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Framework
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Ringdown;

After . — Tocak ™ 10 — 20M  seeeweseelils

stationary ringdown:

~ One-body perturbation theory valid: BH + small, Gaussian and narrow initial data

/ ~ _ 10z, 4 (T—Tare) — . Re -1 -Im
/‘ fiem ~ O = Tyar) Z Afmps€ TS Oy = Opmnx — | D mn=

3 Marina De Amicis



Framework

Ringdown!

After 7

S

tart 7’-peak ™~ 10 — 2OM

stationary ringdown:

~ One-body perturbation theory valid: BH + small, Gaussian and narrow initial data

/ ~ _ 10z, 4 (T—Tare) — . Re -1 -Im
/‘ hbﬂm o Tstart) Z Af mnx€ T Oy = Oy T L | W pn+

Stationary ringdown -~ tests of General Relativity

4 Marina De Amicis



Framework

Ringdown

After 7

S

tart — ‘peak " 10 — 20M sy

stationary ringdown:

~ One-body perturbation theory valid: BH + small, Gaussian and narrow initial data

/ ~ _ 10z, 4 (T—Tare) — . Re -1 -Im
/‘ hbﬂm o Tstart) Z Af mnx€ T Oy = Oy T L | W pn+

Stationary ringdown -~ tests of General Relativity

* No-hair conjecture: (astrophysical) BH described by mass and spin

* Detection of 2 QNM: test presence of additional parameters/GR deviation

5 Marina De Amicis



Framework

Ringdown

After 7

S

tart 7’-peak ~ 10 = 20M sty

stationary ringdown:

~ One-body perturbation theory valid: BH + small, Gaussian and narrow initial data

/ ~ _ 10z, 4 (T—Tare) — . Re -1 -Im
/‘ fiem ~ O = Tyar) Z Afmps€ TS Oy = Opmnx — | D mn=

Stationary ringdown -~ tests of General Relativity

* No-hair conjecture: (astrophysical) BH described by mass and spin Is this model

* Detection of 2 QNM: test presence of additional parameters/GR deviation ;; satisfac tOl‘Y? ;‘

6 Marina De Amicis



Ringdown models shortcomings

Stationary ringdown template:

hfm(T) — 9(7’- Il TStaI't) Z Afmnie_iwfmni(f_fstart)
n,xt

Free, unknown ad-hoc parameter 7, .

¢ 7T ~ 10 — 20M model do not hold where signal is loudest

start  “peak

could lead to overfitting [Baibhav - (2025)] [Mitman + (2025)][Berti+ (2025)]
not valid: non-linearities at early times...

* Pushing 7z, earlier?

Marina De Amicis



Ringdown models shortcomings

Stationary ringdown template:

hfm(T) — 9(7’- Il TStaI't) Z Afmnie_iwfmni(f_fstart)
n,x

Free, unknown ad-hoc parameter 7, - = | Time dependence for generic ID}

~ 10 = 20M

tart

¢ 7T model do not hold where signal is loudest

start ~ “peak

could lead to overfitting [Baibhav - (2025)] [Mitman + (2025)][Berti+ (2025)]
not valid: non-linearities at early times...

* Pushing 7z, earlier?

“[Chavda+(2024)]

Marina De Amicis



Ringdown models shortcomings

Stationary ringdown template:

hfm(T) — 9(7’- T TStaI't) Z Afmnie_lwfmni(l-_fstart)
n,xt
Free, unknown ad-hoc parameter 7, .

* Tstart — Tpeak ™ 10 —20M

model do not hold where signal is loudest
Pushing 7, earlier?

could lead to overfitting [Baibhav - (2025)] [Mitman + (2025)][Berti+ (2025)]
not valid: non-linearities at early times...

r n=0 - n=3
0.5+ ! 0.5 i
S i =) E J\
) A ] AN
_= 00 : \V s & 04 . \V
,.:: .. . :.,CQ: i i "y
= ' : 1 \/ > | \/
C-':.Q ;,’ ‘n ,: = .' :
-05+- -05
lllllllllllllllllllll 1 [Kuchler+(2025)]
—-200 -150 ~100 -50 0 —200 -150 -100
L 4\[]
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Ringdown models: refined version

10

Two-body problem, non-linear:

What we have:
Men(T) = O(T = Tyar) Z Ay mnie_iw”ﬂm”i(r_f“a“)
n,t
One-body problem, perturbative: Extrapolate O

BH+small, narrow, Gaussian initial data

comparable masses

Marina De Amicis
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Ringdown models: refined version

What we have:
hfm(T) = 0(t — Tstart) Z Afmnie_iwfmni(f_%taﬂ)
n,x
One-body problem, perturbative: Extrapolate 0 Two-body problem, non-linear:
BH-+small, narrow, Gaussian initial data 7 comparable masses

. How can we |

| improve it? |
Two-body problem, perturbative: Extrapolateto  Two-body problem, non-linear:

extreme mass-ratio limit comparable masses

Marina De Amicis



Why extreme mass-ratio limit?

