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1. KdV hierarchy: tau-functions and wave functions

The Korteweg-de Vries (KdV) equation

ut = uux +
1

12
uxxx

is a nonlinear evolutionary PDE, which can be extended to an infinite family
of pairwise commuting evolutionary PDEs called the KdV hierarchy.

Let us denote by L := ∂2x + 2u the Lax operator. The KdV hierarchy, in
the normalization of flows suggested by Witten, could be written as

Ltk =
1

(2k + 1)!!

[(
L

2k+1
2

)
+
, L
]
, k ≥ 0

Explicitly,

ut0 = ux , ut1 = uux +
1

12
uxxx

ut2 =
u2

2
ux +

1

12
(2uxuxx + uuxxx) +

1

240
uxxxxx , . . .

Since ut0 = ux, we simply identify t0 with x.
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In 1978, Magri made a remarkable discovery that the KdV hierarchy possess
a bihamiltonian structure:

∂u

∂tm
= P1

(δ ∫ hm
δu(x)

)
=

2

2m+ 1
P2

(δ ∫ hm−1
δu(x)

)
, m ≥ 0

Here P1 = ∂x, P2 = u∂x + ux
2 + 1

8∂
3
x are two compatible Hamiltonian

operators, hm are differential polynomials called hamiltonian densities, and
δ

δu(x) denotes the variational derivative: for any differential polynomial f ,

δ
∫
f

δu(x)
:=

∑
k≥0

(−1)k ∂kx

( ∂f

∂ukx

)
Alternatively speaking, the bihamiltonian structure leads a way of con-
structing of the KdV hierarchy (Lenard–Magri scheme) starting from the
Casimir

∫
h−1 =

∫
u of P1. The first few hm are

h−1 = u , h0 =
u2

2
+
uxx
12

, h1 =
u3

6
+
u2x
24

+
uuxx
12

+
uxxxx
240

, . . .

Notice that adding arbitrary total x-derivatives in hm does not change the
equations in the KdV hierarchy.
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Tau symmetry There exists a choice of the hamiltonian densities, s.t.

∂hp−1
∂tq

=
∂hq−1
∂tp

, ∀ p, q ≥ 0

We call such hm the tau-symmetric hamiltonian densities. There are sev-
eral concrete constructions for hm. For examples: a) Lenard–Magri re-
cursion; b) product formula (see later); c) statistical physics (cf. [Balaž–
Bogojević–Vidanović–Pelster]); d) Seeley coefficients (coefficients of the
z → 0 asymptotics expansion of diagonal of the heat kernel, which, ac-
cording to Seeley, do not depend on boundary conditions of L), i.e.,〈

x
∣∣e−z (∂2

x+2u(x))
∣∣x〉 ∼ 1√

4πz

∑
m≥0

zm hm−2 , h−2 := 1

(cf. [Dubrovin–Zhang], [Polterovich], [Seeley], . . . ).

Other significant family of hamiltonian densities: Buryak–Rossi’s recursion
(double ramification cycles, SFT)
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Tau-function The tau symmetry property implies existence of differential
polynomials Ωp,q, p, q ≥ 0, symmetric w.r.t. exchanging p and q, s.t.

∂hp−1
∂tq

= ∂x
(
Ωp,q

)
,

∂Ωp,q
∂tr

=
∂Ωp,r
∂tq

Therefore, for any solution u(t) in the power series ring of t = (t0, t1, t2, . . . )
to the KdV hierarchy, there exist a power series τ(t) such that

∂2 log τ(t)

∂tp∂tq
= Ωp,q

We call τ(t) the Dubrovin–Zhang type tau-function of the solution u(t),
although τ(t) is uniquely determined by u(t) still up to multiplying by a
factor of the form

exp

(
c−1 +

∑
m≥0

cm tm

)
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Bilinear equations We call a power series τs(t) a Sato type tau-function of
the KdV hierarchy, if it satisfies the following Hirota bilinear equations:

resz=∞ τs(t− [z−1]) τs(t
′ + [z−1]) e

∑
m≥0

tm−t′m
(2m+1)!! z2p dz ≡ 0 , ∀ t, t′, p

Here t − [z−1] := (t0 − z−1, t1 − z−3, t2 − 3!!z−5, · · · ). Multiplying by a
factor of the form

exp

(
c−1 +

∑
m≥0

cm tm

)
to τs(t) transforms a solution of the bilinear equations to another one.

