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MOTIVATIONS

Ringdown waveform: 𝔥+ − i𝔥× =
M
r ∑

ℓm𝒩

𝒜ℓm𝒩eiωℓm𝒩(r*−t)
−2Yℓm(θ, ϕ)

• When is the “starting time” ?


• Amplitudes should be time-dependent  ?


• Other kind of signals around merger?

𝒜ℓm𝒩(t)
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MOTIVATIONS

What we often hear:

“Signal is very nonlinear at merger”

But the 2-body waveform is extremely similar to the point-particle case! 
Credits: K. Thorne 2004

Credits: G. Carullo
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MOTIVATIONS
A fundamental paper: Leaver 1986

Open problem: What is ?GF
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Open problem: What is ?GF

Berti, Cardoso, Starinets ‘09
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MOTIVATIONS
A fundamental paper: Leaver 1986
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PLAN

•              SOME BASICS ON THE GREEN FUNCTION (GF)


• THE POSCHL-TELLER GF


• SCHWARZSCHILD GF


• REDSHIFT MODES
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SOME BASICS
<latexit sha1_base64="x11NJMDGSsD9LNtxusTAOUgA1Bk="></latexit>

ḡµ⌫dx
µdx⌫ = �f(r)dt2 + f�1(r)dr2 + r2

�
d✓2 + sin2(✓)d�2

�

<latexit sha1_base64="InMoPQZiOE3pyCDTfk+EQq0H9Ok="></latexit>

gµ⌫ = ḡµ⌫ + "h(1)
µ⌫

<latexit sha1_base64="sh+1TMa6XjhJv+NaZxVArONoxOo="></latexit>

) G(1)
µ⌫

⇥
h(1)

⇤
= 0

Using background symmetries and fixing gauge:

h ∼ ∑
ℓ,m

ψℓm(t, r)Yℓm(θ, ϕ)

−
∂2ψ
∂t2

+
∂2ψ
∂x2

− Vψ = − S

x = r + log(r − 1) (M = 1/2)

S = f(xP(t))δ(x − xP(t)) + g(xP(t))δ′￼(x − xP(t))
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GREEN FUNCTION: DEFINITION

Laplace transform: ψ̃(x, ω) = ∫
∞

t0

ψ(x, t)eiωtdt ψ(x, t) = ∫
iγ+∞

iγ−∞
ψ̃(x, ω)e−iωt dω

2π

GF in frequency domain, definition:

G̃(x, x̄, ω) =
Θ(x̄ − x)

W
ψ+

∞(x̄, ω)ψ−
H(x, ω) +

Θ(x − x̄)
W

ψ−
H(x̄, ω)ψ+

∞(x, ω)

Where the homogeneous solutions are

ψ−
H(x, ω) ≃ e−iωx (x → − ∞) , ψ+

∞(x, ω) ≃ eiωx (x → ∞) W(ω) = ψ−
H(ψ+

∞)′￼− (ψ−
H)′￼ψ+

∞

In time domain, the GF satisfies

−
∂2G
∂t2

+
∂2G
∂x2

− VG = − δ(x − x̄)δ(t − t̄ )
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GREEN FUNCTION : DEFINITION

From the GF one can get back the field as

ψ(x, t) = ∫
∞

−∞
dx̄∫

∞

t0

dt̄ G(x, x̄, t − t̄ )S(x̄, t̄ ) − ∫
∞

−∞
dx̄[G(x, x̄, t − t0) ·ψ0(x̄) + ∂tG(x, x̄, t − t0)ψ0(x̄)]
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THE POSCHL-TELLER GF

VPT(x) =
V0

cosh2α(x − xm)
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x

0.0

0.2

0.4

0.6

V
(x

)

VZ

VPT

Homogeneous solutions are hypergeometric:

ψ−
H(x, ω) = e−iωxF(λ, λ̄,1 − iω/α, (1 + e−2α(x−xm))−1)

ψ+
∞(x, ω) = eiωxF(λ, λ̄,1 − iω/α, e−2α(x−xm)(1 + e−2α(x−xm))−1)

ψ−
∞(x, ω) = e−iωxF(λ, λ̄,1 + iω/α, e−2α(x−xm)(1 + e−2α(x−xm))−1)

λ =
1
2 (1 + i

4V0

α2
− 1) ≃ 0.5 + 2.09i



12

ANALYTIC STRUCTURE OF THE GF
ψ−

H(x, ω) = A−(ω)ψ−
∞(x, ω) + A+(ω)ψ+

∞(x, ω)

A− =
Γ(1 − iω/α)Γ( − iω/α)
Γ(λ − iω/α)Γ(λ̄ − iω/α)

A+ =
2iπ

|Γ(λ) |2 (e−πω/α − eπω/α)

Connection coefficients:

For  the GF is:x > x̄ G̃(x, x̄, ω) =
ψ−

H(x̄, ω)ψ+
∞(x, ω)

2iωA−

•  has double poles at      (Matsubara)


• Both  and  have simple poles at the Matsubaras


•  has zeros at the QNMs 

A− ω = − iα(k + 1) (k ≥ 0)

