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1. KdV hierarchy: tau-functions and wave functions
The Korteweg-de Vries (KdV) equation
U = UUg + Eux:rx

is a nonlinear evolutionary PDE, which can be extended to an infinite family
of pairwise commuting evolutionary PDEs called the KdV hierarchy.

Let us denote by L := 92 + 2u the Lax operator. The KdV hierarchy, in
the normalization of flows suggested by Witten, could be written as

1 2kt
b = fgpn (EF)e 2] k20
Explicitly,
Uty = Ug , Uty = Uy + EUMT
u2
Uty = ?uw + E(Quacuwz + uumw) + %uwaﬂmr PRI

Since uy, = uy, we simply identify ¢y with .



In 1978, Magri made a remarkable discovery that the KdV hierarchy possess
a bihamiltonian structure:

0 o [h 2 0 [ P

u :Pl(fm): 2(fm 1)7 mZO
Otm, ou(x) 2m+1 ou(x)

Here P, = 0,, P> = ud, + % + %82 are two compatible Hamiltonian

operators, h,, are differential polynomials called hamiltonian densities, and

%(I) denotes the variational derivative: for any differential polynomial f,

5F o~ o OF
Su(z) kzzo( 1 aﬁ(aukm)

Alternatively speaking, the bihamiltonian structure leads a way of con-
structing of the KdV hierarchy (Lenard—Magri scheme) starting from the
Casimir [h_y = [u of Pi. The first few h,, are

h h u? | Yae u? N uZ | Wlae | Ussss
1 =u ==+ -7, n=—+ s
! D DI R YR D 240

Notice that adding arbitrary total xz-derivatives in h,, does not change the
equations in the KdV hierarchy.
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Tau symmetry There exists a choice of the hamiltonian densities, s.t.

Ohy—1  Ohg
oty Oty

Vp,q=>0

We call such h,,, the tau-symmetric hamiltonian densities. There are sev-
eral concrete constructions for h,,. For examples: a) Lenard—Magri re-
cursion; b) product formula (see later); c) statistical physics (cf. [Balaz—
Bogojevi¢-Vidanovi¢—Pelster]); d) Seeley coefficients (coefficients of the
z — 0 asymptotics expansion of diagonal of the heat kernel, which, ac-
cording to Seeley, do not depend on boundary conditions of L), i.e

<T}sz (82 4-2u( z))|

m—2 5 h_g:=1

(cf. [Dubrovin—Zhang], [Polterovich], [Seeley], ...).

Other significant family of hamiltonian densities: Buryak—Rossi's recursion
(double ramification cycles, SFT)



Tau-function The tau symmetry property implies existence of differential
polynomials €2, 4, p,q > 0, symmetric w.r.t. exchanging p and g, s.t.
Ohp—1
Otq

0pg O,
ot, 0Ot

= Op (Qp,q) )

Therefore, for any solution w(¢) in the power series ring of t = (to,t1,t2,...)
to the KdV hierarchy, there exist a power series 7(t) such that

0?log 7(t)

ot,0t, Lo

We call 7(t) the Dubrovin—Zhang type tau-function of the solution u(t),
although 7(t) is uniquely determined by w(¢) still up to multiplying by a

factor of the form
exp <cl + Z Cm tm>

m>0



Bilinear equations We call a power series 7,(t) a Sato type tau-function of
the KdV hierarchy, if it satisfies the following Hirota bilinear equations:

-
res,—oo Ts(t — [271]) To(t + [271]) eXm20 i 222y = 0, Vi, ¢, p

Here t — [271] := (to — 27 1,t1 — 273, ta — 311275 ... ). Multiplying by a

factor of the form
exp (cl + Z Cm tm>

m>0
to 74(t) transforms a solution of the bilinear equations to another one.

For a Sato type tau-function 74(t), the series u := 92 (log 74(t)) satisfies
the KdV hierarchy. So we call 75(t) the Sato type tau-function of w.
Obviously, the above transformation keeps u invariant.