For a Sato type tau-function τs(t), the series u := ∂2x(log τs(t)) satisfies
the KdV hierarchy. So we call τs(t) the Sato type tau-function of u.
Obviously, the above transformation keeps u invariant.

A proof of equivalence between Sato type and Dubrovin–Zhang type tau-
functions could be found in [Bertola–Dubrovin–Y. 16’].
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Wave functions Let τs(t) be a tau-function, and let u := ∂2x(log τs(t)).
According to Sato, the elements ψ and ψ∗ defined by

ψ =
τs(t0 − z−1, t1 − z−3, t2 − 3!!z−5, · · · )

τs(t)
et0z+t1z

3/3!!+t2z
5/5!!+···

ψ∗ =
τs(t0 + z−1, t1 + z−3, t2 + 3!!z−5, · · · )

τs(t)
e−t0z−t1z

3/3!!−t2z5/5!!−···

form a pair of wave and dual wave functions of u. Namely, they satisfy
the following defining equations for wave and dual wave functions

L(ψ) = λψ

ψtm =
1

(2m+ 1)!!

(
L

2m+1
2

)
+

(ψ) , k ≥ 0

L∗(ψ∗) = λψ∗

ψ∗tm = − 1

(2m+ 1)!!

(
(L∗)

2m+1
2

)
+

(ψ∗) , k ≥ 0

and the pair condition that ∂ix(ψ)ψ∗ has residue 0 at z =∞ for all i.
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Product formula (from a pair of wave functions to hamiltonian densities)
It is shown in [Dubrovin 75’, Babelon–Bernard–Talon 03’] the identity

1 +
∑
m≥0

(2m+ 1)!!

z2m+2
hm−1 = ψ ψ∗

It is useful to observe that under the freedom of a pair of wave functions
of a solution u

(ψ,ψ∗) 7→
(
g(z)ψ,ψ∗/g(z)

)
the RHS of the identity is invariant.

We will use this type of identities to the later proof of the algebraicity for
the whole A-series and the whole D-series.
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2. The Witten–Kontsevich theorem and its generalizations

In 1990, Witten proposed a famous conjecture, initiating the study of the
deep relationship between topology of the Deligne–Mumford moduli space
Mg,n of stable algebraic curves and integrable hierarchies.

Witten’s Conjecture (1990) The partition function Z of ψ-class integrals
on Mg,n

Z := exp

( ∑
g,n,q1,...,qn≥0

tq1 · · · tqn
n!

∫
Mg,n

ψq11 · · ·ψqnn

)

is a particular tau-function for the KdV hierarchy.

Witten’s conjecture was first proved by Kontsevich, and is now well known
as the Witten–Kontsevich theorem.
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r-spin Witten conjecture Let l = r− 1. The partition function Zr−spin of
the integrals of the Witten class coupling ψ-classes on Mg,n

Zr−spin := exp

( ∑
g,n,q1,...,qn≥0

tα1,q1 · · · tαn,qn
n!

〈τα1,q1 · · · ταn,qn〉g

)

〈τα1,q1 · · · ταn,qn〉g :=

∫
Mg,n

cW (α1, . . . , αn)ψi11 · · ·ψinn

is a particular tau-function for the Gelfand–Dickey hierarchy. Here and be-
low, free Greek indices take values from 1 to l, and the Einstein summation
convention is used for repeated Greek indices with one-up and one-down.
Moreover, Z satisfies the string equation

∑
p≥1

tα,p
∂Z

∂tα,p−1
+

1

2

l∑
α=1

tα,0tr−α,0 =
∂Z

∂t1,0

The r-spin Witten conjecture is proved by Faber–Shadrin–Zvonkine. The
Witten–Kontsevich theorem corresponds to the special r = 2 case of the
Faber–Shadrin–Zvonkine theorem, in which cW = 1.
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The Witten class gives a particular cohomological field theory (CohFT).
More generally, consider CohFT, introduced by Kontsevich–Manin.

