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Dubrovin-Frobenius Manifolds

A Dubrovin-Frobenius structure on the manifold M is the data
(M, o, <,>, e, E) satisfying:
@ 7:=<,> is a flat pseudo-Riemannian metric;

® e is product of Frobenius algebra on T,,M which depends
smoothly on m;

© e is the unity vector field for the product e and Ve = 0;
O V,c(x,y,z) is symmetric, where c(x,y,z) =< xey,z > ;

@ A linear vector field E € (M) must be fixed on M, i.e.
VVE = 0 such that:

Le <,>=(2-4d) <, >,
LE. = e,

Lre = —e.



Frobenius Manifolds as Orbit spaces

Theorem (Dubrovin Conjecture, Hertling 1999)

Any irreducible semisimple polynomial Dubrovin-Frobenius
manifold with positive invariant degrees is isomorphic to the orbit
space of a finite Coxeter group.

Main Point

Differential geometry of the orbit spaces of reflection groups and of
their extensions — Dubrovin-Frobenius manifolds.

Example: W is Extended affine Weyl Group [Dubrovin, Zhang
1998] and for Jacobi groups [Bertola 1999].



Problem Setting

Hon10 =2 CY/A, «———  Ho,=C"/A,

| !

Hl,n—l,O = (C”+3/L7(A~n) — Hl,n = Cn+2/u7(An)

® Ho,n, g=0, 1 pole of order n+1;
® Hopn—1,0 .8=0, 1 simple pole, 1 pole of order n;
©® Hin g=1, 1 pole of order n+1;
@ Hin-10. g=1, 1 simple pole, 1 pole of order n.



My results

Theorem (Almeida 2021)

The orbit space of the Extended affine Jacobi group J (A,,) has a
Dubrovin Frobenius manifold structure. Moreover, it is isomorphic
as Dubrovin Frobenius manifold to the Hurwitz space Hy n—10.



Dubrovin Frobenius structure on the Orbit space of J(A;)

For Hi0,0:
® ds? = 2dv3 — 2dv3 + 2dgdT
@ =
© E = pogt + o155
O Lg =1
O (t, 12,63, t) = (po + 201 1021 01, 15, 7)

B _ BA_0*F _ _ g°f
@ FO( - nau"? OthOt™ deg(goéﬁ)

_ 07(0,¢4
@ F(t', 62,63, t%) = L (t1)2e* — 2611283 — (¢2)2log(t?; (gt;t‘)‘))



Thank you!
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Fredholm one-dimensional boundary-value problem 2/7

Let (a,b) CR, {m,n,r, 1} CN, 1 <p <o, be given.

Linear boundary-value problem:

(Ly) + ZAr —j :f(t)v re (a7b)7 (1)

By =c, (2)

y(-) € (Wptrym A, () € (Wpy™m f(-) e (Wp), ce C,
B: (Wir)m — CL.

For the most general (generic) boundary-value problems in the Sobolev
spaces their Fredholm property is established and the index is found; in
terms of a specially introduced numerical characteristic matrix, the
dimensions of the kernel and cokernel of the problems are found; the limit
theorem for characteristic matrices of a sequence of the problems is
proved.



Parameterized boundary-value problem 3/7

Problem depending on a parameter € € [0, &)):

L(E)y(t’e) ;:y(r)(t’g) + iAr,j(t,E)y(r_j)(t,E) :f(ta S)a re (a7b)a (3)
=1

B(e)y(-:€) = c(e), (4)

where B(g): (Wi+rym — C™.

The criterion of continuity in a parameter of solutions to problems in
Sobolev spaces is found for all values 1 < p < o,

It is proved that the error and discrepancy of the solutions to problems
have the same order of smallness.



Multi-point boundary-value problem 4/7

For any € € [0, &), & > 0, we associate with the system (3)

multi-point Fredholm boundary condition

N a’j(£)n+r—1

Bey(,e)=Y Y Y BY ey wle).e) = qle), (5)

j=0 k=1 =0

where the numbers {N, w;j(€)} C N, vectors g(€) € C™, matrices
[3;2 (€) € C™, and points {#;,7ix(€)} C [a,b] are arbitrarily given.
Sufficient constructive conditions are established under which the
solutions to the problem (3), (5) are continuous with respect to the
parameter € at £ =0 in WI',‘“, 1 <p<oo.
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Thank you for attention.

Stay healthy!
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Super-Unitary Ensemble

Definitions and notations

(n,m) € N2, M € GL(C"™)

M superhermitian, i.e. M € H,
o Mt =M

A B ) .
° M—(C D),Aofsmenxn,Dof5|zem><m,

B of size n x m, C of size mx n

e A;;,Djj even Grassmannian variables

Bjj,Cjj odd Grassmannian variables



Partition function

Zn\m _ / dM ef(n+m) Str V(M)
H

nlm

M€ Hypm => M ~diag(\j,wj), i=1...nj=1...m

== anOC/ dAdwe=(1+m)?Ser(Aw)
r

with the effective action
n

Seff()\,w) = ! Z V()\,) —

n-+m#
i=1

2

—— ) log(Ai— ) -

2
(n t m) 1<i<j<n

+(n+2m)2 Z Z |og()\,- — wj-)

i=1 j=1

1
n+m

(n+m)?

' V(wj)

J

2 Z log(w; — wj)

1<i<j<m

m
=1



Saddle-point analysis / Large (n, m) limit

Saddle-point = Set of n + m equations:

Oy, Sefr =0
O Sefr = 0

with solutions (A}, w?)

Characteristic polynomials associated to (A*, w™*):

n n

o0 = [T =) = (T = M)

i=1 i=1 n—o0
m m

000 =0 = (TTtx - )

j=1 j=1



Hirota equation

P(x) = PA(x) — Pu(x)
where

1
n-+m

VI(x) = V'(A])
i=1 XA
1 & V(x) = V(W)
P, = J
(*) n+m Z X — wj’-‘

=J

\E

P)\(X) =

Hirota equation

V/

with the Hirota derivative defined as Dy(f.g) = f'g — fg’




Conclusion

x2

Gaussian case V(x) = %

@ Solutions related to generalized Hermite polynomials

@ Structure based on Painlevé IV

Form of the equation similar for Chern-Simons, S-ensemble matrix
models



Thank you!
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Neural Networks

A rough simulation of the human brain, consisting of various nodes and layers
Each “neuron” has weights

Are utilized in practice for a variety of purposes, such as computer vision
Different models include convolutional neural networks, recurrent neural
networks, etc.