Similar transient post-merger

bEhaVlOur between Radlal lnfa" VS head on fOl‘ 7‘0 — 100M [De Amicis+(2024)]

* Numerical relativity, comparable masses
* Perturbative, extreme mass ratio 10-24
X |
~
= —4 |
=1 I
Qi :
1079- |

o 100 200 300 400
(u — upeak)/ M

12
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Why extreme mass-ratio limit?

Similar transient post-merger

behaviour between

* Numerical relativity, comparable masses

* Perturbative, extreme mass ratio

SXS:BBH:1931, ¢ = 4.

|>Zrem| ~ 4 x 10

7100

| Kuchler+(2025)]
SXS:BBH:2471, ¢ =15, |Xem|~ 5 x 1072
005/ [\ :
E i ‘| :' “| l:
— 0007 ] o
< \ ' S
=) ] Vo W\
= BRI AN
~005} \/ \/ .
~100 50 0 50 7100
t [A/-[tot] . . .
Marina De Amicis
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Merger-ringdown phenomenological models

Available merger “early times” templates:

R ¢ () [Damour and Nagar (2015)]
L il (D
Af m(t) e’ 1 _\

. eia)fmot

* hy,(0) =

¥ Activation functions:

A, (t) = cf* tanh (c?t c?) + ¢y,

et .
1 + cle 2 4 cf 2!

¢, () =—c? In ,
v 1 1 +c?+cf

* Same functional form both for non-linear comparable
masses and linear test-particle cases.
* Non-linearities encapsulated in free coefficients of the fit

14

......................

vvvvvvvvvvvvv
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Marina De Amicis



15

Ringdown models: refined version

Stationary ringdown template:

S S————— hfm(T) — 9(’[ — Tstart) Z Afmnie_iwfmni(f_fstart)
. How can we | i
| improve it? |

Work from perturbative, extreme mass-ratio limit

i) Model the ringdown as dynamically excited by the two-body problem

|De Amicis, Cannizzaro, Carullo, Sberna, 2506.21668]
| De Amicis, Cannizzaro, Carullo, Kuntz, Sberna, 2605.16492]

ii) Model other linear components of the signal at early times
| De Amicis, Cannizzaro, 2601.11706]

Marina De Amicis
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Ringdown models: refined version

Stationary ringdown template:

S P ——————— hbﬂm(T) — 9(’[ — Tstart) Z Afmnie_iwfmni(f_fstart)
. How can we | i
| improve it? |

Work from perturbative, extreme mass-ratio limit

; i) Model the ringdown as dynamically excited by the two-body problem

|De Amicis, Cannizzaro, Carullo, Sberna, 2506.21668] -,<
| De Amicis, Cannizzaro, Carullo, Kuntz, Sberna, 2605.16492] ]

ii) Model other linear components of the signal at early times
| De Amicis, Cannizzaro, 2601.11706]

Marina De Amicis



Test-particle on a Schwarzschild background

* Regge-Wheeler/Zerilli equation:

07 — 07 + V,, (r)| W p(t, 1) = Syt 1)

Syt 1) = €MD | £, (8, 1) — 1:(0)) + 8ty 14)0,,8(rs — (1))

* General solution:

o0

dri Sy, (', 12) Gy, (2, 1 1, 1)

Green’s function
17
Marina De Amicis



Basic tool: Green’s function

Re(/127)

Re(/122)

Re(/122)

Green'’s function: [a% — 0%* + me(r*)] G, (1,1, 1) = 0(t — t')0(r« — 14")

Dictates how perturbations propagate on the curved background

0.002 1
0.000 1
—0.002 1

—0.004 1

0.002 1
0.000 1
—0.002 1

—0.004 1

0.002 1
0.000 1
—0.002 1

—0.004 1

r'=10
100 200 300 400 500 600 700
r' =50
100 200 300 400 500 600 700
r' =200
100 200 300 400 500 600 700
T — Tpeak

1i5%)

1i5%)

1i5%)

1072

10—5_

1078 -

10—11

1072

0 100 200 300 400 500 600 700

0 100 200 300 400 500 600 700

T

0 100 200 300 400 500 600 700

T — Tpeak
18

Early times --§ prompt response:

- longer the further r.’