A CohFT of rank l is a quadruple
(
V l, 〈, 〉,1,Ωg,n

)
. Here V is a C-vector

space, 〈, 〉 is a symmetric non-degenerate bilinear form, 1 is a particular
element in V , and {Ωg,n}2g−2+n>0 is a collection of linear maps from
V ⊗n to Heven

(
Mg,n;C

)
, satisfying

C1. Ωg,n is Sn-invariant, where the action of Sn permutes both the marked
points of Mg,n and the tensor products V ⊗n.

C2. Let eα be a basis of V . Denote ηαβ := 〈eα, eβ〉, η = (ηαβ),
(
ηαβ

)
:=

η−1, and denote by q and s the gluing maps

q : Mg−1,n+2 →Mg,n

s : Mg1,n1+1 ×Mg2,n2+1 →Mg=g1+g2,n=n1+n2

Then it is required that ∀ x1, . . . , xn ∈ V ,

q
∗

Ωg,n(x1, . . . , xn) = Ωg−1,n+2(x1, . . . , xn, eα, eβ) η
αβ

s
∗

Ωg,n(x1, . . . , xn) = Ωg1,n1+1(x1, . . . , xn1 , eα) η
αβ

Ωg2,n2+1(eβ, xn1+1, . . . , xn)

C3. Let p :Mg,n+1 →Mg,n denote the forgetful map. Then

Ωg,n+1(x1, . . . , xn, 1) = p
∗

Ωg,n(x1, . . . , xn) , Ω0,3(x1, x2, 1) = η(x1, x2)
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Take eα a basis of V with e1 = 1. We can view V as the complex
manifold Cl. Define a power series F = F (v) ∈ C[[v1, . . . , vl]] by

F :=
∑
n≥3

∫
M0,n

Ω0,n(eα1
, . . . , eαn)

vα1 · · · vαn
n!

We call F the genus-zero primary potential. Denote by B ⊂ Cl the domain
of convergence for F around v = 0.

We assume that B contains an open ball centered at v = 0.
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A CohFT
(
V, η,1,Ωg,n

)
is called homogeneous of charge d, if it satisfies

C4. There is a vector field E on B which for some choice of the basis eα
has the form

E =
(
1− d

2

)
vα ∂α + rα ∂α −

l∑
α=1

µα v
α ∂α

and such that if we define the action of E on Ω by

(E(Ω))g,n(eα1 , . . . , eαn) :=
(

gr +
2− d

2
n−

n∑
i=1

µαi

)
(Ωg,n(eα1 , . . . , eαn))

+ p∗
(
Ωg,n+1

(
eα1 , . . . , eαn , r

αeα
))

with gr being the grading operator

grφ := q φ , if φ ∈ H2q(Mg,n;C)

then

(E(Ω))g,n =
(
(g − 1) d+ n

)
Ωg,n , ∀ 2g − 2 + n > 0
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The n-point genus g correlators of the CohFT are defined by

〈τα1,q1 · · · ταn,qn〉g :=

∫
Mg,n

Ωg,n(eα1
, . . . , eαn)ψq11 · · ·ψqnn

The genus g free energy is defined by

Fg :=
∑
n≥0

∑
q1,...,qn≥0

tα1,q1 · · · tαn,qn
n!