A proof of equivalence between Sato type and Dubrovin—Zhang type tau-
functions could be found in [Bertola-Dubrovin-Y. 16'].
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Wave functions Let 7(t) be a tau-function, and let u := 9%(log 5(t)).
According to Sato, the elements v and ™ defined by

-1 -3 -5
b = To(to — 271ty — 272ty = 327>, +) ptozttiz® /31144527 /5114
7s(t)

b = Ts(to +2 i+ 272t + 31270, ) o toz—t123/3l—t22° /511~
7s(t)

form a pair of wave and dual wave functions of u. Namely, they satisfy

the following defining equations for wave and dual wave functions

L(y) = Ay
1 2m41
e, = m([/ =), (@), k>0
L*(§%) = Ag”
. 1 4y 2l .
vy = —m((L) 2 )+(¢)7 k>0

and the pair condition that 9% (1) ¢* has residue 0 at z = oo for all 4.



Product formula (from a pair of wave functions to hamiltonian densities)
It is shown in [Dubrovin 75’, Babelon—Bernard—Talon 03'] the identity

2m+1 X
1+ Z 2m+2 'mlzww

m>0

It is useful to observe that under the freedom of a pair of wave functions
of a solution u

(¥, 0") = (9(2) ¥, 9" /9(2))
the RHS of the identity is invariant.

We will use this type of identities to the later proof of the algebraicity for
the whole A-series and the whole D-series.
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2. The Witten—Kontsevich theorem and its generalizations

In 1990, Witten proposed a famous conjecture, initiating the study of the
deep relationship between topology of the Deligne-Mumford moduli space

My, of stable algebraic curves and integrable hierarchies.

Witten's Conjecture (1990) The partition function Z of 1-class integrals
on My,

toooot
. exp( o et [

q1 qn
Pyt '1/)7;”)
91,15 ,qn >0 ' Mg.n

is a particular tau-function for the KdV hierarchy.

Witten's conjecture was first proved by Kontsevich, and is now well known
as the Witten—Kontsevich theorem.
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r-spin Witten conjecture Let [ = r — 1. The partition function Z_spin of
the integrals of the Witten class coupling -classes on M, ,,

Y91 L s dn

Zr—spin = eXp( Z nl <7—a1>Q1 e Tana‘]n>g>

951,415 ,qn >0

(Tar,qr " Tan,an)g = L ew (@, om) Y1t by
. Mg,'n,
is a particular tau-function for the Gelfand—Dickey hierarchy. Here and be-
low, free Greek indices take values from 1 to l, and the Einstein summation
convention is used for repeated Greek indices with one-up and one-down.

Moreover, Z satisfies the string equation

l
VA 1 VA
a,p - o, 0yr—a,0 __
Z t Otop—1 + 2 ;t ¢ - ot1,0

p=>1

The r-spin Witten conjecture is proved by Faber-Shadrin—Zvonkine. The
Witten—Kontsevich theorem corresponds to the special » = 2 case of the
Faber—Shadrin—Zvonkine theorem, in which ¢y = 1.
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The Witten class gives a particular cohomological field theory (CohFT).
More generally, consider CohFT, introduced by Kontsevich—Manin.

A CohFT of rank [ is a quadruple (Vl, (,), 1, Qg’n). Here V is a C-vector
space, (,) is a symmetric non-degenerate bilinear form, 1 is a particular
element in V, and {€Qg »}2g—24n>0 is a collection of linear maps from
Ve to HV" (M,,,; C), satisfying
Cl. Qg n is Sp-invariant, where the action of S,, permutes both the marked
points of M, ,, and the tensor products V®".
C2. Let e, be a basis of V. Denote 145 := (€q,€s), 1 = (Nag), (n°?) :=
n~!, and denote by ¢ and s the gluing maps
q: Mg_1nia = My

