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Newtonian case

» Poisson equation: V2@ = 4nGp
p(.il_f) tidal field
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Newtonian case

» Poisson equation: V2@ = 4nGp
(:f) tidal field
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Relativistic case

« Metric and general relativity:

d = Juv - 5gtt polar & 5gt¢ axial perts
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Relativistic case

« Metric and general relativity:

) = Juv - 0gst polar & 0Gtp axial perts
1
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* Nonlinearities: r,/r non-linearities
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Relativistic case

« Metric and general relativity:

d = Juv - 5gtt polar & 5gt¢ axial perts

1
V2P = drGp = Gy [Q/W] — RIU/[QMV] — §9uuR[9w/] = 381G},

* Nonlinearities: [Poisson ‘20 & Poisson & Pitre ’25]

r,/r non-linearities

/

S ]i'5 S
5gtt_—r—+T252}20[(1+a1_‘|‘ )+k2—5(1+blr—+)]
T T T

~—

tidal field 5§tt solution of Guy[§uy] — () regular at the origin
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4 2 2
— & Yoo | (14 ) + k + ) + k3 +) 4 1+
\2220[( ) thag (L) R (L) + e (L)
quadratic tidal field quadratic Love number
- Controlled expansion parameters: r.& /6 &« Is < %9 <1
/’/0

« Expression not-gauge invariant. Ambiguity in definition of Love numbers. e.g. Gralla '17]



WO r‘ d ‘ i n e E FT [Goldberger & Rothstein ’04 + many others!]

- EFT of self-interacting gravitons coupled to classical worldline sources
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- From afar, everything looks point-like and localized on a center-of-mass worldline x*(A)
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- EFT of self-interacting gravitons coupled to classical worldline sources

S = Senul9u] + Swrlguw, 2" ()]

- From afar, everything looks point-like and localized on a center-of-mass worldline x*(A)

z"(A)
« Micro-structure modelled as series of multipole moments
quadrupole
SW1L, = /dT [M + Qi EY + Qijkv<iEjk> + magnetic + - - }
mass octupole
- Integrating out multipoles ;5 = Ao E;; + )\222Ei<jEik> + ...
linear response + quadratic + ... [De Luca, Khoury, Wong 23]
Swi, = /CZT M + XEi; EY 4 Ao Eij B, EF* + -+ ] /

linear LN quadratic LN




WO rl d ‘ I ne [ I_ | [Goldberger & Rothstein ’04 + many others!]

- EFT of self-interacting gravitons coupled to classical worldline sources

S = Senul9u] + Swrlguw, 2" ()]

- From afar, everything looks point-like and localized on a center-of-mass worldline x*(A)

2" (A)

« Micro-structure modelled as series of multipole moments

quadrupole
Swi, = /dT [M + QijEij + QLJ/€V<7’E‘7I€> + magnetic + - - }
mass octupole
8 5 5 )
Swi, = /dT [M -+ Z ()\é )(VE)% + )\é )(VB)§> (partity invariant
), operators)

+3 (A2E3>(VE)£1(VE)£2(VE)£3 N AéEB2)(VE)gl (VB)@(VB)%) 4 ]
A 1)

Coordinate-independent definition of Love numbers




Effect on the waveform
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Effect on the waveform

« Balance law for circular orbits:
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= binding energy £

= pseudo stress-energy tensor
= binary quadrupole moment
= energy flux F



Effect on the waveform

- Balance law for circular orbits: E=-F
| L
" m TP
m @ m; @ ® me @ @
(@) (b) (©
mo 6 Lmz ‘/ \‘J

- Waveform phase:  v(f) = (rGM f)/3

W(f) = 2m fte +

128nv° |—

= binding energy £

= pseudo stress-energy tensor
= binary quadrupole moment
= energy flux F

[Henry, Faye, Blanchet ’20;
Mandal, Mastrolia, et al. ’24]
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linear Love quadratic Love

Flanagan & Hinderer '07

Pani et al. ‘25



Effect on the waveform

- Equal stars (for simplicity): My = Ms
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Effect on the waveform

- Equal stars (for simplicity): My = Ms

2
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f/fmerger

- Dedicated analysis (including other sub-leading effects, such as dynamical tide) needed to
asses observability of effect



Computing relativistic Love Numbers

- Compute A s by matching stellar perturbation theory in GR to the EFT

UV: Full General Relativity (TOV egs.) IR: Worldline Effective Field Theory




Computing relativistic Love Numbers

- Compute A s by matching stellar perturbation theory in GR to the EFT

UV: Full General Relativity (TOV egs.) IR: Worldline Effective Field Theory

0 1 2) 0 1 2
GO +6G1) +5G2) = 87G <T§,) +0T(Y) + 5Tl§l)>

R g L
/d4:1: +/d7' (M + XoEi;EY + \oso Eij E7" B}

J
r> R (891 (A2)) mpr

<59£L2V) (A2, A222))EFT

\

A is gauge independent, but 5g/w must be A
()

matched choosing a gauge

See Ivanov, Parra-Martinez, Caron-Huot and many others for
amplitude-based approaches