Framework

e Given Hamiltonian or samples in latent space

e The neural network learns the natural Hamiltonian in real space and the
canonical transformation between the latent space and the real space
variables

e Loss function proposed: building integrable systems and demonstrate
successful unsupervised learning for the Toda lattice

’i= f.2+('.2. ‘, AuUXilary opace f
- z= {{ltc {v=l

: 01-=tan"(f.-/(i) .g—l [-1 '

x = {pnq}iL,



Purpose

The approach enables exploring new integrable systems without any prior
knowledge about the canonical transformation or any ansatz for the Lax pair.
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Higher order Airy equation

Airy equation is y” = xy. There exists a general form for this equation for

2n
higher derivative. For n € N*, ( d ) y(x) = (=1)""xy(x) and write

dx

1 [ 2n+1
Ain(x) = ;/ cos <2); 1 + xy | dy solution of this equation.
0

Let x € R. Introducing KJ; : L*((x,00)) — L*((x, 00)) operator with kernel

Kai, (u,v) = / Ain(u+ 2)Ain(v + z)dz; u,v > x
0

v

K3%;, is a hermitian trace class operator and 0 < K3, < 1 = Existence and
unicity of a determinantal point process

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



From Airy kernel to IIKS-integrable form

For n =1 we obtain the usual Airy kernel. This kernel has an IIKS-integrable
form
Air(u)Ai{(v) — Aij(u)Ai(v)

u—v

Kaiy (u,v) =

Using differential polynomial, we obtain a similar form for higher order kernel.

> (D" Ain () (= D) Ain(v)
Kai,(u,v) = (=1)"£=2 " JuU# v
Kai(u,u) = (=1)" ) (D> Aip(u))(—D)" Ain(u) Ju=v
£=0
= —uAin(u)? + (=1)" Y (D" Ain(u))(~D)" Ain(u)
(=1

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



Historical approach for Hamiltonian

In 1993, Tracy and Widom studied Airy kernel (the case for n = 1) and
obtained an Hamiltonian associated to this operator.

Defining g = (1 - 11{2,-1)71 Ai(x), p= (1 - 2,—1)71 Aif(x)

and u = <Ai1, (1- ;,.1)‘1Af1>, v = <Ai1, (1- 2,—1)_1Ai{>

Direct computations lead to 4 differential equations

"= p-qu

= xq+ pu—2qv
= —q2

"= —agp

/

/

<_S. T . Q

1 1
and the associated hamiltonian is H(q, p, u,v) = —§><q2 + §p2 — ugp + ¢°v.

Applying same method, Le Doussal, Majumbar and Schehr generalized this
hamiltonian structure for higher order Airy kernel in 2018.

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



A Riemann-Hilbert approach with 2n X 2n matrix

The Riemann Hilbert Problem associated to Kj; is the following :

Definition (RHP for Y)

We consider X = (x, c0) oriented from x to oo.

Y : C\(x,00) = M2,(C) is analytic.

Y has continuous boundary values Ya. They are in L?((x,00)) and they satisfy
Yi(2) = Y_(2)Jy(2) with Jy(z) = | — 2inf(z)g" (z) with

Ain(u) — A" (v)
Ail(u) AI',(,2"72)(V)
f(u) = : , g(v)=(-1)" :
Aif?" (u) —Ail(v)
A1) Ain(v)

Y(z)=1+ é + 0(272) (z = o0) and Y(z) = O(log(|z — x|)) (z = x)

From the theory of Riemann-Hilbert problem associated to integrable operator
we know a solution of the last RHP.

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



A Riemann-Hilbert approach with 2n X 2n matrix

Defining F(z) := (1 — K}, ) 'f(2).

[T FQe"(©)
Y(z):=1 /0 o

is a solution. Our goal is to obtain same equations as in TW and LDMS works
but directly with the RHP. Because of definition of f and F we see that Fj(x)
will play the role of g and p. For the analogue of u and v, with a small
computation for the asymptotic of Y we obtain a same kind of form for Yi i;.
In order to obtain differential equation for Y1, we look for a Lax pair for Y.
With a transformation ®, we obtain a RHP with constant jump on (x, co) (or
in (0,00) up to a translation) for ¥ = Y.

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



A Riemann-Hilbert approach with 2n X 2n matrix

Because of constant jump we obtain a Lax pair equation for W.

0 1 0
0 0 0 0 n 1
Ew: +(-1) +1[Y1,62n,1]+;A1 v
0 0 1
(=) (z+x) 0 0
0 1 0
0] 0 0 0 n
V= + (=1)"M Vi, en1] | W
0 0 1
(=) z+x) 0 0

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



A Riemann-Hilbert approach with 2n X 2n matrix

Thanks for the attention! :)

Chouteau Thomas amiltonian structure for h
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Hamiltonian of the rational Calogero—Moser system'

Hom = 5 sz-i- Z

1<z<n 1<i<j<n q _QJ
Observation ([wilson, '98])

The completed phase space C,, of the complex rational Calogero-Moser
system is a quiver variety.

— T

v/ Q----- > v
2| ¢ Q. oc—ps
double Wy,

Co ={XY —YX — WV =1d,}// GL.(C)



Quiver variety ~ Calogero-Moser system

a) |
spin ! ‘ cyclic
extension ... N igenerahsahon
A :
,,,,,,,,,,,,, !
b) d w
| ~—> @0——> |
| |
Ba— A
,,,,, —
cyclic spin
generalisation extension
a) rational CM system [Wilson,'98]
b) spin CM system [Bielawski-Pidstrygach,’11], [Tacchella,’15], [Wilson,'15]

c,d) (spin) cyclic CM system  [Chalykh-Silantyev,’17], [F.-Gorbe, 21]



Multiplicative quiver variety ~ Ruijsenaars-Schneider system

_ a) !
spin ! ‘ cyclic
extension ... N generalisation
ki*f*fﬁ?.******ﬁ‘
|
,,,,,,,,,,,,, !
b d N
S e— @o—> :
|
—" 7
,,,,, —
cyclic spin
generalisation extension

a) trigo. RS system [Chalykh-F.,'17]
b) spin RS system [Chalykh-F.,"20]
c,d) (spin) cyclic RS system  [Chalykh-F.'17], [F.,’19], [F., soon]



Thank you for your attention

Maxime Fairon
Maxime.Fairon@glasgow.ac.uk
https://www.maths.gla.ac.uk/~mfairon/
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2d-4d wall crossing formulas

2d-4d wall crossing formulas

2d-4d WCFs have been introduced by [GMN,2012] studying N = 2
supersymmetric field theories in 4d, coupled with surface defects.

4d WCFs consistency of scattering diagrams
[GMN,2010] [Kontsevich—Soibelman, 2008]
Doo = {(mlR’ Kyp)i (m2R, Ky, ); ((rm + m)R>o, K“Hz)}
Ky, Kyi+v2
Koy
0
14
2d WCFs braiding identities of Stokes matrices
[Cecotti-Vafa, 1993] [Dubrovin, 1993]

Veronica Fantini (IHES) 2d-4d WCFs & the Extended Tropical ¥ June 29th, 2021
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2d-4d wall crossing formulas

The extended tropical vertex group \

The extended tropical vertex group ¥ is a GL(r, C) extension of the
group of automorphisms of Kontsevich-Soibelman, introduced in [~ 19]

Let (X, E) be a holomorphic pair where

e X := TB/N — B torus fibration, A rank 2 lattice and B smooth
tropical affine 2-dimg manifold;

e £ — X holomorphically trivial rank r vector bundle on X.

