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e When is the “starting time” ?

e Amplitudes should be time-dependent & ., ,(¢) ?

e Other kind of signals around merger?
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“Signal is very nonlinear at merger”

But the 2-body waveform is extremely similar to the point-particle case!

r1.2
1.0
0.8 =
VL
0.6 &
<€
0.4
1 —— Nonperturbative (q=1)
1077 Perturbative 0.2
50 100 150 0 10 20 30 40 .
Time from peak [tv] Credits: G. Carullo

0
Time from peak [ty]



MOTIVATIONS

A fundamental paper: Leaver 1986

Spectral decomposition of the perturbation response of the Schwarzschild geometry

Edward W. Leaver*
Department of Physics and The College of Science Computer, University of Utah, Salt Lake City, Utah 84112
(Received 10 February 1986)

The contour for the inversion integral (7) for
G(ry,t |r,,t') may be deformed as illustrated in Fig. 1,
and the time-domain Green’s function expressed as three
distinct terms:

G(re,t |re,t')=Gp(ry,t |ry,t')+Gol(ry,t |ry,t')

+Gp(ry,t |ry,t'), (22)

where Ggp is the sum of the residues at the poles of
g(re,ry,s), Gg is the integral of g(r,,r,,s) around the
branch cut in s, and G is the integral along the large
' 5 | quarter circles. It is Gp that propagates the high-
frequency response, and which reduces to the free-space
Green’s function in the limit as the mass of the black hole
goes to zero. The low-frequency ringing and late-time de-
cay tails, that together give radiation phenomena involv-
ing black holes its distinct character, are, respectively,
described by Gy and Gp, and it is these two functions
that are the subjects of the present investigation. Figure 1

FIG. 1. Inversion contour for

€+ico ,
Gro,t |ra,t)=2mi)™" [ " g(ra,re,sle*'~"ds ,
-l

Open problem: What is G?
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MOTIVATIONS

A fundamental paper: Leaver 1986

Spectral decomposition of the perturbation response of the Schwarzschild geometry

Edward W. Leaver*
Department of Physics and The College of Science Computer, University of Utah, Salt Lake City, Utah 84112
(Received 10 February 1986)

The contour for the inversion integral (7) for
G(ry,t |r,,t’) may be deformed as illustrated in Fig. 1,
and the time-domain Green’s function expressed as three
distinct terms:

R G(ro,t |Pa,t)=Gp(re,t |Fa,t')+Go(re,t |Fa,t’)
+Gp(ry,t |ry,t'), (22)

4 Berti, Cardoso, Starinets ‘09

. & +—C

‘There are in general three different contributions to the integral. The integral along

propagating directly from the source to the observer at the speed of light. Depending
R P Irequency response, and WHICH Teduces to the free-space
s Green’s function in the limit as the mass of the black hole
| goes to zero. The low-frequency ringing and late-time de-

cay tails, that together give radiation phenomena involv-
—_— ing black holes its distinct character, are, respectively,
described by Gy and Gp, and it is these two functions

that are the subjects of the present investigation. Figure 1

FIG. 1. Inversion contour for

G(re,t|re,t')=02m)"! fe_,-,, 8(re,re,s)es ~ds | Open prOblem: What iS GF?
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MOTIVATIONS

A fundamental paper: Leaver 1986

Spectral decomposition of the perturbation response of the Schwarzschild geometry

Edward W. Leaver*
Department of Physics and The College of Science Computer, University of Utah, Salt Lake City, Utah 84112
(Received 10 February 1986)

The contour for the inversion integral (7) for
G(ry,t |r,,t') may be deformed as illustrated in Fig. 1,
and the time-domain Green’s function expressed as three
distinct terms:

G(re,t |re,t')=Gp(ry,t |ry,t')+Gp(re,t [ry,t')
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G comes from the arcs of the semi-infinite circle of the integration contour (green
long-dashed lines in Fig. 4.1), and its contribution includes information about high-
magnitude frequency contributions and asymptotically far signals, that propagate
effectively in free space since they are insensitive to the potential. For this reason,

Gr is expected to be responsible for the prompt response in ringdown solutions,
which will mostly depend on the details of the initial conditions.