S M917n1+1 X Mgzv"2+1 — Mg:91+g2,n:n1+n2

Then it is required that V z,...,2, € V,

" Qg (@1, Tn) = Qg1 pyo(@l, .- --,ﬂcn,eayf’«ﬁ)naﬁ

ST Qg m(zy, zn) = Qg ny41(@1, -, rnl,ea)naﬂ gy, mo+1(€8 Tnyt1s s Tn)

C3. Let p: My 41 — My, denote the forgetful map. Then

Qg nt1(@1, - en, 1) = p Qg (e, ..., zn), Qo,3(x1,22,1) = n(zg,x2)
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Take e, a basis of V' with e; = 1. We can view V as the complex
manifold C'. Define a power series F' = F(v) € C[[v},...,9!]] by

VAL . O
E / QOn ealw---,ean) ol

n>3 Mo,n

We call F the genus-zero primary potential. Denote by B C C' the domain
of convergence for F' around v = 0.

We assume that B contains an open ball centered at v = 0.
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A CohFT (V,n,1,9,.,) is called homogeneous of charge d, if it satisfies

C4. There is a vector field E on B which for some choice of the basis e,
has the form

l
E=(1-%)v"04 + r*0s — Zuavaaa
a=1
and such that if we define the action of E on ) by

(B (€ars s ean) = (g0 + Q;Jn - iuai) (g (Cars s ear))
i=1
+ e (Qgnt1(€ars- -y €an, 77€a))
with gr being the grading operator
gro = q¢, if¢eH(Mgyu;C)
then

(E)gn = ((9=1)d+n)Qgn, Y29—2+n>0

16
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The n-point genus g correlators of the CohFT are defined by

(Tar,qr " Tan.an)g = /7 QgnlCays s ea,) Pf i
My .n

The genus g free energy is defined by

t&1,91 L %nsdn

’7:9 = Z Z T <7—0¢1,CI1 "'Tan7q71>g

n>0q1,...,qgn >0

The exponential
ezax0s = 7

is called the partition function of the CohFT.
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Let g be a simply-laced simple Lie algebra, with g = A;, D, or E;. Fan-
Jarvis—Ruan constructed from some simple singularity with certain sym-
metry group a rank [ homogeneous CohFT. This CohFT will be referred
to as the FJRW CohFT of g-type. The partition function of this CohFT
is shown to be a particular tau-function for the Drinfeld—Sokolov hierarchy
of g-type (cf. also Kac-Wikimoto hierarchy) (the ADE Witten conjecture);
see [Fan—Jarvis—Ruan, Fan—Francis—Jarvis—Merrell-Ruan, Dubrovin—-Liu—
Zhang, Liu—Ruan—Zhang, ...]. Based on this, Bertola—Dubrovin—Y. intro-
duced the matrix-resolvent method for computing these FJRW invariants;
more cases are considered in [Dubrovin—Valeri-Y., to appear].

Our main interest of this talk is about geometry and arithmetic of the
one-point FJRW invariants of g-type in all genera.



3. Frobenius Manifolds

A Frobenius algebra is a triple (V, 1, (, }), where V' is a commutative associative

algebra over C with unity 1, and (, ) : VxV — C is a symmetric non-degenerate

bilinear form satisfying (z-y,2) = (x,y-z). A Frobenius structure of charge d on

. 1 - . .

a complex manifold M" is a family of Frobenius algebras (1, M, 15, (, >p)p€M,

depending holomorphically on p and satisfying:

F1 The metric (, ) is flat. Let V denote the Levi-Civita connection of (, ).
Then the uint vector field 1 must satisfy V1 = 0.

F2 Define a 3-tensor field ¢ by ¢(X,Y,Z) := (X -Y,Z). Then the 4-tensor
field Vc must be symmetric.

