”152<75> <1+7S+...>

£C\C, mmym,

+0(E, &)

e Are there non-analytic contributions in r beyond the static/linear regime?

e Ambiguities in the definition of the response coefficients for integer £7

e How to describe dissipation?
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Beyond the static linear response

For static nonlinear response, no non-analytic contributions in r (no running) in 6g for generic

compact objects.
Non-analyticities and running appear at finite w.

More in general, one may worry whether the definition of Love numbers is reparametrization

invariant, or that the source/response split is not well-defined because of nonlinearities.

Ambiguities can indeed arise in the calculation of induced response in general relativity, as

opposed to electromagnetism and Newtonian gravity.
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EFT approach to compact objects and binary dynamics

) _,«"_\'.g‘
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The point-particle EFT

o Atdistancesr > R, > r.

* ~ g

5 = Sgn + Spp + Sine

M? N
Sop = 20 Jd4x, ER, S,=- M[df, S=Y de (QUOOE,, +Qpcx)B,, ) +

=2

where pu; = p-+-u, and, schematically,

KL
B =V VB B = Vi Va5 Bu Or
Eﬂl/ = Cﬂpwupl/ta, BM — 58 * C 5aﬁu l/ly 'V\M E,ML

o ngB carry information about the object’s finite-size properties and microscopic physics: tidal

response, dissipation (absorption across the horizon, viscosity)...

— composite operators built from worldline degrees of freedom X.
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Tidal effects in worldline EFT

e One shall integrate out Q by solving its equation of motion. For instance, in linear response

theory:

<Q11 zf(,[)> Z JdT’G(Q)ll sl J17 Uy (t — T) e

with G9 the Green's function.

4

e More precisely, one shall perform an in-in path integral

eirin—in — I@Xl @XZ eiS[Xl

. ]—iS[X,,...]

leading to an effective interaction in the in-in action:

in-in _
lrlnt

2 2 Jdfldrz<Q;'l"'if<rl>Q§1'"ff'<r2>> Ef .. (m)

1J=12 ¢,

) S
Luca Santoni  APC: @

(),

(similarly for B)

g1, Xy

N

[mii)

.
L4

J
E}l 'jf’(Tz) )




Tidal effects in worldline EFT

<Q]l1mlf(TZ)Q],jlo--jf/(z-l» = 5]-111“‘(%1:5%'}711(72 — 71) + perms. FJ"\J
\f\
o . 0
il = Z Z JdﬁdeFu(Tz —71) Eill---if(TZ)Ejllmlf(Tl) )
LJj=12 ¢ "L,‘ )
)
o T
Tidal field
o letswriteg,, =n,+H,+h, h = % (hl + hz), h_=h; — h,.
Response
e \We can use Figt'in to compute the one-point function of the (classical) response field h;;:
(h;y(t, X))in—in = [9 h, 2 h—h;/(t’ X)elln " = iz [dfldsz (7 — 1) Eit..if(fz)E_ilmif (7)),

¢
F._(ty—1) =[O0, (1), 0_(r)])O(r, — 1) (retarded Green's function of Q)

e |nthe adiabatic limit (hierarchy between probe timescale and X's timescale):

static Love dynamical Love
numbers numbers

F, (w) = A0 4+ 21Wie + 1Pw? + ..

dissipative
response



Nonlinear tidal Love numbers

F,_(w) = A0 1 21Wie + 1Pp? + ...
The EFT provides a systematic, unambiguous and gauge-invariant definition of the Love

numbers.

The tidal response coefficients A's can be computed by matching with a general-relativistic

calculation.

To perform the matching, we compare the one-point function for the response (h;[y) in the
presence of a tidal field H,, in the EFT, with an analogous calculation of g, in BHPT.

5g5yFT =H,+ (h/:;)H = 5gﬁR(r > 1))

To avoid gauge issues, we will actually perform the matching at the level of the Weyl tensor

one-point function:

+ GR
(Wﬂyp(, = W oo > 1)
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General-relativistic solution via small-frequency expansion

For convenience, let's consider a D-dimensional spacetime.
(We will eventually use dim-reg in the EFT.)

