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Dubrovin-Frobenius Manifolds

A Dubrovin-Frobenius structure on the manifold M is the data
(M, •, <,> , e, E ) satisfying:

1 η:=<,> is a flat pseudo-Riemannian metric;

2 • is product of Frobenius algebra on TmM which depends
smoothly on m;

3 e is the unity vector field for the product • and ∇e = 0;

4 ∇wc(x , y , z) is symmetric, where c(x , y , z) :=< x • y , z > ;

5 A linear vector field E ∈ Γ(M) must be fixed on M, i.e.
∇∇E = 0 such that:

LE <,>= (2− d) <,>,

LE• = •,
LEe = −e.



Frobenius Manifolds as Orbit spaces

Theorem (Dubrovin Conjecture, Hertling 1999)

Any irreducible semisimple polynomial Dubrovin-Frobenius
manifold with positive invariant degrees is isomorphic to the orbit
space of a finite Coxeter group.

Main Point
Differential geometry of the orbit spaces of reflection groups and of
their extensions 7→ Dubrovin-Frobenius manifolds.

Example: W is Extended affine Weyl Group [Dubrovin, Zhang
1998] and for Jacobi groups [Bertola 1999].



Problem Setting

H0,n−1,0 ∼= Cn+1/Ãn ←−−−− H0,n
∼= Cn/Any y

H1,n−1,0 ∼= Cn+3/J (Ãn) ←−−−− H1,n
∼= Cn+2/J (An)

1 H0,n, g=0, 1 pole of order n+1;

2 H0,n−1,0 ,g=0, 1 simple pole, 1 pole of order n;

3 H1,n, g=1, 1 pole of order n+1;

4 H1,n−1,0, g=1, 1 simple pole, 1 pole of order n.



My results

Theorem (Almeida 2021)

The orbit space of the Extended affine Jacobi group J (Ãn) has a
Dubrovin Frobenius manifold structure. Moreover, it is isomorphic
as Dubrovin Frobenius manifold to the Hurwitz space H1,n−1,0.



Dubrovin Frobenius structure on the Orbit space of J (Ã1)

For H1,0,0:

1 ds2 = 2dv20 − 2dv22 + 2dφdτ

2 e = ∂
∂ϕ0

;

3 E = ϕ0
∂
∂ϕ0

+ ϕ1
∂
∂ϕ1

;

4 Leg
∗ = η∗

5 (t1, t2, t3, t4) = (ϕ0 + 2ϕ1
θ′1(v2|τ)
θ1(v2|τ) , ϕ1, v2, τ)

6 Fαβ = ηαµηβλ ∂2F
∂tµ∂tλ

= gαβ

deg(gαβ)

7 F (t1, t2, t3, t4) = i
4π (t1)2t4 − 2t1t2t3 − (t2)2 log(t2

θ′1(0,t
4)

θ1(2t3,t4)
)



Thank you!
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Fredholm one-dimensional boundary-value problem 2/7

Let (a,b)⊂ R, {m, n, r, l} ⊂ N, 1≤ p≤ ∞, be given.

Linear boundary-value problem:

(Ly)(t) := y(r)(t)+
r

∑
j=1

Ar−j(t)y(r−j)(t) = f (t), t ∈ (a,b), (1)

By = c, (2)

y(·) ∈ (Wn+r
p )m, Ar−j(·) ∈ (Wn

p )
m×m, f (·) ∈ (Wn

p )
m, c ∈ Cl,

B : (Wn+r
p )m→ Cl.

For the most general (generic) boundary-value problems in the Sobolev
spaces their Fredholm property is established and the index is found; in
terms of a specially introduced numerical characteristic matrix, the
dimensions of the kernel and cokernel of the problems are found; the limit
theorem for characteristic matrices of a sequence of the problems is
proved.



Parameterized boundary-value problem 3/7

Problem depending on a parameter ε ∈ [0,ε0):

L(ε)y(t,ε) := y(r)(t,ε)+
r

∑
j=1

Ar−j(t,ε)y(r−j)(t,ε) = f (t,ε), t ∈ (a,b), (3)

B(ε)y(·;ε) = c(ε), (4)

where B(ε) : (Wn+r
p )m→ Crm.

The criterion of continuity in a parameter of solutions to problems in
Sobolev spaces is found for all values 1≤ p≤ ∞.
It is proved that the error and discrepancy of the solutions to problems
have the same order of smallness.



Multi-point boundary-value problem 4/7

For any ε ∈ [0,ε0), ε0 > 0, we associate with the system (3)

multi-point Fredholm boundary condition

B(ε)y(·,ε) =
N

∑
j=0

ωj(ε)

∑
k=1

n+r−1

∑
l=0

β
(l)
j,k (ε)y

(l)(tj,k(ε),ε) = q(ε), (5)

where the numbers {N,ωj(ε)} ⊂ N, vectors q(ε) ∈ Crm, matrices

β
(l)
j,k (ε) ∈ Cm×m, and points {tj, tj,k(ε)} ⊂ [a,b] are arbitrarily given.

Su�cient constructive conditions are established under which the
solutions to the problem (3), (5) are continuous with respect to the
parameter ε at ε = 0 in Wn+r

p , 1≤ p≤ ∞.
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Thank you for attention.