F3 There exists a holomorphic vector field E on M, called the Euler vector
field, satisfying
VVE =0
[E, X -Y]-[E,X]'Y - X -[E)Y] = XY
E<Xa Y> - <[E3X]7Y> - <X7 [EaYD = (2 7d) <X3Y>

A complex manifold endowed with a Frobenius structure is called a Frobenius
manifold.
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Let M' be a Frobenius manifold. The Dubrovin connection is a one-
parameter family of affine connections on M:

VxY = VxY 4+ 2X-Y, z€eC

Dubrovin shows that V is flat jior any z, and extends V to a flat connection
on M x C*, still denoted by V, by

~ X 1 ~ ~
VazX = 887+EX7;‘UJX/ V@Zaz = 07 VXaZ =0

for X being an arbitrary horizontal holomorphic vector field. Here, p :=
224 _YE. We will assume that in some flat coordinate system (v!, ..., v!)
with 07 = 1, p is diagonal and E has the form

FE = Z ((17g7u(y)v°‘8(JZ + raaa)



A holomorphic function f(v;z) on M x C* is called V-flat, if

Vdf = 0
In the flat coordinate system (v!,...,v!), the flat section satisfies
dy
27— L,
v« #hay
d 1
2t
dz z

Here, (Ca)?/ = cg,y and Ug := Efcj5. The ODE system has a Fuchsian

singular point at z = 0 and an irregular singular point of Poincaré rank 1 at
z = 00. The monodromy data around z = 0 is then given by two constant
matrices u, R, satisfying

R* = _e‘n'iuR e—Triu
z“sz“ = Ro —+ Rlz —+ R222 —+ ...
[0, R) = kRr, k>0



Fix a choice of R. There locally exists a fundamental solution matrix ) (v; 2)
around z = 0 of the form

y(U;Z) _ @(U Z P R Z Om 771+/LZR

m>0
with ©(v; z) a matrix-valued analytic function on M x C satisfying
O(w;0) =1, n 'O —2)Tn0v;2) =1

This matrix-valued function ©(v; z) satisfies 902 (v;z) = 0“5 (v; 2).
So there locally exist holomorphic functions 6., (v; z) of the form 6., (v; z) =
Ym0 bry,m(v) 2™ such that

7 ap 00 (v; 2)

OB = 95 (v:2)

Hence the functions o1 (v; 2), ..., 0, (v; 2) defined by

(171(11; 2)y ey Op (v z)) = (91 (0;2),...,0;(v; z)) 2P

give a system of deformed flat coordinates on M x C*.



From the above construction, the functions 6, ., satisfy

aoeaﬁ (a'ymz,+1) = ng 00 (e'y,m)

E(@g@a,m) = (p—l—,ua—i-uﬁ) ag(ea,m) + Z (Rk)g aﬂ(977m_k)
1<k<m

890{,0 o

guB b

(V0o (v,2),Vls(v,—2)) = nap

One can further normalize 6, ., (v) by requiring

904,0 = Vg
al(ea,m+1) = aa,m

We call a choice of {64 1 }m>0 a calibration on M. A Frobenius manifold
with such a choice is called calibrated.



According to Kontsevich—Manin, the genus zero part of a homogeneous
CohFT (V,n,1,9q.) of charge d gives a Frobenius structure of charge d
on the convergence domain B. Indeed, take e; = 1,es,...,¢; a basis
of V. Define a metric (, ) on B and a multiplication “-" on the tangent
spaces of B by

(Oa,08) = Nap

OF

On +03,0y) == ——————

< > O) Qv dvP IvY
with F' being the genus zero primary potential of the CohFT. From the
definition we see that the metric (, ) is flat with (v!,...,v™) being a
system of flat coordinates. The axioms of the CohFT imply that the
multiplication “-" is associative and 0, is a unit vector field.
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For a calibrated Frobenius manifold M, Dubrovin defines an integrable
dispersionless hierarchy in terms of the calibration 6, ,,, by which the
genus zero free energy Fy is reconstructed.

For the case of a semisimple calibrated Frobenius manifold, Dubrovin—
Zhang and Givental independently reconstruct the higher genus free ener-
gies F, (g > 1) using two different approaches.