EFT calculation

« Action S — SEH [g/ﬂ/] + SWL [g/u/a xu(A)]

SWL = /dT M + M Eij BV + Ao B B EM + -]
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EFT calculation
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EFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

SWL = / dr [M + Mo Eij EY 4 Xpgo B BV EM + -]

- Background-field method

Juv — §;u/ + /ih/,w — Nuv + H,Lw + K/hluy

Background tidal field G [_ ] — 0
(satisfies vacuum Einstein egs.) pv Ypv

- Gauge-fixing term (background de Donder)

_ _ _ 1 _
SGF — —/d4:c\/—§§“VFMF,/ , ', = ng' (Vpho']/ — §vl/hpo->

« One-point expectation value <hw/(x)> — /D[h] huv S Hap hap,z"”]

= all Feynman diagrams with one external leg of h/w



EFT calculation

- Action S = Seu|H,uv, hy| + Sar Huw, by + SwL Hpuws by, 2]

propagator & vertices

SWL = / dr [M + Mo Eij EY 4 Xpgo B BV EM + -]
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EFT calculation

- Action S = Seu|H,uv, hy| + Sar Huw, by + SwL Hpuws by, 2]

propagator & vertices

SWL = / dr [M + Mo Eij EY 4 Xpgo B BV EM + -]

o @ R O
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EFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

worldline couplings

SWL = /dT [M + )\QEZ]EM —+ )\222E23EjkEki + .. ]
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EFT calculation

« Action

S = Sgn [Hluy, huy] + Sar [Hluy, h,u,/] + Swi, [H/,LV) h,uy, gj:u]

worldline couplings

SWL = / dr [M + Mo Eij EY 4 Xpgo B BV EM + -]

M W, Ao 5 Aeey o,




EFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

Classical limit = no diagrams
with close loops of /1,




EFT calculation
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EFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]
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EFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

SWL = / dr [M + Mo Eij EY 4 Xpgo B BV EM + -]

5 5 10 8
(4=2) 9 R 4 R o P2 R
5gtt =T gQYQQ (1 + kg 7“_5> — T SQEQYQQ <1 -+ szr_5 -+ k2 TlO + GM 7“7 )

Accidental symmetry of static GR

Parra-Martinez, Podo, ‘25



Full GR calculation

- Tolman-Oppenheimer-Volkoff equations inside the star and vacuum Einstein equations outside

G =Ty = 387G [(p + p)uyty + PG
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- Tolman-Oppenheimer-Volkoff equations inside the star and vacuum Einstein equations outside

G =Ty = 387G [(p + p)uyty + PG

- Expand metric and fluid variables around background in the static limit (no time dependence)
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Full GR calculation

- Tolman-Oppenheimer-Volkoff equations inside the star and vacuum Einstein equations outside

G =Ty = 387G [(p + p)uyty + PG

- Expand metric and fluid variables around background in the static limit (no time dependence)

G = G2 (r) + 89, (1,0, 0) = g8 (r) + Dog, (1,0, ¢) + P9, (1,0, ) +

* Regge-Wheeler approach 5gW — 59;;, + 59,; [Regge & Wheeler ’57]
Og,, datde” = f(r)Ho(r)dt® + 2H, (r)dtdr + Ha(r)/ f(r)dr® + r° K (r)dQ?*] Yo,

« Solve Einstein equations perturbatively at linear and quadratic order, imposing regularity at the
star center and “continuity” at the star surface

G = G/w T+ (I)G/w + (Q)G/w T = _/w +{ pv T+ )T
WY + cWHL + CyMH) = 0 Linear  [Damour & Nagar '09]

(2)]_]6’ 4 01(2)]-](’) + CyPH, = S((l)HO * (1)H0) Quadratic



Full GR calculation

- Linear master equation: A — 1 M(r)

2 |r — M+ 2mr®(p— p)] r
r(r—2M)

(1)H6’ + (1)H6

A= 00+ 1)

(r —2M)p’ r2(r —2M)?

- Quadratic master equation:

2 [r — M + 2773 (p — ,5)]
r(r—2M)

{ drr(p+p)p 2M (=2rX 4+ 527r®p + 207 p) + 2r° X + AM? + 4wrt |p (167r2p — 9) — 5p]
A _

Lo, { drr(p+p)p 2M (=2rA +527r°p + 207r°p) + 2r2A + AM? + dmr® [p (1677%p — 9) — 5p)]

(r —2M)p’ r2(r — 2M)?