Stay healthy!
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Super-Unitary Ensemble

Definitions and notations

(n,m) ∈ N2, M ∈ GL(Cn|m)

M superhermitian, i.e. M ∈ Hn|m:

M† = M

M =

(
A B
C D

)
, A of size n × n, D of size m ×m,

B of size n ×m, C of size m × n

Aij ,Dij even Grassmannian variables

Bij ,Cij odd Grassmannian variables



Partition function

Zn|m =

∫
Hn|m

dM e−(n+m) Str V (M)

M ∈ Hn|m =⇒ M ∼ diag(λi , ωj ), i = 1 . . . n, j = 1 . . .m

=⇒ Zn|m ∝
∫
Γ
dλdωe−(n+m)2Seff (λ,ω)

with the effective action

Seff (λ, ω) =
1

n + m

n∑
i=1

V (λi )−
1

n + m

m∑
j=1

V (ωj )

− 2

(n + m)2

∑
1≤i<j≤n

log(λi − λj )−
2

(n + m)2

∑
1≤i<j≤m

log(ωi − ωj )

+
2

(n + m)2

n∑
i=1

m∑
j=1

log(λi − ωj )



Saddle-point analysis / Large (n,m) limit

Saddle-point =⇒ Set of n + m equations:{
∂λi

Seff = 0

∂ωjSeff = 0

with solutions (λ∗i , ω
∗
j )

Characteristic polynomials associated to (λ∗, ω∗):

ψλ∗(x) =
n∏

i=1

(x − λ∗i ) =

〈 n∏
i=1

(x − λi )

〉
n→∞

ψω∗(x) =
m∏

j=1

(x − ω∗j ) =

〈 m∏
j=1

(x − ωj )

〉
m→∞



Hirota equation

P(x) = Pλ(x)− Pω(x)

where

Pλ(x) =
1

n + m

n∑
i=1

V ′(x)− V ′(λ∗i )

x − λ∗i

Pω(x) =
1

n + m

m∑
i=j

V ′(x)− V ′(ω∗j )

x − ω∗j

Hirota equation(
1

(n + m)2
D2

x −
V ′(x)

n + m
Dx + P(x)

)
ψλ∗ .ψω∗ = 0

with the Hirota derivative defined as Dx (f .g) = f ′g − fg ′



Conclusion

Gaussian case V (x) = x2

2 :

Solutions related to generalized Hermite polynomials

Structure based on Painlevé IV

Form of the equation similar for Chern-Simons, β-ensemble matrix
models



Thank you!
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Neural Networks

● A rough simulation of the human brain, consisting of various nodes and layers
● Each “neuron” has weights
● Are utilized in practice for a variety of purposes, such as computer vision
● Different models include convolutional neural networks, recurrent neural 

networks, etc.



Framework

● Given Hamiltonian or samples in latent space
● The neural network learns the natural Hamiltonian in real space and the 

canonical transformation between the latent space and the real space 
variables

● Loss function proposed: building integrable systems and demonstrate 
successful unsupervised learning for the Toda lattice



Purpose

The approach enables exploring new integrable systems without any prior 
knowledge about the canonical transformation or any ansatz for the Lax pair.



Ishikawa et al. (2021)



Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

Hamiltonian structure for higher order Airy kernel
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Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

Airy equation is y ′′ = xy . There exists a general form for this equation for

higher derivative. For n ∈ N∗,
( d

dx

)2n
y(x) = (−1)n+1xy(x) and write

Ain(x) = 1
π

∫ ∞
0

cos
(

y 2n+1

2n + 1 + xy
)

dy solution of this equation.

Definition

Let x ∈ R. Introducing Kx
Ain : L2((x ,∞))→ L2((x ,∞)) operator with kernel

KAin (u, v) =
∫ ∞

0
Ain(u + z)Ain(v + z)dz; u, v > x

Remark
Kx

Ain is a hermitian trace class operator and 0 ≤ Kx
Ain ≤ 1 =⇒ Existence and

unicity of a determinantal point process

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

For n = 1 we obtain the usual Airy kernel. This kernel has an IIKS-integrable
form

KAi1 (u, v) = Ai1(u)Ai ′1(v)− Ai ′1(u)Ai1(v)
u − v

Using differential polynomial, we obtain a similar form for higher order kernel.

KAin (u, v) = (−1)n

2n−1∑
`=0

(D2n−1−`Ain(u))(−D)`Ain(v)

u − v , u 6= v

KAin (u, u) = (−1)n
2n−1∑
`=0

(D2n−`Ain(u))(−D)`Ain(u) , u = v

= −uAin(u)2 + (−1)n
2n−1∑
`=1

(D2n−`Ain(u))(−D)`Ain(u)

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

In 1993, Tracy and Widom studied Airy kernel (the case for n = 1) and
obtained an Hamiltonian associated to this operator.
Defining q =

(
1−Kx

Ai1

)−1 Ai1(x), p =
(
1−Kx

Ai1

)−1 Ai ′1(x)

and u =
〈

Ai1,
(
1−Kx

Ai1

)−1 Ai1
〉
, v =

〈
Ai1,

(
1−Kx

Ai1

)−1 Ai ′1
〉

Direct computations lead to 4 differential equations

q′ = p − qu
p′ = xq + pu − 2qv
u′ = −q2

v ′ = −qp

and the associated hamiltonian is H(q, p, u, v) = −1
2xq2 + 1

2p2 − uqp + q2v .