In the Dubrovin—Zhang approach, an integrable hierarchy (the Dubrovin—
Zhang hierarchy) is also constructed, such that the partition function of
the CohFT is a particular tau-function of the Dubrovin—Zhang hierarchy
(polynomiality of the Dubrovin—Zhang hierarchy and of its first Hamilto-
nian structure is proved by Buryak—Posthuma—Shadrin).



4. Topological ODE of g-type
Let g be a simply-laced simple Lie algebra of rank .

bh: Cartan subalgebra of g

A: the root system

II:simple roots

Ey, ..., E, Fy, ..., F;: Weyl generators
0: the highest root with respect to II
E_y: root vector associated to —6.

A = A(N): Kostant element, i.e., A(A) =3 Eo+AE_g

a=1

Topological ODE of g-type: dM()‘) = [M(X\),A(N)]
Dual topological ODE of g-type:

(990 5] + [0, 1] + 26 =

According to Bertola-Dubrovin=Y. ([IMRN 18', MMJ 21']), the FJRW
invariants of g-type can be obtained in a simple way from solutions to
topological and dual topological ODEs of g-type.

26
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By using the string equation and matrix-resolvents, Bertola-Dubrovin-Y.
[MMJ 21", IMRN 18'] also show that the top components ¢,, of the solu-
tions GG, to the dual topological ODE of g-type give the generating series
of the one-point FJRW invariants

mey

1\>—‘

€T xXr r
: wl + —— o ma+(r+1)w+1
¢a(r) T mu) xl F(%) wzz:op(x,u L
with
- ma+14+rw
Caw = (_1)mn+(7+1)w <Ta7mu+(r+1)w> (_T) 2 , w>0

By continuing this computation and by differentiating the dual topological
ODE sufficiently many times, Dubrovin-Y .-Zagier [arXiv:2101.10924] show
that ¢, itself satisfies a linear ODE with polynomial coefficients.



5. Algebraicity

Let us back to wave functions. In the A; case, Buryak gave a beautiful
computation of the wave functions based the Sato theory and obtains that

B (1% (6k)! s
Ylio = ;0 288k (3k)! (2k)! ~ "

(exponential of Faber-Zagier series) and 1*|;—o equaling RHS with z re-
placed by —z. Bertola—Y. generalized Buryak's result to A,_; for any r,
expressing wave functions as asymptotics of certain analytic generalized
Airy functions. Later in the proof for algebraicity, we describe briefly a new
unified method given by Dubrovin-Y.—Zagier of computing wave functions.

In the A; case, Bertola-Dubrovin-Y. [Physica D 16'] further computed
11* and obtained from this way, using Dixon's identities and contiguous
identities for hypergeometric series, the well-known formula

1
249 g!

(Bertola=Dubrovin=Y. [IMRN 21'] computed again the formula for (13,_2),
easily from solving the Airy resolvent.)

(T3g—2)g =



Theorem (A-series, Dubrovin—Y.—Zagier [arXiv:2101.10924]) Let m :=
[(2g — 1)/r|. Define ay(r) from the generating function

y(z) = ;ag(r) (20)% = 1 r;lmz n (7’—1)(7“?;3(?)(27‘—&—1) P

Here y(z) is the unique solution in 1 + x*Q[r][[z?]] of the equation

(y+a) ! — (y—ax)t!

—r—-—1=0
2x "

Then for all g > 1 with 2g — 1 # 0 (mod ),

(_1)m+g 7’1_9

T4, (9) = W%(’")

Forr >3, as g — oo with 2g — 1 # 0 (mod ), we have

ryVm
T T ()

For r = 2 the asymptotic formula is the same with an extra factor of 1/2.