Example: Source for £ = 2 sourced by £ =2, 5, = 2

b=o

-

3 (M + 4nrp mr3(p + p 2rcc
S, = (V)2 + Oy 1y L (O { T

M + 47r3p

+7“—2M)

brr(p+p) M 2772 (T1p + 15p) + 3] — TM? + wr* [p (1767r2p — 27) — 15p] + 3r? }
2

c2(r —2M) r2(r —2M)



M atC h | N g at @ ( g) [Pani, Riva, Santoni, Savic, FV *25]

FUll GR: 6g4.=2) = £,Ya0 (1 - E) [7“(?“ —rs) + % Q3(2r/rs — 1)

r TS

r OH(r)
a=a(C,y) Y7 TOHy (r) r=R

R5
EFT: 6972 = 126, Y5 (1 + ko —5)

,

. a

+ Matchingatr > r;: & =&, ko = R5 = kg = k2(07 y)

8C>(1—2C)*[1+ (1 -2C)(1—y)]

ky —
> 10C[4C* — 4C3 +-26C2 — 24C + (4C* + 6C3 —22C2 +15C — 3) y + 6] + 15(1 — 2C)2log(1 — 2C)[1 + (1 —2C) (1 — y)]

[Hinderer ’06;
Damour & Nagar '09]



MatChIﬂg at @(%2) [Pani, Riva, Santoni, Savic, FV *25]

I's

Full GR: 5g(£ 2) — — E5Y5 (1 — —) [r(r — 1) + % Q%(QT/TS — 1)]
,rS

r

—I—ggcchYQo (1 — %) [617“(7“ — Ts) T C2 Q§(2T/T8 — 1) + Hgart(r)]

/

Oy
(1)H0(r)

C1,2 = 61,2(07 Y, Z) Y =

A

e (o)

r=R

5 5 10 8
5 (1=2) _ 2 h B g2l P2 A
EFT: 5gtt = r“&E9Y9 (1 + ko — 5 ) — T 5252Y20 (1 + ko 5 + k 7“10 + GM r7 )

- Matching at r > r.; = po =p2(CLy, 2)



Quad ratiC I_O\/e N u m ber [Pani, Riva, Santoni, Savic, FV ’25]

B Voite. 3 .
pr=— 2;1513(25);;3 ZA(C) 4+ B(C)log?(1 — 2C) + L(C, y)log(1 — 2C) + 2C§6Ki(C)y’

D(C,y) =2C{C[2C(C(2C(y+ 1) +3y—2) — 11y +13) +3(5y — 8)] — 3y + 6} +3(1 — 2C)*log(1 —2C)[2C(y — 1) —y+2] ,

A(C) = —7168(1 —2C)*C’ |
B(C,y) =216(1-2C)*(2C(y—1) —y+2)?,
L(C,y) =9(1-2C)*(2C(y - 1) =y +2)°
x {2C[2C(2C(8C(2C(y+1) 43y —2) + 15Ty — 141) — 615y + 788) + 687y — 1129] — 245(y — 2)} ,

Ko(C) = —9600C"" 4-35968C° — 44288C® +35712C7 +291312C° — 1125936C°
+1769544C* — 1486464C° 4-698016C* — 172944C + 17640 ,

K1 (C) = —9600C'" 4+ 10688C° +41344C® — 11776C7 — 914832C° +2932200C°
— 4069944C* +3043764C> — 1279980C + 285876C — 26460

K>(C) = 9600C" — 19200C° + 1632C® — 49632C" +916272C° —2491776C°
+3046572C* —2032164C° 4-769698C* — 156168C + 13230 ,

K3(C) =9600C"° 4-2496C° —7008C® +28176C" —297552C° + 689208C°
—741996C* +443154C° — 152106C> + 28233C — 2205 .



ReSU ‘tS [Pani, Riva, Santoni, Savic, FV ’25]

- “Realistic” equations of state

Linear Love Quadratic Love
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Results

 Polytropic equation of state:

Linear Love
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[Pani et al. ’25
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Quadratic Love
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Conclusion

- Obtained static quadratic tidal Love number of neutron stars by matching the
effective field theory with stellar perturbation theory at second-order

My = My =1.4Mg , C =0.1, pg/kgz
pp 2PN
6 | _M81 0.001}
5F SLy - pp 3PN___
af AR < 107
& & 3¢ ] § .
: I |
2 ] 10 ky
; | - tidal 1PN
't nE tidal 2PN
0:_ | | | | | 107°F P> (this work)
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 Future: Extend to odd modes and all multipoles, study observability including other
subdominant effects, going beyond static...