[Late times tail:

- power-law decay  [Price, (1972)]

-larger amplitude the further r.’

Intermediate times -~ QNMs:
- exponentially damped vibrations
|Leaver, (1985)]
Marina De Amicis



Dynamical quasinormal mode excitation

* Regge-Wheeler/Zerilli equation:

[atz - a%* T me(r*)] \me(t9 7'*) — Sfm(ta 7'*)

Syt 1) = €MD | £, (8, 1) — 1:(0)) + 8ty 14)0,,8(rs — (1))

Physical signals travel
on/inside light-cone

* QNMs-propagated
solution:

-» Retarded Green’s function

WMt~ 1) = dt’J dri Sy, (1, 1) G2, 1y 1, 1)

19
Marina De Amicis



Retarded QNMs Green'’s function

QNMS(t — o Vs 1"*) — Z Res. {e_lw(t_r)Gfm(a) Vi, I"*)} =

— p —iw,,, (=) B QNM(t I"*) RN

T mn_l_ -+ ~ .
[Leaver, Phys. Rev. D 34, 384] f mn—= .

n,i / N

* Poles only present in lower half plane ' \

* Time-domain QNMs only present when the

contour is closed in the lower half plane

20 | Marina De Amicis



IDe Amicis+, 2506.21668]

Retarded QNMs Green'’s function
G;SnleS(t — U T, 1) = Z Res. {e‘iw(t_’”')éfm(a); Ve, n@)} —

— Z e—ia)fmni(t—r*) B QNM(t I”*) \\\\\\

'mn=x L” mn=t

* Poles only present in lower half plane / \

* Time-domain QNMs only present when the

contour is closed in the lower half plane:

fort —r. > C(t, i)

21 | Marina De Amicis



IDe Amicis+, 2506.21668]

Retarded QNMs Green'’s function

- Condition to close in
lower-half plane

G2t = 11, 1) = Ot — 1. = C(t', )] X
iy (1) , QNM
Z e 4 — Bfmn_l_ fmn+(t 7'*) \\\
Leaver S GF E ) "
. F/ ,/ \\
* Poles only present in lower half plane 2 _—
, 1

* Time-domain QNMs only present when the

contour is closed in the lower half plane:

fort —r. > C(t, i)

29 | Marina De Amicis



IDe Amicis+, 2506.21668]

ONMs-propagated waveform

G2t =t r,rl) = 0t — 1 — C(7, r*)]z ~0ant=1) B, My

mn=xt

S, (t, 1) = e MP0) [ I (1, r*)é(r* — r*(t)) + 8ot 14)0, 0(r: — 1 *(t))]

Convolution result:

QNM(t — V*) — Z e_ia)fmni(t_r*) Bfmni [Cfmni(t o 7’*) ifmni(t o 7'*)]

n,=t

23 Marina De Amicis



IDe Amicis+, 2506.21668]

ONMs-propagated waveform

G2t =t r,rl) = 0t — 1 — C(7, r*)]z ~0ant=1) B, My

Cmn=t
S, (t, 1) = e MP0) [ I (1, r*)é(r* — r*(t)) + 8ot 14)0, 0(r: — 1 *(t))]

Trajectory (r«(f), (1)) , apparent trajectory (¢,7.) / t—r«= C(t, %)

Convolution result:

lPQNM(t . I"*) — Z e_ia)fmni(t_l"*) Bfmni [Cfmni(t — I"*) ifmni(t —_ I"*)]

n,=t

o0

. [ ion fficient: /
Activation coefhicient Cpmp(t = T) = — J' d

: . Vi — | Uemnple —0;(“f 8%)
hereditary, accumulates in time ey P(E(r2) L maprem T mnporm

4 (H(rs),r)

24 Marina De Amicis



ONMs-propagated waveform

IDe Amicis+, 2506.21668]

G2t =t r,rl) = 0t — 1 — C(7, r*)]z ~0ant=1) B, My

mn=xt

S, (t, 1) = e MP0) [ I (1, r*)é(r* — r*(t)) + 8ot 14)0, 0(r: — 1 *(t))]

Trajectory (r«(f), (1)) , apparent trajectory (¢,7.) / t—r«= C(t, %)