Green’s function in the limit as the mass of the black hole
goes to zero. The low-frequency ringing and late-time de-
cay tails, that together give radiation phenomena involv-
ing black holes its distinct character, are, respectively,
described by Gy and Gp, and it is these two functions
that are the subjects of the present investigation. Figure 1

FIG. 1. Inversion contour for

G(ra,t lr'.,t')=(21ri)_lfe_,-w g(ru,ru,s)e*" ~"ds Open problem: What iS GF?
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PLAN

SOME BASICS ON THE GREEN FUNCTION (GF)
THE POSCHL-TELLER GF
SCHWARZSCHILD GF

REDSHIFT MODES



- SOME BASICS

Gdzidz? = —f(r)dt? + f~1(r)dr? 4+ 2 (d6? + sin®(0)d¢?
o

Guv = Guv +€h) = G;(}v) [h(l)} =0

Using background symmetries and fixing gauge:

B~ ) Wt 7)Y, (0. )
£.m

0” 0”
v 0w
0t2  Ox2

Vyp=-3§

x=r+log(r—1) M=1/2) A
B QGM) (€(€+1) B 6GM>

r r2 rs

vitr) = (1

\

§ = fxp(1))o(x — xp(1)) + g(xp())0"(x — Xp(2)) . -



(GREEN FUNCTION: DEFINITION

o0 Iy400 |
Laplace transform: @, o) = J w(x, 1)e'®'dt e B y(x, 1) = J w(x, a))e_l“”(;—w
fo iy—o0 z
GF in frequency domain, definition:
. O —x) ., _ - Ox—-x) N
G(.X, A, a)) — Woo(xv a))l/jH(xv 60) + l//H(x9 a))l//oo(x’ 60)
W %4
Where the homogeneous solutions are
Y, w) = e (x > —0), Yhx,®) = e (x - o) W(w) = wy(ws) — (W) 'we

In time domain, the GF satisfies

0°G 96 VG O(x — Xx)o(t — 1)
| = —o0oXx—X —
o2 ox?




(GREEN FUNCTION : DEFINITION

From the GF one can get back the field as

(6 0)

w(x, 1) = ro dxro df G(x,%,t—1)S(X, T) — [ dx|G(x, X, 1 — tohiry(%) + 0,G(x, X, 1 — o)y |

0 -0
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THE POSCHL-TELLER GF

0.6 ~ Vz
Vpr
v ( ) VO 04
X) = B
o cosh?a(x — x,,) =
0.2
5 0 5 1
xr

0.0

210 0

Homogeneous solutions are hypergeometric:

g (x, ) = e‘ia’xF<l, 11 —iwla, (1 + e‘za(x_xm))_l>

wih(x, w) = eiwa</1, A1 —iw/a, e ) (1 4 e—Za(x—xm))—l) ] = %(1 +iy /4—‘;0 - 1) ~ 0.5 + 2.09i
a

Yo (x, ) = e 'F (zl, A1+ iw/a, e ) (1 + e‘za(x‘xm))‘1>

11



ANALYTIC STRUCTURE OF THE GF

Connection coefficients:  v;(x, ®) = A~ (0w (x,®) + AT (0)yl (x, ®)
A F(l — ia)/a)F(_— ia)/a) At = : 21
F(/i — ia)/a)F(/l — ia)/a) |F(/1> | (e_m/“ - em/“)

Wi (X, )y (x, @)

For x > x the GF is: G(x, %, 0) = .
2IWA~

e A" hasdoublepolesatw = —ia(k+1) (k> 0) (Matsubara)

e Both yj; and y. have simple poles at the Matsubaras

e A haszerosatthe QNMsw, = —ia(n+4) (n > 0)

The GF itself only has poles at ONMs and nothing (no 0, no pole) at Matsubaras

Kuntz (2025)
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INVERSE LAPLACE TRANSFORM

i ly+o00 N i N tda)
G(x,x,t) = Gx, X, w)e ' "—
[y—00 21
First case: x < x,,
Ge—za)t ~ ela)(x—x—t) /o o J |
|| - o
Inﬁ
R
» Ret '
Jordan’s lemma: arc is zero!
t<Xx—2X t>x—X
Kuntz (2025)
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INVERSE LAPLACE TRANSFORM

0.4
=
~
0.2
0.075 5 0 5 0
X

Second case: x > x,,

Less trivial limit for |w | — oo! i (x, ) = e—iwa<,1, I —iwla, (1+ e—2a(x—xm))—1>
- ] +
G(Xa X, 6()) — _WO_o()_Ca a))l/j:o(x’ O)) T — l/fo_;()_C, a))l/jo_lc_)(xa 0))
2iw 2IwA~

a)é(x, X, a))e_ia)t ~ plo(x—X—1) + o lOX+X=2x,—1) , —Sgn(Rew)rw/ o

lw| = oo
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INVERSE LAPLACE TRANSFORM

0.4
=
~
0.2
0.075 5 0 5 10
X

Second case: x > x,,

Less trivial limit for |w | — oo! i (x, ) = e—iwa<,1, I —iwla, (1+ e—2a(x—xm)>—1>
- ] +
G(Xa X, 0)) — _WO_o()_Ca w)l/j;—o(x’ O)) T — l/jo_g()_ca a))l/jo_lc_)(xa a))
2iw 2IwA~

/N

Polesw =ia(k+1) (k>0) Polesw=—iak+1) (k=>0)

They cancel against these ones!