V is a subgroup of the extended gauge group acting on solutions of the

Maurer—Cartan equation, and it governs the asymptotic behvaiour of
infinitesimal deformations of (X, E).

Veronica Fantini (IHES) 2d-4d WCFs & the Extended Tropical ¥ June 29th, 2021 3/5



Geometric interpretation of 2d-4d WCFs

Theorem (—,2019)
Consistency of D in V is equivalent to the 2d-4d WCF.

K’Y
S
J -1 w =il
Sy; Ky Sy, = 57,.1.5%, K5
0 ,U// _ _1

Veronica Fantini (IHES) 2d-4d WCFs & the Extended Tropical ¥ June 29th, 2021
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2d-4d wall crossing formulas

Thank you for the attention!

Veronica Fantini (IHES) 4d WCFs & the Extended Tropical V
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2j — k and j — 2k systems: Introduction

Let G(2N) represent one of USp(2N), SO(2N), or O~ (2N). For A € G(2N), let
A4 (z) = det (I — Az) denote its characteristic polynomial and consider the k-th

moment of qum) (1):

M (G(2N), m) ::/ (A<m)(1))de,

G(2N)
where dA is the Haar measure on G(2N). In

S. A. Altug, S. Bettin, I. Petrow, Rishikesh, and I. Whitehead. A recursion
formula for moments of derivatives of random matriz polynomials.

the authors study large-N asymptotics of My, (G(2N), m). Here is where the
2j — k determinants come into the picture. Let

Ti,e(u) = det (f2j—k+e(w))

f(z;u) = exp (z + z%)




2j — k and j — 2k systems: Introduction

Then
K245k K243k
Mi(USp(2N),2) = b (USp(2N),2) - (2N) 2 +O(N 2 ),
where .
k245K d
b (USp(2N),2) =27 2 dfk(e"n,omu)) .
u u=0
2 2
My (SO(2N),2) = bp(SO(2N),2) - (2N) 5" + O(N"“ ),
where .
_ k% 4k d “
bi(SO(2N),2) =27 =2 T (" Th,—1(2u))
U u=0
K245k K243k
M (O™ (2N),3) = b, (O™ (2N),3) - 2N) = +O(N ),
where

2 dk
be(O~(2N),3) =3.2 5" T (e“Tx,0(2u))
u

u=0




2j — k and j — 2k BOPUC

or each offset value r € Z, let us consider two sequences of monic polynomials
{Pn(z;7)}52 g and {Qn(z;7)}52 ), deg Pn(z;1) = deg Qn(z;7) = n, with the
biorthogonality condition:

d .
/ Pm(c;r)Qn<<—2;r)c:—*—;(.o = 18 S,
T mi¢

Similarly, for each offset value s € Z, we consider two sequences of monic

polynomials {Rn(z;$)}52 o and {Sn(2;5)}22 ), deg Rn(z;s) = deg Sn(z;s) = n,
with the following biorthogonality condition:

d S
T i




Existence and Uniqueness of OPs

Theorem
If Dy’ # 0, the polynomials Py (z;7) and Qn(2;7) exist and are uniquely given by

Wy Wr—1 Wr—2 T Wr—n
Wr+4-2 Wr+1 Wy ce Wr—n+2
1
Pn(z;r)zwdet : : : ,
DL . . . .
Wr42n—2 Wr42n—-3 Wr42n—4 - Wr4n—2
1 z 22 s zZ"
and
Wr Wr—1 Wr—2 c Wr—n+1 1
Wr4-2 Wr+1 Wy cee Wr—n+3 z
2
w w w e Wy — z
Qn(z§ T‘) — o) det r+4 r+3 r4+2 r—n+5 ,
Dr, : : - : : :
Wr42n Wr42n—1 Wr42n—2 e Wr4n+1 2"

from which one can observe that h,(f) exists and can be written as

D(’")
D =l penNufoy, DY =1
DY




Existence and Uniqueness of OPs

Theorem
If Ey) # 0, the polynomials Ry (z;s) and Sn(z;s) exist and are uniquely given by

Ws Ws—2 Ws—4 t Ws—2n
Ws41 Ws—1 Ws—3 e Ws—2n+1
1
Rn(z;s) = F det : ,
n
Ws+n—1 Ws+n—3 Ws4+n—5 e Ws—n—1
1 z 22 e z"
and
Ws Ws—2 Ws—4 ce Ws—2n+2 1
Ws41 Ws—1 Ws—3 s Ws—2n+3 z
1 w w. Wg— e Wg— 22
Sn(Z§ s) — o) det 542 s s—2 s—2n+4 ,
Er, : : - : : :
Ws+n Ws4n—2 Ws4n—4 s Ws—n+2 z"

from which one can observe that gy(ls) exists and can be written as
E<5>
o) =t penNu{o}, EY=1.
B




Recurrence Relations

Theorem
The pure-degree recurrence relations for the 25 — k polynomials are given by

Paya(zir) — (60) 5 + 600 Paga(z5m)+

(§(T 1)6<T> Q)Pn+1(z§ T) + (6n'r> + n’slr72))z2pn(z; T) =0

n+1 n+1

and

Qha(zm) = (14 BY)02)Q% 1o (2 )+ (B +aliH) + 80D +aTH)2Q0 41 (57)

—(BY + el TNED + ol ) () = 0

n+1
where
§(r) hgf‘fl) " D(T+2)D(T_1)
n = ) ™ = N (21
hy) Dw_lD(T“)
" _ hglr+2) "y D(r—l)D(r+2)
n 5 Qp " = 7.
hg‘) DfL:)»lD(T-’—l)




Multiple Integral representation

G [ de A A
Dalf() H'AQWiCIAZﬂiCZ...AZﬂICn 176 T @G =¢™,

j=1 1<j<k<n
A6 [ de [ d 2 a1 o
Enlie Tl /T 2mic /]I‘ 27iC2 /11- 27iCn 1;[ 1(6) 1<j1:£§n(g’“ GG =6

Du[w(¢)¢ "] =DY), and En[w(¢)¢ %] = B,
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Reproducing kernels

Define the reproducing kernel for the 2j — k and j — 2k systems respectively as
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Christoffel-Darboux identity 10
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Compare with the Christoffel-Darboux identity for Toeplitz (j — k) case
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Thank you!
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Discrete Lagrangians

e We will consider ordinary difference equation (OAE). That is functional
equations of the form:

Xn+N = F (Xn+N717 e 7Xn) .

@ We will use the shorthand notation x, ., = x;.
@ An OAE is said to be variational if there exists a function
Ly (Xky Xk—1, .-, X0), the discrete Lagrangian (dLagrangian), such that:

k

aLn—l
_ _1—fy...,x_;) =0.
/Z:o: B (Xk—t, Xk—1=15 - -y X—1)

coincide with the given OAE.
@ This equation is called the discrete Euler—Lagrange equation (dELE).
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My results

Theorem (Existence theorem)

Assume that there exists a dLagrangian for a OAE of order 2k with k > 1. Then
the Lagrangian satisfies a given system of linear partial differential equations.