Convolution result:

lPQNM(t — 1) = Z e~ Pems(I=T) Bfmni [Cfmni(t — I'x)

ifmni(t o r*)]

ufmnpffm o an@ (ufmnpgfm)
4 (H(rs),r)

n,=t
o  J fﬁ ° cx}
. Actlva.tlon coetrncient: o Cfmnp(t ) = — J' dr- /
hereditary, accumulates in time ey () L
. . u, (1, 7) (1, T«) s1g0(7+)
. Impulsive coefficient: Lpmnp(E — Tx) = oy W B T R

local term

25

1 + sign(7) 7+(F) |

Marina De Amicis



QNMs propagation condition Armaudo. 231018936
rnaudo+, : _

p p g |[Arnaudo+,2511.17703 ]
IDe Amicis+, 2605.16492]

130-
/ /
* For a source at (¢, r:) 120-
QNM signal observed at
110-
bops — T ops = C(t, 1) = 1"+ | ri| P
.o 100
P obs = 100M - I —
I —— Light cone
80 1 : ' —:—  Scattering
| — QNMS: fops — Fops =t + 11 =1
* Define bounce radius 7. = 0 234 If, o8 9 10

<0 , t—r.>t —r, Onlight-cone propagation
r->0 , t—r.>t+r. Scattering off bounce radius r. = 0, ~ potential peak

26 Marina De Amicis



OQNMs propagated signal: plunge-merger-ringdown

4.75
2.57

2.0-
1.57
1.0+

Re(/127)

—0.51
—1.0-
—1.57

—25

27

2.001

2.000

0.5
0.0+

Thounce

- == Numerical

N=0

2?2
W N —

2%%2
g9 o L A

Im(/27)

O -

2.01

T—TIR

lP?nle = Z e 'O emn(171) S — [Cfmni(t — 1) F Ly (f — I’*)]

4.75
9 |

—25

IDe Amicis+, 2506.21668]
|IDe Amicis+, 2605.16492]

2.001 2.000

eak

Num.

-3.76 4--

T—TIR

30 50

Marina De Amicis



d ° l . l o d IDe Amicis+, 2506.21668]
QNMs propagated signal: plunge-merger-ringdown [De Amicis-, 2603164921
N
NM — —la) - [—7Ts ;
\P?m — Z e ™ Ve )Bfmni [Cfmni(t — 1) + lfmni(t o I’*)]
P 7
4.75 4.08 3.00 2.13 2.01 2.001 2.000 4.75 4.08 3.00 2.13 2.01 2.001 2.000
2.5 e ' ' - T ' '
5 — == Numerical |
2.01 / § i
N=0 a\g j
- |
1.0 [ \ N=2 ,' \\ :
o o) | N=3 8 0 / L.
< 21N | < / \ :
T \ / = / )
v 001 H | — / Y
—0.51 \\ | II : N=4 —1 | // \
\ i :
/ - _ 5
—1.0- | \N_/ : : N _5 N
~1.57 \ £ § N=0 ) £
< A N 43
—25 —10 § 02 10 20 30 50 —25 —10 § 02 10 20 30 50
T—TIR T—TIR

* After bounce 7. = 0O crossing, signal completely propagated by QNMs, ~ 8M after waveform peak

28 Marina De Amicis



d ° l . l o d IDe Amicis+, 2506.21668]
QNMs propagated signal: plunge-merger-ringdown [De Amicis-, 2603164921
N
NM - —la) - [—7Ts ;
\P?m — Z e ™ Ve )Bfmni [Cfmni(t — 1) + lfmni(t _ I’*)]
P 7
4.75 4.08 3.00 2.13 2.01 2.001 2.000 4.75 4.08 3.00 2.13 2.01 2.001 2.000
2.5 e ' ' - T ' '

5 — == Numerical |
2.01 § i
N=0 a\g j
- |
1.0 [ \ N=2 ,' \\ :
o o) | N=3 8 0 / L.
< 21N | < / \ :
T \ / = / )
v 001 H | — / Y
—0.51 \\ II : N=4 —1 | // \

\ i :

/ - _ 5

_1.0- \_7 : : N_ 5 N
15 PR =6 - >

B B . _ = B A . .
—25 —10 § 02 10 20 30 50 —25 —10 § 02 10 20 30 50
T—TIR T—TIR

* After bounce 7. = 0O crossing, signal completely propagated by QNMs, ~ 8M after waveform peak
* Higher overtones are more relevant during plunge