ψ−
H ψ+

∞

A− ωn = − iα(n + λ) (n ≥ 0)

The GF itself only has poles at QNMs and nothing (no 0, no pole) at Matsubaras

Kuntz (2025)
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INVERSE LAPLACE TRANSFORM
G(x, x̄, t) = ∫

iγ+∞

iγ−∞
G̃(x, x̄, ω)e−iωt dω

2π

First case: x < xm

°10 °5 0 5 10
x

0.0
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V
(x

)

VZ

VPT

G̃e−iωt ∼ eiω(x−x̄−t)/ω

t < x − x̄ t > x − x̄

Jordan’s lemma: arc is zero!

|ω | → ∞

Kuntz (2025)
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INVERSE LAPLACE TRANSFORM

Second case: x > xm

°10 °5 0 5 10
x

0.0

0.2
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0.6

V
(x

)

VZ

VPT

G̃(x, x̄, ω) =
1

2iω
ψ−

∞(x̄, ω)ψ+
∞(x, ω) +

A+

2iωA−
ψ+

∞(x̄, ω)ψ+
∞(x, ω)

Less trivial limit for !|ω | → ∞ ψ−
H(x, ω) = e−iωxF(λ, λ̄,1 − iω/α, (1 + e−2α(x−xm))−1)

ωG̃(x, x̄, ω)e−iωt ≃ eiω(x−x̄−t) + eiω(x+x̄−2xm−t)e−Sgn(Reω)πω/α

|ω | → ∞
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INVERSE LAPLACE TRANSFORM

Second case: x > xm

°10 °5 0 5 10
x

0.0
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V
(x

)

VZ

VPT

G̃(x, x̄, ω) =
1

2iω
ψ−

∞(x̄, ω)ψ+
∞(x, ω) +

A+

2iωA−
ψ+

∞(x̄, ω)ψ+
∞(x, ω)

Less trivial limit for !|ω | → ∞ ψ−
H(x, ω) = e−iωxF(λ, λ̄,1 − iω/α, (1 + e−2α(x−xm))−1)

Poles ω = − iα(k + 1) (k ≥ 0)Poles ω = iα(k + 1) (k ≥ 0)

They cancel against these ones!
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INVERSE LAPLACE TRANSFORM

Kuntz (2025)

ωG̃(x, x̄, ω)e−iωt ≃ eiω(x−x̄−t) + eiω(x+x̄−2xm−t)e−Sgn(Reω)πω/α

t > x + x̄ − 2xm

x + x̄ − 2xm
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THE PROMPT RESPONSE
G(x, x̄, t) = GE(x, x̄, t) , x − x̄ < t < x + x̄ − 2xm

GE(x, x̄, t) =
1
2 ∑

k≥0

sk
(−1)k+1

(k!)2

Γ(λ + k)
Γ(λ)

2

(e−αk(x+x̄+t) + eαk(t−x−x̄))F(λ, λ̄, k + 1,e−2αx(1 + e−2αx)−1)F(λ, λ̄, k + 1,e−2αx̄(1 + e−2αx̄)−1)

Kuntz (2025)
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SCHWARZSCHILD GF
It’s more complicated but very similar in spirit

ψ−
H(r, ω) = r3e−iω(r+log(r−1))HeunC(ℓ(ℓ + 1) − 6 + 6iω,6iω,1 − 2iω,5,2iω; 1 − r)

ψ−
∞(r, ω) = r3e−iω(r+log(r−1))HeunC∞(ℓ(ℓ + 1) − 6, − 6iω,5,1 − 2iω, − 2iω; 1 − r)

ψ−
∞(r, ω) = r3eiω(r+log(r−1))HeunC∞(ℓ(ℓ + 1) − 6,6iω,5,1 + 2iω,2iω; 1 − r)

ψ−
H(x, ω) = A−(ω)ψ−

∞(x, ω) + A+(ω)ψ+
∞(x, ω)Connection coefficients:

(Known only perturbatively in an “instanton expansion”) 2201.04491

https://arxiv.org/abs/2201.04491
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SCHWARZSCHILD GF
Analytic structure:

•  has simple poles at the Matsubaras 


•  has a pole at  and a branch cut along the negative imaginary axis


•  has a pole at  and a branch cut along the 
positive imaginary axis


•  has zeros at the QNMs , simple poles at the Matsubaras, a pole at 
 and a branch cut along the negative imaginary axis

ψ−
H ω = − i(k + 1)/2 (k ≥ 0)

ψ+
∞ ω = 0

ψ−
∞(r, ω) = ψ+

∞(r, − ω) ω = 0

A− ωn
ω = 0

So the full GF has:

Poles at the QNM frequencies and branch cut along negative imaginary

G̃(x, x̄, ω) =
ψ−

H(x̄, ω)ψ+
∞(x, ω)

2iωA−

Kuntz (2025)
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SCHWARZSCHILD GF

G̃(x, x̄, ω) =
1

2iω
ψ−

∞(x̄, ω)ψ+
∞(x, ω) +

A+

2iωA−
ψ+

∞(x̄, ω)ψ+
∞(x, ω)