Theorem (Additive 4th-order structure theorem)
An additive 4th-order OAE is variational iff it has the following form:

oV oV
g (x1)xe + A%g (x-1) x—2 + Ag’ (x0) xax—1 4+ -— (x1,%0) + A5— (%0, x-1) = 0.
8X0 8x0

Theorem (Multipliticative 4th-order structure theorem)

A multiplicative 4th-order OAE is variational iff it has the following form:

oV ov
XoX_p = exp [Xo (8x0 (x1,%0) i(?ixo (X0~,X—1)>} :

v,
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Conclusions and outlook

@ We presented an algorithm capable of deciding whether if a given OAE of
order 2k with k > 1 possess a dLagrangian, and in case construct it.

@ With this algorithm we gave necessary and sufficient conditions for the
existence of a Lagrangian for additive and multiplicative 4th-order OAE.

@ Variational structures are connected with integrability because variational
OAE have an associated symplectic structure.

@ So, we used the shown results to compare with known classifications in
[Capel and Sahadevan, 2001] and [Gubbiotti et al, 2020].

Bibliography

@ G. Gubbiotti. “On the inverse problem of the discrete calculus of variations”.
In: J. Phys. A: Math. Theor. 52 (2019), 305203 (29pp).

o G. Gubbiotti. “Lagrangians and integrability for additive fourth-order
difference equations”. In Eur. Phys. J. Plus 135 (2020) 853 (30pp).

@ G. Gubbiotti “Classification of variational multiplicative fourth-order
difference equations”. In preparation.

v

G. Gubbiotti (School Math. & Stat. USYD) Recent developments on variational OAE SISSA 28 June to 2 July 2021 4/5



Thank you for your attention!

—0.02 1

—0.04

—0.06

—0.08 1

—0.08 —0.06 —0.04 —0.02 0.00 0.02 0.04 0.06 0.08
Tn

ol Math. & St

Recent developments on variational OAE SISSA 28 June to 2 July 2021 5/5



Large time asymptotic behavior for the Derivative
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The DNLS equation on R x [0, c0)

iUy + Usy — i (]u2|u)x =0, u(x,0)=up(x), (1)

® locally well-posed in H/2
o [2critical: ||upll 2 = |lull 2, up =AY 2u(x/A, t/A?)

® integrable, with both exponential and algebraic solitons
2 _ 2(4w — c?)

 2w1/2 cosh(VAw? — 2(x — ct)) — ¢/ /@

’2 8w?

|“w,C<Xv t)|

roavial 0 = 130

2
el 2 = 8tan~1 | SYLTE < g
2y /w—c¢

® globally well-posed for up € H/2 with ||u|2, < 47



Our results

Theorem (Global wellposedness)

Suppose that ug € H*2(R). 3 a unique solution u(x, t) of (1)
with u(x,t =0) = up and t — u(-,t) € C([-~T, T], H*?(R))
for every T > 0. Moreover, the map ug — u is Lipschitz

continuous from H*?(R) to C([—T, T], H*2(R)) for every
T >0.

® scattering data: ug — (0, {(Ax ck)}N_;) € H*2(R) x (C%)N
® Result relies on generalized scattering map to handle spectral
singularities (alg. solitons)




Our results

Theorem (Soliton Resolution)

Suppose that generic ug € H*?(IR?) has scattering data

{p. {(Ak, C)}_1}. Then as t — oo the solution u(x,t) of (1)
with has the following asymptotics

u(x, t) = ugor(x, t; D,)eio‘o()‘o'+) _1 + (’)(t_l/z)]

X—vit=x X — wnt=x .
t Aq
Az

X1 X0 x A6 .
Ao
h .

7 )\8 )\g

X — vt =x X —wt=x —v2/4 —vi/4




Thank you!

(that was fast!)
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This talk:

@ K.-Yamazaki (2021): C® x Q(Es) extension of Noumi's system of W/(Eg)-invariant bilinear
equations for elliptic Painlevé equation and special elliptic hypergeometric solutions.

Inspired by previous works, including (in reverse chronological order):

@ Noumi (2018): “Reformulation” of ORG (2001) 7-function and special elliptic
hypergeometric solutions.

@ Masuda (2011): 7-functions and hypergeometric solutions of type Eg g-Painlevé equation.

@ Kajiwara-Masuda-Noumi-Ohta-Yamada (2005): Special elliptic hypergeometric solution of
elliptic Painlevé equation.

@ Ohta-Ramani-Grammaticos (2001): Bilinear equations and system of 7-functions on Q(Esg).

@ Sakai (2001): Elliptic Painlevé equation associated to generic configuration of 8 points in
P2

(Q(Es) denotes the Eg root lattice)

Andrew Kels (SISSA) C® x Q(Eg) elliptic Painlevé equation June 29, 2021



We choose some D C C? x Q(Es) invariant under translations of Q(Es), and define a product:
(‘]): Dx Q(Es) = CxZ. T =(r,1)is a “step size”, and [-]: C x Z — C is a theta function.

Noumi (2018): formulation of elliptic Painlevé equation as a W(Es)-invariant system of 7560
Hirota bilinear equations.

Definition (Noumi (2018), K.-Yamazaki (2021))

A function T: D — C* is called a t-function if it satisfies the non-autonomous bilinear Hirota
equations

[(a1 + a2 X)] [(a1 — @[ X)] T(X + a0 T) T(X — a0 T)+
[(a2 + 20| X)] [(a2 — | X)] T(X + a1 T) (X — a1 T)+
[(20 + a1|X)] [(a0 — a1 X)] T(X + &2 T)©(X — 22 T) =0,

for any Gz-frame (ag, a1, a2).

The a; are particular vectors in 3 Q(Es).

Noumi’s definition is for D C C®. We extend it to D C C® x Q(Es).

Andrew Kels (SISSA) C® x Q(Eg) elliptic Painlevé equation June 29, 2021



There are 4 types of Cs-frames:
Type 1 (ail¢) = (+£3)° Type 2a: (a]) = (0)°

,,,,,

,,,,,

¢ is highest root in Es.

[(a1 £ a2 X)t(X £ a0 T) + [(a2 £ a0 X)[T(X £ a1 T) + [(a0 £ a1| X)]T(X £ aT) =0

Andrew Kels (SISSA) C® x Q(Eg) elliptic Painlevé equation June 29, 2021



Choose D as an infinite series of hyperplanes D, orthogonal to ¢, and denote T(")(X) = 1(X)

Dy”

Type 1: (ajf¢) = (+£3)? Type 2a: (aj|$) = (0)°

n+1

=

Type 2b: (aj|¢) = (+1)1, (0)* Type 2¢: (ail¢) = (£1)?,(0)?