29 Marina De Amicis



d ° l . l o d IDe Amicis+, 2506.21668]
QNMs propagated signal: plunge-merger-ringdown [De Amicis-, 2603164921
N
NM — —la) - [—7Ts ;
\P?m — Z e ™ Ve )Bfmni [Cfmni(t — 1) + lfmni(t _ I’*)]
P 7
4.75 4.08 3.00 2.13 2.01 2.001 2.000 4.75 4.08 3.00 2.13 2.01 2.001 2.000
2.5- ' ] ' : ' oy : — - . :
5 — == Numerical : |
2.01 é |
- |
1.0 =\ N=2 AN
a4 osd 2 N=3 oo ! AN
< N I < / '
~2E H : — / \ o\
—0.5- \\ [I : N: 4 —1 ~ ,/ \
\ | §
/ - _ 5
_1.0- \_7 : : N=5 N
15 PR V=0 ) I
B R . _ V=T B A . .
—25 —10 § 02 10 20 30 50 —25 —10 § 02 10 20 30 50
T—TIR T—TIR

* After bounce 7. = 0O crossing, signal completely propagated by QNMs, ~ 8M after waveform peak
* Higher overtones are more relevant during plunge

* Prompt needed before bounce 7. = O crossing [Ma,2604.08680]

30 Marina De Amicis



IDe Amicis+, 2506.21668]

How QNMS are excited [De Amicis +, 2603.16492]
r
4.75 408 300 213 201 2001 2.000
0.45- ]

[02 = 2 + V,, (r)] Wyt 1) = 7™ OF, (1, 1)
0.40 -

035 [\/\/\/\/\/ * Frequency driven by particle orbital frequency
&

0.30- ; - . — .
el until bounce 7. = 0 crossing
> system behaves as driven oscillator

3.76
-
2.01 4+
ek
-
D |
-
o
-
)
-

_25 ~10
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IDe Amicis+, 2506.21668]

How (QNMs are excited [De Amicis -, 2605.16492]
r
4.75 4.98 3.90 2..13 2.91 2.901 2.000
0.45- I

[02 = 2 + V,, (r)] Wyt 1) = 7™ OF, (1, 1)
0.40 -

035 [\/\/\/\/\/ * Frequency driven by particle orbital frequency
X

0.301 ; - . — .
Il until bounce 7 = 0O crossing
s system behaves as driven oscillator

* After QNMs excitation behaves as free oscillator +
redshift as particular solution

3.76
-
2.01 4+
ek
-
D |
-
o
-
)
-

_25 ~10
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Ringdown models: refined version

Stationary ringdown template:

33

How we can

| improveit |

e l wfmni(T_Tstart) s

Bm(T) = 07 = Tyr) D Apph
n,x VA

Work from perturbative, extreme mass-ratio limit

|De Amicis+, 2506.21668]

i) Model the ringdown as dynamically excited by the two-body problem [De Amicis+, 2605316492

n,t

Marina De Amicis



Ringdown models: refined version

Stationary ringdown template:

e ! Wy mn+(T_Tstart) '

(@) = 07 = T0r) D Ark -

Work from perturbative, extreme mass-ratio limit

i) Model the ringdown as dynamically excited by the two-body problem

' What can we say about the stationary regime?

| improveit |

34

How we can

|De Amicis+, 2506.21668]
|De Amicis+, 2605.16492]

Marina De Amicis



Activation and impulsive coefficients [De Amicis, 2506.21668]

\P?EM@ — I"*) — Z e_iwbﬂmni(t_r*) Bfmni [Cfmni(t o 7‘*) + iz,”mni(t o r*)]

7 n,t
5.25 4.08 3.00 2.24 2.01 2.001 2.000
10°y —— B220+ - €220+
+ 220 - |
10~1
iy
N\,
\\ \‘
\
10~ N
\\ . \o .
\\ N~ T
¢ \\
” \,
1073 1 ”/ N
r o 0~
—-50 —10 0 7 20 30 50

T—TLR
Fundamental mode:
e Activation saturates to a constant at late times
* Impulsive vanishes at late times

35 Marina De Amicis



Activation and impulsive coefficients [De Amicis, 2506.21668]

\P?EM(t — I"*) — Z e_iwfmni(t_r*) Bfmni [Cfmni(t o 7‘*) + ifmni(t o r*)]

— n,t
r

5.25 4.08 3.00 2.24 2.01 2.001 2.000

10°y —— B220+ - €220+

50 10 0 7 0 30 50
T—TLR
Fundamental mode:

e Activation saturates to a constant at late times
* Impulsive vanishes at late times

36 Marina De Amicis



Activation and impulsive coefficients [De Amicis, 2506.21668]

T?EMQ — 7‘*) — Z e_iwbﬂmni(t_r*) Bfmni [Cfmni(t o 7‘*) + iz,”mni(t o 7‘*)]

— n,t
r

5.25 4.08 3.00 2.24 2.01 2.001 2.000

10°y —— B220+ - €220+

= AT
~50 10 0 7 20 30 50 & 101 /L
tTIR 1021 . . . .
_15 —10 0 10 20 30 50

Fundamental mode:

e Activation saturates to a constant at late times
* Impulsive vanishes at late times