〈τα1,q1 · · · ταn,qn〉g

The exponential
e
∑
g≥0 Fg =: Z

is called the partition function of the CohFT.
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Let g be a simply-laced simple Lie algebra, with g = Al, Dl, or El. Fan–
Jarvis–Ruan constructed from some simple singularity with certain sym-
metry group a rank l homogeneous CohFT. This CohFT will be referred
to as the FJRW CohFT of g-type. The partition function of this CohFT
is shown to be a particular tau-function for the Drinfeld–Sokolov hierarchy
of g-type (cf. also Kac–Wikimoto hierarchy) (the ADE Witten conjecture);
see [Fan–Jarvis–Ruan, Fan–Francis–Jarvis–Merrell–Ruan, Dubrovin–Liu–
Zhang, Liu–Ruan–Zhang, . . . ]. Based on this, Bertola–Dubrovin–Y. intro-
duced the matrix-resolvent method for computing these FJRW invariants;
more cases are considered in [Dubrovin–Valeri–Y., to appear].

Our main interest of this talk is about geometry and arithmetic of the
one-point FJRW invariants of g-type in all genera.
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3. Frobenius Manifolds

A Frobenius algebra is a triple (V,1, 〈 , 〉), where V is a commutative associative
algebra over C with unity 1, and 〈 , 〉 : V ×V → C is a symmetric non-degenerate
bilinear form satisfying 〈x·y, z〉 = 〈x, y·z〉. A Frobenius structure of charge d on
a complex manifold M l is a family of Frobenius algebras

(
TpM,1p, 〈 , 〉p

)
p∈M ,

depending holomorphically on p and satisfying:

F1 The metric 〈 , 〉 is flat. Let ∇ denote the Levi–Civita connection of 〈 , 〉.
Then the uint vector field 1 must satisfy ∇1 = 0.

F2 Define a 3-tensor field c by c(X,Y, Z) := 〈X · Y,Z〉. Then the 4-tensor
field ∇c must be symmetric.

F3 There exists a holomorphic vector field E on M , called the Euler vector
field, satisfying

∇∇E = 0

[E,X · Y ]− [E,X] · Y − X · [E, Y ] = X · Y
E 〈X,Y 〉 − 〈[E,X], Y 〉 − 〈X, [E, Y ]〉 = (2− d) 〈X,Y 〉

A complex manifold endowed with a Frobenius structure is called a Frobenius

manifold.
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Let M l be a Frobenius manifold. The Dubrovin connection is a one-
parameter family of affine connections on M :

∇̃XY := ∇XY + z X · Y , z ∈ C

Dubrovin shows that ∇̃ is flat for any z, and extends ∇̃ to a flat connection
on M × C∗, still denoted by ∇̃, by

∇̃∂zX :=
∂X

∂z
+ E ·X − 1

z
µX , ∇̃∂z∂z := 0 , ∇̃X∂z := 0

for X being an arbitrary horizontal holomorphic vector field. Here, µ :=
2−d
2 −∇E. We will assume that in some flat coordinate system (v1, . . . , vl)

with ∂1 = 1, µ is diagonal and E has the form

E =
∑

1≤α≤l

((
1− d

2 − µα
)
vα ∂α + rα ∂α

)
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A holomorphic function f(v; z) on M × C∗ is called ∇̃-flat, if

∇̃df = 0

In the flat coordinate system (v1, . . . , vl), the flat section satisfies

∂y

∂vα
= z Cα y

dy

dz
=
(
U +

µ

z

)
y

Here, (Cα)βγ := cβαγ and Uαβ := Eρcαρβ . The ODE system has a Fuchsian
singular point at z = 0 and an irregular singular point of Poincaré rank 1 at
z =∞. The monodromy data around z = 0 is then given by two constant
matrices µ,R, satisfying

R∗ = −eπiµRe−πiµ

zµRz−µ = R0 + R1z + R2z
2 + . . .