\J

\/
—FC " %%”
n—1 /\

n+1

[(31 + 32|X)]T(X + ag T) + [(az + ao|X)]T(X +a T) + [(ao + 81|X)]T(X + a T) =0

Andrew Kels (SISSA) C® x Q(Eg) elliptic Painlevé equation June 29, 2021



Define an 8-parameter elliptic hypergeometric sum/integral:

/ I X;izijif)'

1) = r(iZZ +2%)

For X € D, we define 4" (X) = I(X + v{"' T), where
("). (17n)ao+(n+1flf‘j)al+(jfl)ag

Theorem (K.-Yamazaki (2021))
The function ©(X) on D = UnezDn, defined on each D, by

o [0 (W000) (00,

0 (n<0),

is a hypergeometric T-function which satisfies the bilinear Hirota equations. Moreover each T is
invariant under the action of W(E7).

4
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Explicit solutions on the first two hyperplanes:

1O(x) = gO(x) = H Fi(r+x+x,1+ %+ %;0,7,7),
0<i<j<7

(X)) = e M (X) H Mor(xi + x5, % + %5 0,7, 7, 1),
0<i<j<7

where

+

i =e’ g,(z,%,0,mw)g(c+7+w—2zr+1-%0,1w),

M =Tz z%07we(z,20,7,1)g(0c+T+w—2zr—30,7T 1),

oo

g (Z, Z; o, T, UJ) — H (1 _ 27rix627ridie27rio'rk1 eQ7ri(o'+7')k2 e27ri(o'+w)k3) 7
k1 ,kp,k3=0
oo
g (2,5 0,7,w) = H (1 _ @2mix g2mio(r—2) 2mirrky j2mi(o+T)ko e27riwk3) '
kq ko ,k3=0

June 29, 2021
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Theorem (K.-Yamazaki (2021))

The hypergeometric T-function T on D,, can be equivalently written in terms of the
multidimensional elliptic hypergeometric sum/integral

In(X) = Z /[oun o(£zi £ 2, +5 in)Hf Zk, 2 x, ) dzi

Zy,.. 1<i<j<n k=1

as

M(X) = g (X) d(X) In(X) = e"(X) 9 (X) In(X),
where
[T T(x =+ 24, % =+ 24)

-J

fzk, 2%, %) = =
(21, 2%, %) M(£2zi, +25)

is the integrand of the 8-parameter elliptic hypergeometric sum/integral.

Andrew Kels (SISSA) C® x Q(Eg) elliptic Painlevé equation June 29, 2021
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Hypergeometric KP tau-functions

To two formal power series

G2, y) e yCIR Yl 5(h%,2) = ) S € 2Cli, 2],
k=1
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Hypergeometric KP tau-functions

To two formal power series

G2, y) e yCIR Yl 5(h%,2) = ) S € 2Cli, 2],
k=1

one can associate a hypergeometric h-KP tau-function

Z(p) = "0 = " exp( D ithes))sy(p)s, (1 3e))

vep Oey
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Hypergeometric KP tau-functions

To two formal power series

G2, y) e yCIR Yl 5(h%,2) = ) S € 2Cli, 2],
k=1

one can associate a hypergeometric h-KP tau-function

Z(p) = "0 = " exp( D ithes))sy(p)s, (1 3e))

vep Oey
Here - - -
F(p)= > Y W2 3 Foupy.
g=0 n=1 H1seees n=

has a genus decomposition with unstable terms.

Reinier Kramer (MPIM Bonn) KP for Hurwitz CohFTs

Dubrovin conference, June "21
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Change of variables

Using work of Bychkov—-Dunin-Barkowski—Kazarian—Shadrin and
Kazarian, | find a linear map ©y,: p — p(g) such that

exp (F = Fo1 — Fop)
p—p(q)

is a KP tau-function without unstable terms.
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Change of variables

Using work of Bychkov—-Dunin-Barkowski—Kazarian—Shadrin and
Kazarian, | find a linear map ©y,: p — p(g) such that

exp (F = Fo1 — Fop)
p—p(q)

is a KP tau-function without unstable terms.
If the problem satisfies topological recursion, ® is compatible with the

DOSS formula, and the partition function of the cohomological field
theory is a KP tau-function after a linear change of variables.
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Change of variables

Using work of Bychkov—-Dunin-Barkowski—Kazarian—Shadrin and
Kazarian, | find a linear map ©y,: p — p(g) such that

exp (F = Fo1 — Fop)
p—p(q)

is a KP tau-function without unstable terms.

If the problem satisfies topological recursion, ® is compatible with the
DOSS formula, and the partition function of the cohomological field
theory is a KP tau-function after a linear change of variables.

This change may include infinite linear combinations.
It is finite iff co is the unique ramification point of the spectral curve.
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Change of variables

Using work of Bychkov—-Dunin-Barkowski—Kazarian—Shadrin and
Kazarian, | find a linear map ©y,: p — p(g) such that

exp (F = Fo1 — Fop)
p—p(q)

is a KP tau-function without unstable terms.

If the problem satisfies topological recursion, ® is compatible with the
DOSS formula, and the partition function of the cohomological field
theory is a KP tau-function after a linear change of variables.

This change may include infinite linear combinations.
It is finite iff co is the unique ramification point of the spectral curve.

The rank one case recovers KP integrability of triple Hodge classes
A@AB)A(c) with 1 + 1 + 1 =0, as found by Alexandrov.

Reinier Kramer (MPIM Bonn) KP for Hurwitz CohFTs Dubrovin conference, June 21
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Thanks for your attention!

[A. Alexandrov, “KP integrability of triple Hodge integrals. I. From
Givental group to hierarchy symmetries”, 2009.01615]

[A. Alexandrov, “KP integrability of triple Hodge integrals. Il. Generalized
Kontsevich matrix model”, Anal. Math. Phys. 11.1 (2021)]

[B. Bychkov, P. Dunin-Barkowski, M. Kazarian, S. Shadrin, “Topological
recursion for Kadomtsev-Petviashvili tau functions of hypergeometric
type”, 2012.14723]

[M. Kazarian, “KP hierarchy for Hodge integrals”, Adv. Math. 221.1
(2009)]

[R. Kramer, work in progress]
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1. Liouville's Equation

2. BBGKY hierarchy



Liouville’s Equation



Liouville’s Equation

Consider the Hamiltonian system with Hamiltonian H(p, x) where

N
1« P}

- 2 L~ 2m
i=1

H + V(x)

In this case, being p = myv, the Liouville's Theorem (i.e. the conservation
of the volume in the phase space) holds also in the variables x, v.

Suppose that the initial data is distributed according to the probability
density fy(x, v). Obviously fy > 0 and [, f =1, where A C R?" is a
subset of the phase space.

Let us denote with f(x, v, t) the probability density at time t; by
definition f(x,v,0) = fy(x, v).

Given a generic set A let us denote with A; = ®;(A) it's time evaluated

/dx dv fo(x, v) = /f(x, v, t)

A A,

at time t.



Liouville’s Equation

Then, by Liouville Theorem Vol(A) = Vol(A;), and by the generality of A

we find

F(®e(x,v), t) = fo(x, v), (1)

That is, f is conserved along the trajectories ®(x, v). Finally, taking the
derivative with respect to t of (1) and using ix = v and v = F, we find

— d t — 9 m =
0= ZF(®(x,v),t) = 5 F +VVxf + ZV,f =0, (@)

which is precisely the Liouville's equation.