37 Marina De Amicis



Activation and impulsive coeflicients

|De Amicis+, 2506.21668]

\P?EM@ — I"*) — Z e_iwbﬂmni(t_r*) Bfmni [Cfmni(t o 7‘*) + iz,”mni(t o r*)]

7 n,t
5.25 4.08 3.00 2.24 2.01 2.001 2.000
10°y —— B220+ - €220+
+ 220 - |
1071 ;
i '\.
N\,
\\ \}
\
1072 \\\'\ .
: M N\
\N N~ T
s \\
” \,
1073 1 ”/ N
—-50 —10 0 7 20 30 50

T—TLR
Fundamental mode:

e Activation saturates to a constant at late times
* Impulsive vanishes at late times

r
2.25 4.08 3.002.24 2.01 2.001 2.000
10 - —
102 =
7 -
==
100 - :’:-— s o= it
) SR e
10_2 ’){o/’/// — B
. _ /,// 221+ * €221+
=" — = IBx1- -cn1-
7 ”
10%{ =& £ = B335 4+ €299+
2 4
v —-— |Byy_ - o
10_8' ,/,,
-=== 1B21+ 1221+
1010
==== 1B+ 1222+
10~12 - . . . .
—50 —10 0 7 20 30 50
T—TIR
Overtones:

* Activation and impulsive grow exponentially

at late times
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Activation and impulsive coefficients [De Amicis, 2506.21668]

5.25 4.08 3.00 2.24 2.01 2.001 2.000 2.25 4.08 3.00 2.24 2.01 2.001 2.000
- . 10 — — —
10°3 —— |B220+ €220+ ) /ff"/"/
: - €220 | 0 =
' 10%- T el
)/;* e ——
10_15 102 ){.//,
: ~ =74 — 1B2x1+ ccmi4
N 10~ =" f
<~ A\ = ¢ — = IByp1- -c01-
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Activation and impulsive coefficients [De Amicis, 2506.21668]
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Activation and impulsive coefficients [De Amicis, 2506.21668]
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Activation and impulsive coefficients [De Amicis, 2506.21668]
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Activation and impulsive coefficients [De Amicis, 2506.21668]
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Activation and impulsive coeflicients

|De Amicis+, 2506.21668]
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QNMs propagated signal: late times [De Amicis:, 2506.21668)

* Late times/ near horizon expansion

r<rLR _ ~ hereditary near—horizon
r mn+(t l/‘*) Afmn+ T Af mn=t

iR (1 — ) Z £mn€ 7 Divergence regularized in full QNMs signal, |

| originates redshift terms, k, = 1/(2r,) |
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QNMs propagated signal: late times [De Amicis:, 2506.21668)

* Late times/ near horizon expansion

r<rLR _ ~ hereditary near—horizon
r mn+(t l"*) Afmn+ T Af mn=t

t_ *k ] ° ° ° °
;;%i(f — 1) Z Cmn+C 3 () Divergence regularized in full QNMs signal,

originates redshift terms, k, = 1/(2r;)

\PQNM

Cmnxt

* Signal at late-times is regular:

‘m mn=t ‘mn=t 7.m
nt Jj=0

pQNM, late tlmCS(t — 1) = Z ( Aheredltary n Anear—horizon) 0 "0y (1=1) T Z Aredshift , —(j+D,(t—rs)
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QNMs propagated signal: late times [De Amicis:, 2506.21668)

* Late times/ near horizon expansion

r<rLR _ ~ hereditary near—horizon
r mn+(t l"*) Afmn+ T Af mn=t

L (t—1) : : : :
;;%i(f — 1) Z Cmn+C 3 O Divergence regularized in full QNMs signal,

originates redshift terms, k, = 1/(2r;)

* Signal at late-times is regular:

pQNM, late timGS(t — 1) = Z ( Aheredltary n Anear—horizon) 0 "0y (1=1) T Z Aredshift , —(j+D,(t—rs)

m mn+ Cmnzt Jj,em
nt Jj=0

, * Redshift identically cancelled once summing over all QNM contributions
> A [Kll“tl+ 2606 07175]
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Ringdown models: refined version H W C a

Stationary ringdown template:

hfm(T ) = O

| improveit |

_Tstart) 3

Work from perturbative, extreme mass-ratio limit

i) Model the ringdown as dynamically excited by the two-body problem s 0 oo

n,=xt
ii) Constant-amplitude model only valid at late times, clear dependence on inspiral 2-body
|De Amicis+, 2506.21668]

pQNM, late tlIIl@S(t — 1) = Z ( A hereditary Anear—horizon) o Oy (1=1)

m mnxt Cmnt
nx
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Ringdown models: refined version