[µ,Rk] = k Rk , k ≥ 0

21 / 36



Fix a choice ofR. There locally exists a fundamental solution matrix Y(v; z)
around z = 0 of the form

Y(v; z) = Θ(v; z) zµzR =
∑
m≥0

Θm(v) zm+µzR

with Θ(v; z) a matrix-valued analytic function on M × C satisfying

Θ(v; 0) ≡ I , η−1Θ(v;−z)T ηΘ(v; z) ≡ I

This matrix-valued function Θ(v; z) satisfies ∂βΘα
γ (v; z) = ∂αΘβ

γ (v; z).
So there locally exist holomorphic functions θγ(v; z) of the form θγ(v; z) =∑
m≥0 θγ,m(v) zm such that

ηαβ
∂θγ(v; z)

∂vβ
= Θα

γ (v; z)

Hence the functions ṽ1(v; z), . . . , ṽn(v; z) defined by(
ṽ1(v; z), . . . , ṽn(v; z)

)
=
(
θ1(v; z), . . . , θl(v; z)

)
zµzR

give a system of deformed flat coordinates on M × C∗.
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From the above construction, the functions θα,m satisfy

∂α∂β
(
θγ,m+1

)
= cσαβ ∂σ

(
θγ,m

)
E
(
∂βθα,m

)
= (p+ µα + µβ) ∂β

(
θα,m

)
+

∑
1≤k≤m

(Rk)γα ∂β
(
θγ,m−k

)
∂θα,0
∂vβ

= ηαβ

〈∇θα(v, z),∇θβ(v,−z)〉 = ηαβ

One can further normalize θα,m(v) by requiring

θα,0 = vα

∂1
(
θα,m+1

)
= θα,m

We call a choice of {θα,m}m≥0 a calibration on M . A Frobenius manifold
with such a choice is called calibrated.
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According to Kontsevich–Manin, the genus zero part of a homogeneous
CohFT

(
V, η,1,Ωg,n

)
of charge d gives a Frobenius structure of charge d

on the convergence domain B. Indeed, take e1 = 1, e2, . . . , el a basis
of V . Define a metric 〈 , 〉 on B and a multiplication “ · ” on the tangent
spaces of B by

〈∂α, ∂β〉 := ηαβ

〈∂α · ∂β , ∂γ〉 :=
∂3F

∂vα∂vβ∂vγ

with F being the genus zero primary potential of the CohFT. From the
definition we see that the metric 〈 , 〉 is flat with (v1, . . . , vn) being a
system of flat coordinates. The axioms of the CohFT imply that the
multiplication “ · ” is associative and ∂1 is a unit vector field.
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For a calibrated Frobenius manifold M , Dubrovin defines an integrable
dispersionless hierarchy in terms of the calibration θα,m, by which the
genus zero free energy F0 is reconstructed.

For the case of a semisimple calibrated Frobenius manifold, Dubrovin–
Zhang and Givental independently reconstruct the higher genus free ener-
gies Fg (g ≥ 1) using two different approaches.

In the Dubrovin–Zhang approach, an integrable hierarchy (the Dubrovin–
Zhang hierarchy) is also constructed, such that the partition function of
the CohFT is a particular tau-function of the Dubrovin–Zhang hierarchy
(polynomiality of the Dubrovin–Zhang hierarchy and of its first Hamilto-
nian structure is proved by Buryak–Posthuma–Shadrin).
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4. Topological ODE of g-type

Let g be a simply-laced simple Lie algebra of rank l.

h: Cartan subalgebra of g
4: the root system
Π:simple roots
E1, . . . , El, F1, . . . , Fl: Weyl generators
θ: the highest root with respect to Π
E−θ: root vector associated to −θ.

Λ = Λ(λ): Kostant element, i.e., Λ(λ) :=
∑l
α=1Eα + λE−θ

Topological ODE of g-type: dM(λ)
dλ =

[
M(λ),Λ(λ)

]
Dual topological ODE of g-type:[dG(x)

dx
,E−θ

]
+
[
G(x), I+

]
+ xG = 0

According to Bertola–Dubrovin–Y. ([IMRN 18’, MMJ 21’]), the FJRW
invariants of g-type can be obtained in a simple way from solutions to
topological and dual topological ODEs of g-type.
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By using the string equation and matrix-resolvents, Bertola-Dubrovin-Y.
[MMJ 21’, IMRN 18’] also show that the top components φα of the solu-
tions Gα to the dual topological ODE of g-type give the generating series
of the one-point FJRW invariants