BBGKY hierarchy



BBGKY hierarchy

The Liouville's equation describes the evolution of a measure (density) in
the phase space. Here we are interested in the case in which the number
of particles N is very large.

The phase space density is defined as
F(X1y ey XNy VA, ooey VN, ) dX dV.

Here we suppose that f > 0; that the integral of f is 1; and that f is
symmetric under particle exchange: i.e. that for any i/, j

F(XTy ooy Xy vey Xy oo XNy VA ey Viy ooy V) o V) =

= F (X1 ooy Xy ooy Xiy oo XNy VA ooy Vi ooy Vi, o V),



BBGKY hierarchy

The j-particle distribution function is defined by integrating f on the
other N — j particles and then by multiplying for the number of way to
select j particles from N particles.

GN(Xl, e Xjy VL,V ) =

N! '
W / dxjy1 dvjr ...dxydvy (X1, ..., Xn, Vi, ...y Vi, B)

We can notice that the 1-particle density £V allows knowing how many
particles are in a given set A :

g, = /dxl dv le(xl7 v1)

A

£V allows knowing how many particles are in A; x A, etc.



BBGKY hierarchy

What is interesting is that we can write an evolution equation for the 15-"’.
As we shall see, the equation for £V involves £V, the equation for £V
involves 1‘3’\’, etc.

In other words, we find a coupled chain of equations.
This is the reason for the name hierarchy.

Here we shall derive the equation for fl’V, where

le (x1,v1) = N/ dxa dvy ... dxp dvy £ (X1, eeey XNy VI ooy V)



BBGKY hierarchy

By substituting the Liouville’s equation for £V we find

Oif (Xl, V1, t) =N / dxo dvs...dxy dvy O (X1, V1, ooy XNy VN) =

= N/ dxa dvy...dxy dvy (—vOx — FO,)f (X1, V1, ..oy X, V) =

N
= N/dx2 dvy...dxy dvy — vi0y f + N/ dxp dvs...dxy dvy Z —VjOxf+

=

S N
+N/dX2 de...dXN dVN7F18V1f+N/dX2 dV2...dXN dVszFjavij

Jj=2

=+ I+ 1+ 1V, (3)

where we have written F = (Fy, ..., Fy), and where we have numbered
the addends from / to IV.



BBGKY hierarchy

For first, let us consider the term /.

| = N/dX2 de...dXN dVN — vlé)xlf =

= v10x N/dX2 dvy...dxy dvn T (X1, Vi, .oy XN, V) =
= vy 1 (x1, v1) (4)

The terms I/ and IV are zero because each term of the sum is derived

with one of the integration variables.

In fact, for sake of simplicity, we are supposing that f vanishes sufficiently
fast at infinity (in the case in which the space domain is all R?).



BBGKY hierarchy

It remains to consider the term ///. Let us remind that

N—1
F= Z F(x1 — xj)
j=2
Therefore
1l = N/ dxp dvy...dxy dvy — F10,,f =

N
=N | dxodvs...dxy dvy — F(x1 — x;) 0y, f(x2, Vo, ..., Xy, V) =
J 1
i=2

= N(N — 1) / dX2 dVg...dXN dVN F(Xl — Xg)avl f(X27 Vo, ..oy XN VN) (5)

= —0,, / dxa dvy F(x1 — x2) N(N — 1)/dX3 dvs...dxy dvy

= @y, /dx2 dva...dxy dvy F(x1 — ><2)f2’v(x1,x27 Vi, V2) (6)



BBGKY hierarchy

Therefore, summing / and [/l we find

atle + 10y le + 0\, </ dxodva F(x1 — x2) sz(Xl,Xg, Vi, vz)) (7)

So we have found that the equation for £ involve £V

Thank you for your attention!
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Coulomb gas particles on the real line

Consider the Coulomb gas particles A\, 7 = 1,...,n, on the real
line (—o00, +00) governed by the distribution (5 > 0)

1 = X8
p()\1,-~-7)\n):7 H ’/\j—)‘k’2H€ Rl d);,
" 1<j<k<n j=1 1)

Alyoooy Ay ER.

A closest to 0 particle
1'1’1‘11’1
L 4 L 4 .—.6—. @ L 4

Features of the gas particles

@ Mutual repulsion: each particle is repelled from the others.
o (Weak) confinement: the particles are repelled from infinity.

@ Attraction to 0: cusp singularity of potential for 0 < 8 < 1.




Random Matrix Ensemble associated to Freud weight on the line

Consider a random matrix ensemble on the space of n x n
Hermitian matrices M defined by the probability measure (8 > 0)

21 exp <—nﬂ|M|ﬂ) dM, (2)

n
where

dM =[] dMy; J] dReM;rdSMy.
J=1 1<j<k<n

Coulomb gas particles as eigenvalues of a random matrix

| A\

Eigenvalues of a random n x n Hermitian matrix M with the
distribution (2) are distributed as the Coulomb gas particles (1).

A\




Limiting density of the eigenvalues
Yy

B1 <1
B2 > 1

soft\edges
—A(B1) —A(B2) A(B2)A(B1) =
hard singularity at 0 for 0 < 8 < 1




Some related studies

@ Asymptotics of the associated orthogonal polynomials (Freud
polynomials) and their recurrence coefficients: Lubinsky,
Mhaskar, Saff, Magnus, Nevai, Kriecherbauer,
McLaughlin, Wong, Zhao.

e Canali, Wallin, Kravtsov: numerical simulations.

@ Freud polynomials with § < 1 correspond to indeterminate
model problem (Berg).




Nearest-to-0 eigenvalue

We are interested in the distribution of the closest-to-0 eigenvalue,
i.e.

Gn(\) = Po([Amin| > ), A > 0.

After appropriate rescaling, we obtain the limiting distribution

(s >0).
o 3 lim Gy (%5tmA- ) = F)(s), B>1,
° Hnlinéo G (TI'A' nhfgﬂ) =: F)(s), B =1,

1/8
o 3 lim Gy <<t§:ﬁ> - nf/ﬁ> = F®(s), 0<p<l.




Tail of the limiting distribution of the nearest-to-zero eigenvalue

As s — 00,
o log F®)(s) = 23 —tlogs+C+o(1), B>1,

o log F®)(s) = —

[

2
B (g, %) s% — Zlog s+ C(B) + o(1),
0<p<l1.




Tail of the limiting distribution of the nearest-to-zero eigenvalue

As s — 00,
o log F®)(s) = 23 —tlogs+C+o(1), B>1,

<




Tail of the limiting distribution of the nearest-to-zero eigenvalue

As s — o0,
o log F®)(s) = —%252 —tlogs+C+o(1), B>1,

2
o log F¥)(s) = —£B (g, %) 528 — Blog s + C(B) + o(1),
0<p<l.