Work from perturbative, extreme mass-ratio limit

. . . . |De Amicis+, 2506.21668]
i) Model the ringdown as dynamically excited by the two-body problem ' [De Amicis, 2605.16492]

n,t

ii) Constant-amplitude model only valid at late times, clear dependence on inspiral 2-body
|De Amicis+, 2506.21668]

pQNM, late t1mes(t — 1) = Z ( Aheredltary 1 Anear—horizon) o 1Oy (1=T+)

m fmnxt mnxt
nxt

T [Kuntz, 251017954 |
i ibuti : [Arnaudo . 2510.18956] 1
i) Other linear contributions at early times D naudor, 2310189001 |
[Su. 2601.22015] |

. IMa, 2604.086301] |

49
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OQNMs propagated signal: plunge-merger-ringdown

‘P?nle = Z e 'O emn(171) S — [Cfmni(t — 1) F Ly (f — I’*)]

oo P
213 201 2,001 2.000 4.75 408 300 213 201 2001 2.000
=== Numerical
N=0
‘ N=1
N=2
‘ N=3
f N=4
| N=5
N=6
| 5 :r’ —— N=7 | &
25 -0 £ 0z 10 20 30 50 25 <10 £ 0z 10 20 30 50
T—TIR T—1TLR

* Prompt contribution needed before bounce 7. = 0 crossing
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Basic tool: Green’s function

Re(h77) Re(h2y)

Re(/122)

Green'’s function: [0% — di + me(r*)] G, (1,1, 1) = 0(t — t')0(r« — 14")

Dictates how perturbations propagate on the curved background

0.002
0.000 - J\p; _
@\
@\
ANy
—0.002 - —
r'=10
—0.004 -
0 100 200 300 400 500 600 700
0.002
0.000 \fV~ _
@\
@\
ANy
—0.002 - —
r' =50
—0.004 -
0 100 200 300 400 500 600 700
0.002
0.000 + va~ _
@\
@\
ANy
—0.002 - —
r' =200
—0.004 -
0 100 200 300 400 500 600 700

T — Tpeak

1072 $—3
107 1 ]

1078 {Bdacat

1071

0 100 200 300 400 500 600 700
10_2 " .

10-5 4§

10 {} .
/| N NP

10—11

10_2 _ " BT ada 2. e o e B e e
¥ ¢

10—5-f

3 3

10—11

0 100 200 300 400 500 600 700
T — Tpeak
51

tEarly times ~—

. .longer the further r,’ ,'_

prompt response: |

» Need a closed form model

| Kuntz, 2510.17954 |

| Arnaudo+, 2510.18956 |

|De Amicis, Cannizzaro, 2601.11706]
|Su+, 2601.22015|

|Ma, 2604.08680 |

| Motohashi+, 2605.01964 |
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Some useful equations [De Amicis +, 2601.11706]

. o0 . o0

l : N~ l : N~

G p ot = 1T ”@:2—,,[ dw =G, (w5 14, ’”4”2—[ dw e 0G5 1., 1)
— o0 TJ)_w
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Some useful equations [De Amicis +, 2601.11706]

. o0 . o0

l . / ~ l . / ~

Gfm, r*>r>{<(t — 1 Tl Vé) — J do e—la)(t—r*—t )Gl(a); V., 7’4) 4 J do e—la)(t—r*—t)Gz(a); Vi, I”;)
2T . 2T P

e Post-Minkowskian limit |o | < 1

%
G~1(a); Viey Vi) R ZA(])(a) Vi, T )a)_l_f + @[log(za)G)] + @[(a)G)O]

Branch. cut
Simple poles of on positive
order upto? + 1 Imaginary
axis
G rary » 3 AV @1y 4 Ollog(iwG)] + Ollog(~inG)] + Ol(@G)']

j=1

negative imaginary
axis
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Some useful equations [De Amicis +, 2601.11706]

. o0 . o0

l . / ~ l . / ~

Gfm, r*>r>{<(t — 1 Tl Vé) — J do e—la)(t—r*—t )Gl(a); V., l@@) 4 J do e—la)(t—r*—t)Gz(a); Vi, I”;)
2T oo 2T P

e Post-Minkowskian limit |o | < 1

P L :
"

Ollog(inG)] + O[(wG)"]