φα(x) =
x−

1
r

Γ(mαr )
δα,l +

x
mα
r

Γ(mαr )

∑
w≥0

cα,w x
mα+(r+1)w+1

with

cα,w = (−1)mα+(r+1)w
〈
τα,mα+(r+1)w

〉
(−r)

mα+1+rw
2 , w ≥ 0

By continuing this computation and by differentiating the dual topological
ODE sufficiently many times, Dubrovin-Y.-Zagier [arXiv:2101.10924] show
that φα itself satisfies a linear ODE with polynomial coefficients.
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5. Algebraicity

Let us back to wave functions. In the A1 case, Buryak gave a beautiful
computation of the wave functions based the Sato theory and obtains that

ψ|t=0 =
∑
k≥0

(−1)k (6k)!

288k (3k)! (2k)!
z−3k

(exponential of Faber–Zagier series) and ψ∗|t=0 equaling RHS with z re-
placed by −z. Bertola–Y. generalized Buryak’s result to Ar−1 for any r,
expressing wave functions as asymptotics of certain analytic generalized
Airy functions. Later in the proof for algebraicity, we describe briefly a new
unified method given by Dubrovin–Y.–Zagier of computing wave functions.

In the A1 case, Bertola–Dubrovin–Y. [Physica D 16’] further computed
ψψ∗ and obtained from this way, using Dixon’s identities and contiguous
identities for hypergeometric series, the well-known formula

〈τ3g−2〉g =
1

24g g!

(Bertola–Dubrovin–Y. [IMRN 21’] computed again the formula for 〈τ3g−2〉g
easily from solving the Airy resolvent.)
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Theorem (A-series, Dubrovin–Y.–Zagier [arXiv:2101.10924]) Let m :=[
(2g − 1)/r

]
. Define ag(r) from the generating function

y(x) =
∑
g≥0

ag(r) (2x)2g = 1 − r − 1

6
x2 +

(r − 1)(r − 3)(2r + 1)

360
x4 + · · ·

Here y(x) is the unique solution in 1 + x2Q[r][[x2]] of the equation

(y + x)r+1 − (y − x)r+1

2x
− r − 1 = 0

Then for all g ≥ 1 with 2g − 1 6≡ 0 (mod r),

τAr−1
(g) =

(−1)m+g r1−g({
2g−1
r

})
m

ag(r)

For r ≥ 3, as g →∞ with 2g − 1 6≡ 0 (mod r), we have

τAr−1(g) ∼ r
√
π

√
r + 1

r−2
r

1

Γ
(
1−

{
2g−1
r

}) 1

Γ( 2g−1
r

)
g−

3
2

(
4 r (r + 1)

2
r sin2(π

r

))−g
For r = 2 the asymptotic formula is the same with an extra factor of 1/2.
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Theorem (D-series, DYZ [arXiv:2101.10924]) Let l ≥ 4 be an integer and
r = 2l − 2. Set m := [(2g − 1)/r]. Define ng(r) via

y(t) =
∑

ng(r) t
2g = 1 − r + 2

24
t2 +

(r + 2)(r − 6)(2r + 1)

5760
t4 + · · ·

Here y(t) is the unique solution in 1 + t2 Q[r][[t2]] to the equation

r/2∑
j=0

1

2j + 1

( j + r/2
2j

)
yr−2j t2j − 1 = 0

or alternatively t and y = y(t) are related algebraically by

t/y = Z − Z−1 , tr
Zr+1 − Z−r−1

r + 1
=
(
Z − Z−1)r+1

Then for all g ≥ 1 we have

τDl(g) = (−1)m+g r1−g ng(r)/
({2g − 1

r

})
m

For l > 4, as g →∞, τDl(g) is given asymptotically by

τDl(g) ∼
r
√
π cos(π

r
)