15



INVERSE LAPLACE TRANSFORM

oG (x, X

........................................

t<z—2

Imw

.......................................

........

...................

, a)) et ~ eia)(x—)'c—t) + eia)(x+)2—2xm—t) e—sgn(Rea))ﬂa)/a

“w

....................

........

-1

....................

B)z—z<t<x+x-—2x,

Kuntz (2025)



THE PROMPT RESPONSE

G(x,x, 1) = Gg(x, X, 1), x—x<t<x+Xx-—2x,

DM TA+k) | £

(kD> | T

—ak(x+)'c+’ k(%_xF(/l, I,k + 1’6—2ax<1 + e—2ax)—1>F(/1,/1_’k + 1,6—200_6(1 + e—2a5c>—1)

Ay

_ 1
Gg(x, x, 1) = 5 Z Sy

k>0
0.2
o
0.0 3
9
I
N =2
0.2 |
N=5 =
N =20
= o4 = Numerical
s T 2 Zerilli
[->)
]‘ ~10 0 10 20 30 40
=
By
0.0 %
I
IS
0.2
0.4
0 50 10 60 'S0 100
t—xz+7x Kuntz (2025)
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SCHWARZSCHILD GF

It’s more complicated but very similar in spirit

y(r, w) = e~ @ Hogr=DIHeunC(£(# + 1) — 6 + 6iw,6iw,1 — 2iw,5,2iw; 1 — r)

p=(r,w) = e~ @+Hoer-DiHeunC_(£(£ + 1) — 6, — 6iw,5,1 — 2iw, — 2iw; 1 — r)

W (r,w) = r3eia’(r+1°g(r_1))HeunCoo(f(f +1)—6,6iw,5,1 + 2iw,2iw; 1 — r)

Connection coefficients: Wi (x, ) = A™(0)y,(x, ®) + AT (0)ypl(x, w)

(Known only perturbatively in an “instanton expansion”) 2201.04491

18


https://arxiv.org/abs/2201.04491

SCHWARZSCHILD GF

Analytic structure:

yy has simple poles at the Matsubaras w = —i(k+ 1)/2 (k > 0)

W has a pole at @ = 0 and a branch cut along the negative imaginary axis

w(r,w) = yr(r,— w)hasapole at ® = 0 and a branch cut along the

positive imaginary axis

A" has zeros at the QNMs w,,, simple poles at the Matsubaras, a pole at

@ = 0 and a branch cut along the negative imaginary axis

So the full GF has:

Gx, X, w) =

Wi (X, o)y, (x, ©)

2I0A~

Poles at the QNM frequencies and branch cut along negative imaginary

19
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SCHWARZSCHILD GF

If x > Xy unce (t0 be computed later on)

_|_

. 1 ) )
G(x, X, w) = —yw (X, o)y (x, ) + Wi (X, o)yl (x, o)

/2;60 2imwA~
poleatw =0 /
branch cut along the positive Same
imaginary axis branch cut along the negative

imaginary axis

How to find Xy ;067

o Wi @)e

WA~
N

— Convergence of Ge

~ 1 gr-qc/9607064
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BOUNCE RADIUS

Numerically:

—IlwXx
Yy ~ € for x < xbounce

|| = o0

Wi~ (...)e "+ (...)e" ™ for X > Xy unce

o] = o0

Xpounce = UM (oounce = 2.55GM from x = r + log(r — 1))

(w, x)e'™ |

H

|y




CONTOUR FOR SCHWARZSCHILD

G(x, X, w) = —yL (&, o)Wwi(x, w) +
21w

Imw
A
_________________________________________
N > Rew
X
X
<x—2Xx
X
X
Imw
A
» Rew
X
X
X
X
S > x+|x|

22

+

2IwA

—y (%, o)yl (x, w)

Im w
N

s
U
v
%
€

X—X<t<x+|x|

> Re w

(b) G*

Ma (2026)



CONTOUR FOR SCHWARZSCHILD

3
Time Domain b
JR—— G’ :
2F e @t i
GT+G~ f
!
1| /\ :
0 -,[ ___________ 1‘;
% |
O / -
—1r / ‘:.... |
/ ‘\."- |
_2 L 'I ‘\\\’.
l'l i
-3t / \\\
\\
_4 L ‘ ‘ \‘ '
u
(a) " =60
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2F R
—_—— G+
1 / G"+G
0
°
-1t _
100 —---—777"
-2t ol
P
—37 : - :
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(C) 'I" = 3

3
Time Domain
——— G~
2t -
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1 L
0
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(b) 7 =20
Time Domain
2r —
——— (‘7'+
Gt +@G
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0
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—2F ol
/ V) e —
-3 -0.2 0.0 0.2
2 -2 0 2 1 5 TR
U
(d) ' =2.6