From SO(D — 1), metric perturbations can be decomposed into scalar, vector and tensor.

Let's start from the vector sector (parity-odd sector in D = 4):
m )

(0 0 hyt, )Y

h = 2 * 0 hy(trydn

£.m 2 (Tm
o P VY

)

In the Regge-Wheeler gauge (h, = 0), after solving the constraint:

d°Wrw

2
drs

dr, _ 1
dr  f(r)

Vew(r) = f Vi

r2 4r? 2r
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General-relativistic solution via small-frequency expansion

d*¥rw

2
drs

+ <a)2 — VRW(r)>‘PRW =0

We solve this using boundary-layer theory.

We introduce three different zones:

- Near Zone (NZ): r—r, <,
- Intermediate Zone (IZ): r,Sr<w”
-FarZone (FZ): r>r,, wr 2 1

1

We first solve the equation in each zone, and then match across the boundary.
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General-relativistic solution: Near Zone

In D = 4.
w?* A +1) . 3r,
f(r) r2 r3

0,(f(r0,¥rw(r)) + ( ) Yow(r) = 0.

In the near-zone limit, r — r, (f = 0), the potential is dominated by the w*-term, leading to

the usual wave equation:

. . +7
with solutions e='®"x,

Imposing standard in-falling boundary conditions at the horizon selects

\PRW,Nz(r) — B e—iw<r+ g 10g<r—rs — 1))
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General-relativistic solution: Intermediate Zone

e InthelZ(r, S r < w™'), the w*term is genuinely small and is treated perturbatively:
Yow = PV + 0PD() + 0?P(r) + O(0?).
e Free integration constants fixed by matching IZ solution with the small-w limit of NZ solution:

w—0 r—r,
e Atlarger:
2 2 2
r 13r r
—Igt=2 : s
r—¥ (r)y = B— +iBwr +
Rw.12 Lo 1 s(12r§’ 5r3>

5 5 rt 13/ > [ 95+ 8z% 107 I 319r 153
+Bw*r; + + — log | — - —
14r>  42r¢ 13 48 210 r 420rz  280r,

223 363r, r? r, rl
4 + 6—5log(=) )| +o =
420r  560r2  25r3 r r3
(r > r,) we wrote above.
Luca Santoni M’_‘:;i @
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General-relativistic solution: Intermediate Zone

14r>  42r¢ 1} 420r2  280r,

223 363r r? r,
+ + 6 — Slog
420r 5 60r2 2543 r

By r . 1377 . r* [ 95+8x* 107 o (5 319r 153
Wry — og | — — —
s r

e Logarithmic scaling in r from order-w?:  rlw?r’log(r/r), r* lw?r’*log(r/r,) .
e This translates into a (classical) RG running of the dynamical Love numbers in the EFT.

e By construction, no non-analyticities in @ in the intermediate zone.
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General-relativistic solution: Far Zone

We can similarly solve the Regge-Wheeler equation in the far zone and obtain a solution

valid from wr ~ O(1) up to wr = oo.

Integration constants can be fixed as before by comparing the FZ and IZ solutions across

their boundary:

r— 00 wr—0

The FZ solution can be used to compute scattering amplitudes and matched to an analogous

calculation in the EFT.

We showed that the far-zone solution reproduces the MST result in a scalar-field example.