Branch cut
Simple poles of on positive
orderupto Z + 1 ‘ngxlilgafy

& |
Go(w; 1+, 14) R~ 2A2<J>(a); I, 1) @~ 7 H O[log(ioG)] + Ollog(—iwG)] + O[(wG)"]
! Branch cut on
negative imaginary
axis
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Some useful equations [De Amicis +, 2601.11706]

. o0 . o0

l . / ~ l . / ~

Gfm, r*>r>{<(t — 1 Tl 74) — J do e—la)(t—r*—t )Gl(a); V., l@;) 4 J do e—la)(t—r*—t)Gz(a); Vi, 7';)
2T oo 2T P

e Post-Minkowskian limit |0 | < 1

First to be activated u > u’

Gl(w; Fiy ) '.' Z Al(])(a); Viey Vi) w17 »
| =1 :

Simple poles of
orderupto? + 1

| & :'_
)‘ Z Az(f)(a); e, Fo) @1 | » Activated later u > V', cancels G contribution
L i=1

Gz(a), Vi, 72;) ~
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Corrected post-Minkowskian result [De Amicis+, 2601.11706]

G2t = 151 10) = 0 — u)OV' = 1) |po(r') + py(r)(u — w) + py(r)u — u')*

r'=50M
0.0 Fl
= — Numeorical ~_ //
S — O(w")
—0.51 - @(a)l)
— O(w?)
S @(0)3)
107" )
i
|
: :
R 1073 |
I
I
I
_5 | | | | | |
10 0 20 40 60 80 100
u—u(t',r)
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Corrected post-Minkowskian result

|De Amicis+, 2601.11706]

G235 ,(t = 11, 10) = O — )OO = ) |po(r) + py () — ) + pp(r)(u — u')*

0.0

Y21

—0.5

r'=50M

== == Numerical ~_/
— O(w")
— O(wh
— O(w?
— O(w>)

—p—p————_

20

40 60 30 100
u—u(t',r')
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* Expansion of Coulomb wave function

solution converges poorly

* Other spectral contribution to the
prompt neglected
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Small distances [De Amicis-, 2601.11706]

* [sa polynomial in u(t, r.) still a good description?

Fit with p, | ,(7') free parameters

Gyo5 (t— 1t re, 1) = Ou — u)OO' — u) |po(r') + py (X — u') + p,(r(u — u')?]

r'=10M r'=50M r'=200M

0.41:—:— Ringdownstart.

044 Fitend. time
------- Fitstart. time

0.4 :== == Num.
Fit

Yo
Yo

O.._._.—.-..__-._..- e w - - - - - s e EEEEEEEEEEEEEE®E -

|
|
.
|
10! Rl B
| | 1
= 10 T 10 i |
| | Ml
I i | II
: - : Y | : -
1073 - - - - — 1073 . : — , , | 10-5 . . _ 1 1
5 10 15 20 25 20 40 60 80 100 120 100 200 300 400
u—u(t',r’) u—u(t',r’) u—u(t',r')
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Prompt response: recent progress [Ma, 2604.08680]

Im w
/N

-  Rew Numerical integration in Schwarzschild of:
* Poleof G{(w; rs, 1) inw = 0
* Branch cut on positive imaginary axis in
~ G2(a)9 Vi, I@;)
(a) Gl(a), Vi, I”;)
Irrll\w
: > Re w

®) Go(w; Fs, T4)
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Prompt response: recent progress [Ma, 2604.08680]

Numerical integration in Schwarzschild of:

3
—pp Gi(@rer) o Pole of G(w; 1+, 1) inw = 0
21 T Gyw; 1 1) JNE s Bos T —
1t * Branch cut on positive imaginary axis in
0 GH(w; 1, 1)
O
_1 =
_2 =
_3 -
440
u
(b) ' =20
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Ringdown models: refined version

Work from perturbative, extreme mass-ratio limit

. . . . |De Amicis+, 2506.21668]
i) Model the ringdown as dynamically excited by the two-body problem ' [De Amicis, 2605.16492]

\P?nle(t - r*) — Z e_iwfmni(t_r*) Bfmni [Cfmni(t — 1) + ifmni(t o I”*)]

n,t

ii) Constant-amplitude model only valid at late times, clear dependence on inspiral 2-body
|De Amicis+, 2506.21668]

pQNM, late times(t — 1) = Z ( Ahereditary 1 Anear—horizon) o 1Oy (1= 1)

‘m mnzt fmnt
n=xt

iii) Prompt response relevant at early times,

* a possible contribution: [DeAmicis+,2601.11706] D
¢
- o
G}Z%e(t — e, 1) = 0(u—u)o(v' — u) X Z pi(r)(u —u'y
J=0

* Still missing full closed form
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