Asymptotics of the partition function as n — oo.

1
log Z,, = <10g1;l - 22) n?+n log(27r)—ﬁ log n+c(B)+o(1).

<

Values of the constants C' and ¢(3) for 5 > 1.




Probability as a Fredholm determinant

Moreover,

F®)(s) = det (I ~ K<5>) .

where

Q for 8 >1,

K6 (4, 0) = sinﬁ(ﬁu(u_;)v))

@ for 0 < 3 < 1, no easy explicit expression for K ().




Large parameter asymptotic of rational solutions of
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Painlevé Il (D6) rational solutions

@ Painlevé Il equation

AV / 2 )
Y CO SO A S I
u X X X u

o Painlevé I11(D6)
v#0, §#0.

@ Rational solutions
a=4n—4m, B=4n+4m, ~v=4, 6=—-4, neN, meC

Up(x,m) =1+ 0(x71), x— o0
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Recurrence relation

Sn(x, m—1)s,_1(x, m)
Sn(x, m)sp—1(x,m—1)

where Umemura polynomials s,(x, m) are determined by the recurrence
relation

up(x, m) =

(4x +2m + 1)s2(x, m) — s,(x, m)sp(x, m)

5n+1(X7 m): 25 ]_(X m)
n— )

X(s7/(x, m)sa(x, m) — (sp(x, m))?)

2sp_1(x, m)

With initial condition

s_i(x,m) =1, sp(x,m)=1.

_ Rational solutions of Painlevé Ill June 22nd, 2021 3/10



Main result

e Painlevé 11l (D8) equation
CY:4, B:4a 7:07 6=0
@ Special solution w(x, m) holomorphic at zero with initial condition

m(2m + 1)>

w(0, m) = tan < 1

Theorem (Barhoumi, Lisovyy, Miller, Prokhorov)

X 1 1
lim w1 (= m) = — 4z
jbe it <2j+1’m> wiom)’ M7 27

1
lim wy;j <;_,m> =w(x,m), m=# 5 +7Z
-J

Jj—oo
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Numerics, ug(x,0.25), red=zeroes, blue=poles
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Numerics, w(x, 0.25), blue=zeroes, yellow=poles

-10 0 10
Re 2
Code by Fasondini, Fornberg, Weidemann (2018)
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Numerics, u11(x,0.25), red=zeroes, blue=poles
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Numerics, —(w(x, 0.25))~!, blue=zeroes, yellow=poles

Code by Fasondini, Fornberg, Weidemann (2018)
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Proof

@ Proof using Riemann-Hilbert problems

@ Proof by construction of Taylor series
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Thank you!
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CLASSICAL UNITARY INVARIANT ENSEMBLES

Let I be a closed interval in R, N an integer > 1.
Hn(I) ;= {M € Matnxn(C): M" =M, o(M) C I}.

Unitary-invariant ensembles: probability measures on 3 (I) of the form

N
L vuvan gy, dM :=[]dMi; ] dReMsdIm M,

N =il 1<i<j<N

with V continuous function of I°, Cn := f&cN(I) eVt VD qpr.

Classical unitary-invariant ensembles.
» GUE (Gaussian): I = (—o00,+0c0), V(z)=—z%/2.
» LUE (Laguerre): I =10,+00), V(z) = —z + alogz.
> JUE (Jacobi): I=10,1], V(z) = alogz + Blog(l — z).

29 June 2021 Giulio Ruzza (IRMP-UCLouvain) — Jacobi Unitary Ensemble and Hurwitz numbers 1/6




CORRELATORS

The correlators are the expectations

<tI'Mk1 -~~ter’-7> = L/ tr MF .t MR NV D s
Hn ()

Cn

Probabilistic significance: statistical distribution of eigenvalues; e.g.

N*2<trM’“> - /)\kp()\)d/\

N—+oco

give the moments of the equilibrium measure p.

Topological expansion: even Laurent expansion at N = oo,

<trM’“1---terf> 3 N2t gk

g9=>0

Note that 2 — 2g — £ is the Euler characteristic of a surface of genus g with £

ki,..

punctures. The coefficients f k¢ have interesting geometric and

combinatorial interpretations.
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GAUSSIAN UNITARY ENSEMBLE AND RIBBON GRAPHS

A ribbon graph is a graph with a cyclic ordering of half-edges incident to
any vertex. They are described by three permutations 7, e, mf = 7y ' Te.
E.g. for one vertex only of degree 4, the possible ribbon graphs (up to
isomorphisms) are the following ones.

Q)

my=(1234) =(1234) =(1234)
me=(12)(34) We—(14)(23) 7"e—(13>(24)
me=(24) me=(13) me=(1234)

Theorem (Bessis, ltzykson & Zuber — 1980). For the GUE we have

1
fj’lz"”"ké = ﬁ\{genus g ribbon graphs with £ vertices of degrees ki, ..., ke}|.

Eg (trM*)=2N?+1.
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HURWITZ NUMBERS

Hurwitz numbers (Hurwitz, 1901) can also be viewed in two ways.
» Geometrically: weighted count of ramified coverings of the sphere by a
surface of genus g.
» Combinatorially: count of factorizations of the identity in the symmetric
group.
Connection between these points of view via monodromy and Riemann
existence theorem.

Recent resurgence of interest in relation to
» integrable systems and matrix models (Okounkov — Harnad, Orlov,
Guay-Paquet, Novak)
» Enumerative Geometry (Okounkov & Pandharipande — Ekedahl,
Lando, Shapiro & Vainshtein).

29 June 2021 Giulio Ruzza (IRMP-UCLouvain) — Jacobi Unitary Ensemble and Hurwitz numbers 4/6




JACOBI UNITARY ENSEMBLE AND HURWITZ NUMBERS

Given n > 0, partitions A\, u,v = n and g > 0, we define hy(\, i, ) as the
number of (71,2, 71,...,7-) of permutations in S, such that

1. r=29—2—n+(p) + L)+ L),

2. m€Cy meC,y,

3. 7, = (ai, b;) are transpositions, with a; < b; and by < --- < b,, and
4

. w7ty - T € Ch.

Theorem (Gisonni, Grava & R — 2020). For the JUE we have

L(v)

IAl pAr,oehe _ L (a+1)

A TN ZHM Ca—p = pimrr Tz s )
v

£(v)
RIS R VIS | (—a—-B-1)
(=1) fo BTN §:| | T E) e 1292 hg(A, p, V).
"R 71PN
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DOUBLE MONOTONE HURWITZ NUMBERS AND LUE

)
lim 5’“1+"‘+’“f<HtrM’°f> <Hter >
B—+o0 t

g=1 JUE(a, ) =1 LUE()

Given n > 0, partitions A\, u = n and g > 0, we define i (A, 1) (or h;()\, w))

as the number of (w,71,...,7,) of permutations in S, such that
1.r=29—2—n+L(p)+LN),
2. meCy,
LT (ai,bi) are transpositions, with a; < b; and b1 < -+ < b, (or

by <--- <b,), and
4. 1Ty -7 € Ch.
Theorem (Cunden, Dahlqvist & O'Connell — 2018). For the LUE we have

foa A‘ > @+ D Whs (N ),

KA

—A1,.. 7—)\g _ L ;
fg,ﬁ | A\ Z al(B)+e(N)+29— 2}«1 (A, ).