√
r + 1

r−2
r

1

Γ
(
1−

{
2g−1
r

}) 1

Γ( 2g−1
r

)
g−

3
2

(
4 r (r + 1)

2
r sin2(π

r

))−g
For l = 4, the same, with an extra factor of 3.
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Proof For the A-series, using the properties of Dubrovin–Zhang type tau-
function and the string equation, we find that it suffices to compute the
residues

Res∂x(∂rx + rx)m/r

Similarly, for the D-series, we need to compute the following residues:

Res∂x

(
∂rx + r x− 1

2
r ∂−1x

)m/r
Using the product formula involving ψψ∗, it then suffices to compute a
pair of wave functions. To do so we find a unified method without using
the Sato theory, which is essentially based on the M -bispectrality [DYZ,
PAMQ 20’] proposed in our proof of an explicit formula for the generating
series of P1-correlators.

The rest replies on hard computations.
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Indeed, consider the power series

w = 1 + u − r − 1

6
u2 +

(r − 1)(2r + 1)

72
u3 − · · ·

defined by
wr+1

r(r + 1)
− w

r
+

1

r + 1
=

u2

2

and define coefficients Cn(r, j) by

wj+1 − 1

j + 1
=
∑
n≥0

Cn(r, j)un+1 (replace LHS by logw if j = −1)

the first few being C0(r, j) = 1, C1(r, j) = j
2
− r−1

6
, C2(r, j) = j(j−r)

6
+

(r−1)(2r+1)
72

. Define fj(T ) =
∑
k≥0(2k + 1)!!C2k(r, j) (−T )k. Then

f0(T ) f0(−T ) =
∑
g≥0

(
1− 1− 2g

r

)
2g

(1− 2g) r2g ag(r)T
2g

[
f 1

2
(T ) f− 1

2
(−T )

]
even

=
∑
g≥0

(
1− 1− 2g

r

)
2g

(1− 2g) r2g ng(r)T
2g

The asymptotic formulas follow from algebraicity. The theorems are proved. �
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Remark For the A-series, based on matrix models, Brézin–Hikami and Liu–
Vakil–Xu obtain another nice and closed formula (explicit integral formula)
for the one-point r-spin invariants.
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Theorem (DYZ [arXiv:2101.10924]) Let g be a simple Lie algebra of type
Al, Dl, or E6, and B the Frobenius manifold of g-type. Take v =
(v1, . . . , vl) the flat coordinates on B and (θα,m)α=1,...,l,m≥0 the unique
calibration of B. Denote v∗α = 〈τα,mα〉. Then the following identity holds:

〈τα,mα+(r+1)m〉 = θα,m(v∗) , ∀m ≥ 0
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Example D4.

F =
1

2
(v1)2 v3 +

1

2
v1 (v2)2 +

1

36
(v2)3 v3 +

1

216
(v2)2 (v3)3 +

(v3)7

272160

+

(
v1

2
− 1

12
v2v3 +

(v3)3

216

)
(v4)2

θα,0 = vα = ηαβv
β

θ1,1 =
(v2)2

2
+

(v4)2

2
+ v1v3 ,

θ2,1 =
1

108
v2(v3)3 +

1

12
(v2)2 v3 − 1

12
v3(v4)2 + v1v2 ,

θ3,1 =
(v3)6

38880
+

1

72
(v2)2(v3)2 +

1

72
(v3)2(v4)2 +

(v2)3

36
− 1

12
v2(v4)2 +

(v1)2

2
,

θ4,1 =
1

108
v4(v3)3 − 1

6
v2v3v4 + v1v4

Take v∗1 = 1
3
, v∗2 = 0, v∗3 = 13

40824
, v∗4 = 0. One can do verification by comparing

g 0 1 2 3 4 5 6 7 8 9

τD4(g) 1 1
3

0 13
40824

13
122472

0 1433
16665989760

253
9999593856

0 33917
2041117097886720

One-point FJRW invariants of D4-type
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Thank You For Your Attention!
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