If  (to be computed later on)x > xbounce

branch cut along the positive 
imaginary axis

Same

How to find ?xbounce

Convergence of G̃e−iωt ∼
ψ−

H(x̄, ω)e−iω(t−x)

ωA−

∼ 1 gr-qc/9607064

branch cut along the negative 
imaginary axis

pole at ω = 0
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BOUNCE RADIUS
Numerically:

 for ψ−
H ∼ e−iωx x < xbounce
|ω | → ∞

 for ψ−
H ∼ ( . . . )e−iωx + ( . . . )eiωx x > xbounce
|ω | → ∞

 !! (  from )xbounce = 0 rbounce ≃ 2.55GM x = r + log(r − 1)

| ψ
− H
(ω

,x
)e

iω
x |

x
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CONTOUR FOR SCHWARZSCHILD
G̃(x, x̄, ω) =

1
2iω

ψ−
∞(x̄, ω)ψ+

∞(x, ω) +
A+

2iωA−
ψ+

∞(x̄, ω)ψ+
∞(x, ω)

Ma (2026)

t < x − x̄

t > x + | x̄ |

x − x̄ < t < x + | x̄ |
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CONTOUR FOR SCHWARZSCHILD

Ma (2026)
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CONTOUR FOR SCHWARZSCHILD
Conclusion:

G(x, x̄, t) = Θ(t − x + x̄)Θ(x + x̄ − t)GP(x, x̄, t) + Θ(t − x − | x̄ | )GQNM(x, x̄, t)

Prompt, exist only for x̄ > 0
Usual QNM+Tail from Leaver
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Bounce time t = x + | x̄ |

x̄ < 0
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PLUNGING PARTICLE
If we neglect initial conditions:

ψ(x, t) = ∫
∞

−∞
dx̄∫

∞

t0

dt̄ G(x, x̄, t − t̄ )S(x̄, t̄ ) S(x̄, t̄ ) = f(x̄P(t̄ ))δ(x̄ − x̄P(t̄ )) + g(x̄P(t̄ ))δ′￼(x̄ − x̄P(t̄ ))

ψ = ψI + ψA

ψI(t, x) = −
g(x̄P(t̄ ))
1 − v̄(t̄ )

Θ(x̄)GP
t̄=t̄D(u),x̄=x̄D(u)

−
g(x̄P(t̄ ))
1 − v̄(t̄ )

Θ(−x̄)GQNM
t̄=t̄D(u),x̄=x̄D(u)

Kuntz (2025)

ψA(x, t) = ∫
tB(u)

t0
[f(x̄P(t̄ ))GQNM − g(x̄P(t̄ ))∂x̄GQNM]

x̄=x̄P(t̄ )
dt̄ + ∫

tD(u)

tB(u)
[f(x̄P(t̄ ))GP − g(x̄P(t̄ ))∂x̄GP]

x̄=x̄P(t̄ )
dt̄

t̄B + | x̄P(t̄B) | = t − x = u“Bounce time”

“Direct time” t̄D − x̄P(t̄D) = t − x = u

(  once the particle has crossed the bounce)tB = tD
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PLUNGING PARTICLE
Considering  only:GQNM

See Marina’s talk!
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REDSHIFT MODES
What happens when the particle falls onto the horizon?

Let’s consider e.g. ψI(t, x) = −
g(x̄P(t̄ ))
1 − v̄(t̄ )

GQNM
t̄=t̄D(u),x̄=x̄D(u)

When :x̄P → − ∞ GQNM(x, x̄P(t̄D), t − t̄D) = i∫
iγ+∞

iγ−∞

dω
2π

1
2ωAin(ω)

≃ − 0.55

ψI(t, x) = Const × exP + O(e2xP) = Const × e−u/2 + O(e−u)

Redshift/Horizon/Matsubara modes?

x̄P ∼ − t̄ → − ∞
t̄D − x̄P(t̄D) = u

t̄D ≃ u /2 “Direct wave”

Kuntz & Della Rocca (2026)
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REDSHIFT MODES
One should also take into account the activation piece

Kuntz & Della Rocca (2026)

ψA(t, x) ≃ Const × e−u/2 + QNM piece

ψ(x, t) ≃ ie−u/2(f0 +
g0

2 )∫
dω
2π

1
2ωAin(2iω − 1)

This vanishes exactly!!

Reason: can close either in lower or upper half plane

=
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REDSHIFT MODES
The proof can be extended to any order e−u, e−3u/2, …

Ingredients:

ψ (x, t) = ∫
∞

−∞
d x̄∫

∞

t0

dt̄ G(x, x̄, t − t̄ )S(x̄, t̄ )

Kuntz & Della Rocca (2026)
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CONCLUSIONS

• We now have the full Schwarzschild Green function


• A new “bounce radius”  appears to be a fundamental quantity for QNM


• The prompt is a pole in 0 and a branch cut, appearing before bounce crossing


• Direct waves/redshift modes/horizon modes/Matsubara modes are vanishing

r* = 0
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