B[]
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Thank you!
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The main statement

Theorem (Bertola - T., 2021)

The wild character variety of an sl, polynomial connection of degree K on the
Riemann sphere is a cluster manifold of type Aok with one frozen variable.

We consider the algebraic variety of 2K complex dimension given by

o 1 S 1 SoK+1 1 0 A 0 o ) *
o= {(3 ) (3 ) (1 O &) =risce ee)

On & we define the 2-form
2K+3

_ _ A0
Wk = E ; tr (H/ 1dH4/\Sg 1ng>, Hy:=S8;---S, 82K+3 = (0 )\_1) =A

and Sgg,1 = (8 52{]_1), Sgg: (312[ ?) for£:1,...,K+1.

1. (6k, Wk) is symplectic.
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The log-canonical coordinates

. We find coordinates {”}/251 on Gk that are log-canonical for Wy .

Theorem (Bertola - T., 2021)

The Poisson bracket induced by Wy is
{vi,y;} = Plyy; where
Py =
o 1 0 O 0
-1 0 1 0 O 0
0 -1 1 0 0
i .
4
0 0 -1 0 1
0 o0 0 -1 0

v

3. 4P is the adjacency matrix of an Axk-Dynkin diagram.

S. TARRICONE Stokes manifolds and cluster algebras
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The cluster relations

SeA

S. TARRICONE

Sy
T
S3 wy H2(Aa) 81
i Sl 4. The flip of each
internal edge of the
5 triangulation T;
corresponds to a
55 Y-mutation in the
n L quiver Ask.
S S
Sy SeA
Ss
Stokes manifolds and cluster algebras SISSA, June 2021
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Thank you!
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Classification of bi-Hamiltonian pairs extended
by isometries

Pierandrea Vergallo
Department of Mathematics and Physics ”E. De Giorgi”
University of Salento

Joint work with M. V. Pavlov and R. Vitolo
Proc. Roy. Lond. Soc. A
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The constant astigmatism equation

Let us consider the constant astigmatism equation

1
Ugt + <) +2=0, (1)
u xrxr
If we introduce the variable u; = v, we obtain the following system
1
Ut = Vg, U = — w w*2$a (2)

It was found by Pavlov and Zykov that (2) has a bi-Hamiltonian

structure:
0 1
A= <1 0> 0z, (3)

2u 0 1 0 0 -1 0 0\ ,_
ol Paelt et e Yo



Quasilinear systems of first order

Let us consider quasilinear systems of first order PDEs

up = Vj (wu,

also called hydrodynamic type systems.

System (3) admits a bi-Hamiltonian formulation if:

; z5H . 0Hy
:Vj(u) . > LY — 7Qj5u1

; (5)

where P% and Q% are compatible Hamiltonian operators.



A classification problem

We investigate the following problem:
find all bi-Hamiltonian pairs A, B
where

A= nijax = ((1) (]j) ar, Bij = gijﬁz + szulacr + Efiaazlfjv (6)

Here N N N N N
AY =09, and By = g0, +T}uk (7)

are Dubrovin-Novikov operators.

The classification is made with respect to the action of the group of
local diffeomorphisms of the dependent variables.



f:@u

Theorem
If f = 0y, the metric g in the operator B is one of the following:

97 = (g ’8) a# 52

v

= (0a) 3) w2

g5 = (2 f) B #0,

where g**(v) and g'?(v) are arbitrary functions.

Obviously, a similar statement holds for f = 9, by simple change of
variable.



f:au‘l‘av

Theorem
If f = 04 + 0, then g is one of the following

ij _ f(—u+v) —f(-u+v)+ 8
94 = (—f(—U+v)+5 f(=u+w) > p#0,

where f = f(—u+v) is an arbitrary non-constant function;

w=("00) o

9% = (g 5) ay # B



f

— Uav -

Theorem

If f = u8, —v0, the metric " is one of the following

with

. auv+te
w=( ) ere

9§ = <E ﬁ) a# 3,
95 = (% fi) a#

oW + e+ /(72 — da) u20? + 2veuv + €2

202 (8)



Thank you for the attention!
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Lagrangian formulation of Liouville integrable system

Minimal example: consider two Hamiltonian ODEs

df
% = {H]_(C], p)? f(q)p)}7
1
df(q,p
DL (g p). 10, e el
. P . -7, independent of path
with {Hy, Hx} = 0. e ’,/’ ,* | through multi-time
Initial | -7 .-~ SR
condition [/ .-~ ___--" \
4(0,0),p(0,0)* n
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Lagrangian formulation of Liouville integrable system

Minimal example: consider two Hamiltonian ODEs

df
A9 _ (1 (q,p), F(4. P)}.
dt;
df(q, p)
dt, te(a.p). f(a. p)}, & =TT T T~ e q(t1, 1), p(t1, 12)
; e .=~ independent of path
with {H, Ho} = 0. it _.-~" .7 | through multi-time
Initial | -7 .-~ PR
condition [/ .-~ ___--" '
q(0,0), p(0,0) !

Traditional Lagrangian description. Lagrange functions L1, L» corresponding to Hi, Ho.
The actions

/Ll(q7 qfl)dt]- and /L2(q7 qf17qf2)dt2

are extremised by g. (Subscripts denote partial derivatives.)
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Lagrangian formulation of Liouville integrable system

Minimal example: consider two Hamiltonian ODEs
df(q,p)

—qp — tHila,p).fa,p)},
1
df(q, p)
—22 = {Hy(q,p), f(q, s
dt, { 2((7 P) (q p)} t ”,_---:’ q(t1, t2), p(t1, t2)
) B .- _-~=7,7 independent of path
with {H1, H2} = 0. L7 _.-"" .7 | through multi-time
Initial | -7 _.-77 7
condition [/ .-~ ___--" \
4(0,0), p(0,0)* "

Traditional Lagrangian description. Lagrange functions L1, L» corresponding to Hi, Ho.
The actions

/Ll(q7 qfl)dtl and /L2(q7 qf17qf2)dt2

are extremised by g. (Subscripts denote partial derivatives.)
Pluri-Lagrangian / Lagrangian multiform principle. Consider the 1-form

L[q] = Li(q, 94) dt1 + L2(q, gt,5 95,) dto.

For every curve 7 : [0,1] — R? in multi-time, g : R> — R extremises / L[q].
vy
Mats Vermeeren (University of Leeds) A Lagrangian perspective on integrability June 29, 2021
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Lagrangian formulation in context

The variational is easily generalised to
Hierarchies of PDEs: 2-forms for KdV, AKNS, ...; 3-form for KP.
Lattice systems: ABS list, ...

Mats Vermeeren (University of Leeds) A Lagrangian perspective on integrability June 29, 2021 2/2
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