2 -9
=

TA,_1(9) ~ (4r(r+ 1)

sin’ (%) )
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Theorem (D-series, DYZ [arXiv:2101.10924]) Let I > 4 be an integer and
r =2l —2. Set m :=[(29 — 1)/r]. Define ny(r) via

29 _ r+2 r+2)(r—6)2r+1) 4
y(t) = Y mg(nt* =1 - =t A )(5760)( )y

Here y(t) is the unique solution in 1 + t*> Q[r][[t]] to the equation

r/2 )
1 JHT/2 N ro2j 25 _
> 2j +1 ( 25 )y e -1=0

j=0
or alternatively t and y = y(t) are related algebraically by

grHl _ gor—1
»

tjy = Z—-2"", ¢
/v r+1

= (z-z7")""
Then for all g > 1 we have

() = ()™, ((221)

r

Forl >4, as g — oo, 7p,(g) is given asymptotically by

r+/m cos(T) 1 1

e T (= ey ? (47 +1)7 sin® (7))

s
For | = 4, the same, with an extra factor of 3.

TD; (g) ~




Proof For the A-series, using the properties of Dubrovin—Zhang type tau-
function and the string equation, we find that it suffices to compute the
residues

Resg, (9% + ra)™/"

Similarly, for the D-series, we need to compute the following residues:
. 1 1 m/r
Resy, (83’0 +rx— §r0; )

Using the product formula involving 1*, it then suffices to compute a
pair of wave functions. To do so we find a unified method without using
the Sato theory, which is essentially based on the M-bispectrality [DYZ,
PAMQ 20'] proposed in our proof of an explicit formula for the generating
series of P1-correlators.

The rest replies on hard computations.
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Indeed, consider the power series

r—1 4 (r—=12r+1) 3
=1 — — ...
w + u 6 u” + 7 U

defined by
wr+l
T
r(r+1) r r+1 2

and define coefficients C\(r, j) by
wit! —

1
1 Z Cp(r,j)u™"  (replace LHS by logw if j = —1)
n>0

the first few being Co(r,j) = 1, Ci(r,j) = 1 — =22, Ca(r,j) = @ +

=DCrtD)  Define f5(T) = 3 50(2k + D! Cax(r, j) (—=T)F. Then

72

o) fo(-T) = 3 (1~ 1;729)2‘9 (1= 29) 2 ay(r) T
[f% (T) f_%(*T)]even = Z (1 - %)QQ (1 —29) r*9 ny(r) T

The asymptotic formulas follow from algebraicity. The theorems are proved.



Remark For the A-series, based on matrix models, Brézin—Hikami and Liu-
Vakil-Xu obtain another nice and closed formula (explicit integral formula)
for the one-point r-spin invariants.
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Theorem (DYZ [arXiv:2101.10924]) Let g be a simple Lie algebra of type
Ay, Dy, or Eg, and B the Frobenius manifold of g-type. Take v =
(v1,...,v;) the flat coordinates on B and (0o m)a=1,...1,m>0 the unique
calibration of B. Denote v}, = (Ta.m. ). Then the following identity holds:

<Ta,ma+(r+1)m> = e(x,m(v*) 5 vm 2 0
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Example Dy.

Fo— l(vl)Q 8 lvl W?)? + i(v2)3v3 i i(v2)2( OE *)7
2 2 36 216 272160
1 343
v 23, (v) 2
* (2 2" T e )( )
9(1,0 = Va = ﬂaﬁi}ﬁ
2\2 4\2
v v
91,1 — ( 2) + ( 2) +’U1’U37
6 — 1 ’Uz(’US)3 + i(v2)2 US _ iv3(v4)2 +’U1'U2
17 108 12 12 ’
() 1 aoiso 1og0 40 (007 1 5 4 (v)?
0 = _
1= 3ags0 T 7z(V ) () H V) 4 e — i)+ 5
T ﬁv‘l(v?’)‘& B %v2v3v4+vlv4
Take v = %,vg =0,v; = 401%,1)2{ = 0. One can do verification by comparing
g 0112 3 4 5 6 7 8 9
70,(9) [ 1| 5| 0| 10833 | 132473 | O | Tevesosoroo | ssoos0ssss | O | s0ar1i 70086730

One-point FJRW invariants of Dy-type
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Thank You For Your Attention!
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