For the rest, we will not need the FZ: matching can be done directly in the IZ at the level of

the Weyl tensor one-point function.
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Gravitational dynamical Love numbers: vector sector

e From the in-in effective action, we can compute the one-point function of the magnetic

component of the Weyl tensor: B, ; . = Cy; ; -

e Forinstance, for an external £ = 2 tidal field: J‘ ~ BT (1)

< abc(t .X)>1n —in — l [dTldT2 Fbﬂ 2(1—2 — Tl)<B+ (t X)Bl]k(fz)>B+ljk(Tl) A J\

11]’“‘ ‘

e After some algebra, we find (for generic D and ?): leg;]r_k(fl)

B + <B;:|l_]>1n in — ze_ith (f _ 1)CextV[in(]T)’ZZ

£=2
2621 K+D—‘3)
£ e C+DID+7¢-2) < 2 —/+4+3=D
X <r + u=F (o) -1 o r >

D
with e =2 — > and u an arbitrary scale.
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Gravitational dynamical Love numbers: vector sector

e This result represents the leading response of the point particle in the Gy, — 0 limit.

However, in order to make contact with the UV solution at subleading order in G, we need to

include gravitational effects.

e Gravitational effects introduce UV divergences, which we must regulate via suitable

counterterms in the EFT.

* To account for gravitational (background) nonlinearities, we use a Born-series approach.

With n, =

72

—(n+ Do?| - »?

&2 - —-¢e+1
<ﬁ_< e)Z — e + >>\PRW(F)= Vo (¥

n
2Gy Mnpu® re—1 d N 246 —3—e(2f —5)— 26>
r dr r2
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Born series approach: homogeneous solution

e \We first solve for the homogeneous solution:

@ (-l —-—¢e+1)
<dr2 - r2 Frw(r) =0
u°B; _
VY — ~¢ER  prtl-e 1T +e
Rwal) = 1 e e

e Comparing the Weyl tensor computed from Wgy 1, with the one-point function

Brij + <B+'>in—in:

rij

D-1

&+ DD+ £ —2) 2HF(L”+DT_1>F( | B
27— 1) ,T A=

2 reg

* This expression relates the dynamical Love numbers in F (@) to the coefficients By, and B,

which we will fix by matching to the UV solution.
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Born series approach: particular solution

e We now solve for the particular solution:

dr? r2

& (-ef—e+1
< B ( 8)( £+ )) lPRW(r) — V\PRW(F)\PRW(F)

using the Born series, up to the order O(a)zG]%,G]%,f“):

Wrw() = Pry () + [ dr'G(r, r)Ve(r)¥rwn(r) + J dr'G(r, ”’)VLP(”,)J dr'G(r', r')Ve(r")¥rwn(r") + ...

e Takingthe € = 0 limit (for Z = 2, with G = GyMnp):

&
W2 = 1B 1+468c';2w2 107G°w? 107(;2@21 ) VAVaAVs
r=r - — og(ur
~ ~ ~ S
By [ 17704G'w?> 32G'w* 416G w? A2
i + + log(ur) <
r? 315 15¢ 15 2
- - - S
B (1 26998G%w? 107G*w?* 107G*w? VN2
* 5T + + log(ur) |. =
r2 \ 5 55125 1050¢ 210 l
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Born series approach: renormalized solution

e To subtract the infinities, we introduce the renormalized coefficients Bmg and B, :
( =2 )
D 2 = 2 107G
By = Bieo(1 + @70,)) + B;,070,, se=2_ | 210 0
Birr — Birr(l + 0)2522) + Brega)252l — 3267 — 1076*
\ 3e 210¢ )

e Plugging these back into the expression for Wy yields the renormalized solution:

_ _ 468 214 G'w? (79472 128
R#=2 3 3,2 2
pho=2— B +r°G — log(ur) | + + log(ur
RW feg<r e <1225 105 gy )> 72 <1575 5 gy )>>

B 1 +(_?2a)2 24751+2141 ()
. (@) r .
i\ 5,27 2 \ 55105 ' 505 oW

e Comparing \PE\,g:z with the UV solution ‘Pf:;vz,lz(”)r we obtain the matching for the

1 T gr

_ 13 L, (121991 z* 107
Bi,”= B |l +iwr,— — wr; +— - log(ur,)
12 58800 6 210

renormalized constants By, and B, as functions of w, r, 4 and the tidal field amplitude B:

_ ' 1943
B=2 = B liwr® — %! | —— + 10
11T _la)rs W rS ( 2520 g(//lrs)
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Born series approach: renormalized solution

e Finally, we obtain for the response function and dynamical Love numbers:

» 787
Froo(@) = ior — o1 <1°g(urs) - —>
T

2520
o= "2 2 (togtury - 5 )
T 36 36 2520
14175 Fo ) = iwr! ~ w*r!! <10g(,urs) 237 529>
- 784 784 277200

e Similarly one can obtain the dynamical Love numbers in the parity-even sector.

e In all the examples, we find (up to order ®?)

d
Im(wF (w)) = — ,uaFf(a)) .

o Im(wfF, (w))and ,ud—Ff(a)) are identical for even and odd sectors, as expected from the
U
Chandrasekhar duality (not the finite terms though — the duality is broken by dim-reg).
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Dynamical Love numbers of neutron stars

e | et's focus on the even sector.

e The EFT partis unchanged:

wRe=2 =B |3 (1 - GPo? 214 ( )+2731 +G7a)2 3011 ( )+1545209 189G>
=) = r - ) — 1o r I o . _
2 reg 105 = 9800 2\ g0 "t 5600 o
_l_Birr GQ 2 2141 ( )+ 111383 |
4); — 10 v —_
2 505 o T 441000 ) TS

e What is different is the UV part (no near zone):

Tidal R oo
field tail "©°P°

R r 18 1, r
z T ST\ qo2a 0750 ) 2
N r’ 189 lb r?
Cls [ r 102417572

o | P 107 | "\ [, 107b+3011 , r, r2 .\
T D% 27\ 7050 ° " 124070 ) 2\ ) |2

3
rs
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Dynamical Love numbers of neutron stars

S. o~ de Fi2 (0)E;EY

E R3 5 2 Ry
F;z)z(a)) = ECE + ioMR vy + w eIy,

CE + s

e Matching to bulk relativistic solution yields:

8G°M> b,
Cpr =
E 45R§( n

, 16G°M° [ b, by,
IV, = — ,
E 45R3 ag ag
32G8M8’ ( 10719) 67981 by, a*by ab, bya, 945a, Sb, 1015283
— - Og\Hrg) — _

0
cp = | +——
BT 45R8 105

9

+ + + = - .
176400 ay  ag ag a;  1024a, ay 1032192
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Dynamical Love numbers of neutron stars

0.04}

0.03}

Ck

0.02}

0.01

0.00

* |nthe case of a perfect-fluid neutron star: Ty T
0.030¢ — prs =0.01 == pry =11

0.025}
0.020¢
0.015}
0.010}

0.005}

0.000

0.05 0.10 0.15 0.20 0.25 0.30
GM/R,

) _,«"_\'.g‘
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Conclusions and open questions

We computed gravitational dynamical Love numbers of black holes and neutron stars.

As opposed to static response coefficients, the dynamical Love numbers exhibit RG running,

in line with standard EFT expectations.

The coefficient of the log was known before.

For the first time, we computed the scheme-dependent finite terms of the gravitational

dynamical Love numbers.
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A simple story of gravity (to be continued)

Generalization to Kerr black holes:

How general/fundamental is the relation Im(wF(w)) = — ,ud—Ff(a))?
U
Note that Im(wF /(w)) is dictated by ladder symmetries.
This is suggestive that there is some symmetry structure at order w? as well.

A similar structure relating the discontinuity of the conservative response to the dissipative

one persists at subleading orders in w (at least for a scalar field).

This is suggestive that there is still further structure to be mined in black hole response

coefficients...
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Subdominant tidal effects

e Dynamical Love numbers:
_ Black holes: unlikely to be measured.

_ Neutron stars: within reach of future detectors.

e Nonlinear Love numbers: see Filippo’s talk.

e The systematic incorporation of subdominant tidal effects into high-precision GW models will

be crucial to maximize the scientific return of future GW detectors.
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