Ma (2026)



CONTOUR FOR SCHWARZSCHILD

Conclusion:

G(x, X, 1) = O(f —x + N)O(x + X — )Gp(x, X, 1) + Ot — x — | X|)Gonm (X, X, 1)

Prompt, exist only for x > 0

Usual ONM+Tail from Leaver

24



CONTOUR FOR SCHWARZSCHILD

Conclusion:

G(x, X, 1) = O(f —x + N)O(x + X — )Gp(x, X, 1) + Ot — x — | X|)Gonm (X, X, 1)

Prompt, exist only for x > 0

Usual ONM+Tail from Leaver

0.6 ~ — Vz
Vet

-

=10 -5 0 5 10

Bounce time t = x + | x|
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CONTOUR FOR SCHWARZSCHILD

Conclusion:

G(x, X, 1) = O(f —x + N)O(x + X — )Gp(x, X, 1) + Ot — x — | X|)Gonm (X, X, 1)

Prompt, exist only for x > 0

Usual ONM+Tail from Leaver

0.6 ~ Vz
\ Vpr
0.4
©
— ~
x>0
0.2

=10 -5 0 5 10

.%"—

—»

Bounce time t = x + | x|

20



PLUNGING PARTICLE

If we neglect initial conditions:

w(x, 1) = [ dx [ dr G(x, %, t = 1)S(X, 1) S(%, 1) = f(Xp())6(x — Xp(1)) + g(%p(7))0'(X — Xp(7))

0

_> l//:l//['l'l//A

gxp(r)) g(xp(7)) _
wi(t, x) = — ——~—0O(X)G, — = —0(-%)Gonm
1 —v(r) o 1 —v(1) o
t=tp(u),x=xp(u) t=tp(u),x=xp(u)
tg(u) ) ) ) (1) ~
Walx, 1) = [ [f(xp(f))GQNM - 8(3_CP(t))a,-CGQNM] o (f)dt + [ lf(xp(f))Gp g(Xp(7))05 Gp] - ds
Lo A=Ap tg(u) X=Xp
L
“Bounce time” tg+ [Xp(tg) | =1 —x=u
“Direct time” Ip—Xp(fp) =t—x=u i

c% -
Kuntz (2025)

(t5 = tp once the particle has crossed the bounce)
27



PLUNGING PARTICLE

Considering Gy, Only:

4.75 408 300 213 201 2.001 2.000

21 ~d - == Num.

Thounce

See Marina’s talk!

IRes. (A22) (%)

30 50

N
=
76
=
—
o
0D
S

-25
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REDSHIFT MODES

What happens when the particle falls onto the horizon?

Xp ~ — ZT—) — 0 — 73N ”
P o~ ul2 Direct wave
: : g(xp(7))
Let’s consider e.g. vt ) = =< _P‘_}(f) QNM
t=tp(u),x=xp(u)
When X, =& — 00:  Gou(x, Xo(fp), t — 1) 'rmo do : 0.55
— . X, X 1 — =1 ~ — (.
P QMR TPEDS T DT, 27 20A4,(0)

——’ (2, x) = Const X e? + O(e***) = Const X e *? 4+ O(e™")

Redshift/Horizon/Matsubara modes?

29 Kuntz & Della Rocca (2026)
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REDSHIFT MODES

One should also take into account the activation piece

wa(t, x) ~ Const X e~"? + QNM piece

w(x, t) ~ ie " <f0 +

3]

dw 1

21 2wA;,(Liw —

1)

\ This vanishes exactly!!

Reason: can close either in lower or upper half plane

30
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Kuntz & Della Rocca (2026)



REDSHIFT MODES

The proof can be extended to any order e “, e 2

Ingredients:

e Redshift modes involve the Green function com-
puted on the light-conet—z =t—x fort —z — o0

which brings a factor w™! 0

e They also involve an integral of the source in time, w(x,t) = J de df G(x, %, t — 1)S(%, T)
— 00 1
e Although the Green function itself is discontin-
uous on the light-cone, the discontinuity being
given by the integral [dw(wA;,)™" (see Eq. (9)),
the redshift mode amplitude is continuous on the
light-cone because of the supplementary w~! fac-
tor which allows to close the contour either on the
upper or on the lower half-plane

e By causality, this amplitude vanish

31 Kuntz & Della Rocca (2026)



CONCLUSIONS

We now have the full Schwarzschild Green function

A new “bounce radius” 7. = 0 appears to be a fundamental quantity for QNM
The prompt is a pole in 0 and a branch cut, appearing before bounce crossing

Direct waves/redshift modes/horizon modes/Matsubara modes are vanishing

32
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