Applying same method, Le Doussal, Majumbar and Schehr generalized this
hamiltonian structure for higher order Airy kernel in 2018.

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

The Riemann Hilbert Problem associated to Kx
Ain is the following :

Definition (RHP for Y)
We consider Σ = (x ,∞) oriented from x to ∞.
Y : C\(x ,∞)→M2n(C) is analytic.
Y has continuous boundary values Y±. They are in L2((x ,∞)) and they satisfy
Y+(z) = Y−(z)JY (z) with JY (z) = I − 2iπf (z)gT (z) with

f (u) =


Ain(u)
Ai ′n(u)

...
Ai (2n−2)

n (u)
Ai (2n−1)

n (u)

 , g(v) = (−1)n


−Ai (2n−1)

n (v)
Ai (2n−2)

n (v)
...

−Ai ′n(v)
Ain(v)


Y (z) = I + Y1

z +O(z−2) (z →∞) and Y (z) = O(log(|z − x |)) (z → x)

From the theory of Riemann-Hilbert problem associated to integrable operator
we know a solution of the last RHP.

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

Defining F (z) := (1−Kx
Ain )−1f (z),

Y (z) := I −
∫ ∞

0

F (ζ)gT (ζ)
ζ − z dζ

is a solution. Our goal is to obtain same equations as in TW and LDMS works
but directly with the RHP. Because of definition of f and F we see that Fi (x)
will play the role of q and p. For the analogue of u and v , with a small
computation for the asymptotic of Y we obtain a same kind of form for Y1,1i .
In order to obtain differential equation for Y1, we look for a Lax pair for Y .
With a transformation Φ, we obtain a RHP with constant jump on (x ,∞) (or
in (0,∞) up to a translation) for Ψ = Y Φ.

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

Because of constant jump we obtain a Lax pair equation for Ψ.

∂

∂z Ψ =




0 1 . . . 0

0 0
. . . 0

0 0
... 1

(−1)n+1(z + x) 0 . . . 0

+ (−1)n+1[Y1, e2n,1] + 1
z A1

Ψ

∂

∂x Ψ =




0 1 . . . 0

0 0
. . . 0

0 0
... 1

(−1)n+1(z + x) 0 . . . 0

+ (−1)n+1[Y1, e2n,1]

Ψ

Chouteau Thomas Hamiltonian structure for higher order Airy kernel



Higher order Airy equation
From Airy kernel to IIKS-integrable form

Historical approach for Hamiltonian
A Riemann-Hilbert approach with 2n × 2n matrix

Thanks for the attention ! :)

Chouteau Thomas Hamiltonian structure for higher order Airy kernel
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Hamiltonian of the rational Calogero-Moser system:

HCM =
1

2

∑
1≤i≤n

p2i +
∑

1≤i<j≤n

γ2

(qi − qj)2

Observation ([Wilson, ’98])

The completed phase space Cn of the complex rational Calogero-Moser
system is a quiver variety.

v
x

double

Q Q v

w

x

y

Rep(CQ, (1, n)) = {X,Y ∈gln(C), V ∈Mat1×n(C), W ∈Matn×1(C)}

Cn ={XY − Y X −WV = Idn}//GLn(C)



Quiver variety  Calogero-Moser system

a)

db)

. . .c)

. . .
. . .

d0

d−1

d1d2

d3

d4

d)

spin
extension

cyclic
generalisation

cyclic
generalisation

spin
extension

a) rational CM system [Wilson,’98]

b) spin CM system [Bielawski-Pidstrygach,’11], [Tacchella,’15], [Wilson,’15]

c,d) (spin) cyclic CM system [Chalykh-Silantyev,’17], [F.-Görbe,’21]



Multiplicative quiver variety Ruijsenaars-Schneider system

a)

db)

. . .c)

. . .
. . .

d0

d−1

d1d2

d3

d4

d)

spin
extension

cyclic
generalisation

cyclic
generalisation

spin
extension

a) trigo. RS system [Chalykh-F.,’17]

b) spin RS system [Chalykh-F.,’20]

c,d) (spin) cyclic RS system [Chalykh-F.,’17], [F.,’19], [F., soon]



Thank you for your attention

Maxime Fairon
Maxime.Fairon@glasgow.ac.uk
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2d-4d wall crossing formulas

2d-4d wall crossing formulas

2d-4d WCFs have been introduced by [GMN,2012] studying N = 2
supersymmetric field theories in 4d , coupled with surface defects.

4d WCFs consistency of scattering diagrams
[GMN,2010] [Kontsevich–Soibelman, 2008]

D∞ =
{
(m1R,Kγ1

); (m2R,Kγ2
);
(
(m1 + m2)R≥0,Kγ1+γ2

)}

0
Kγ1

Kγ1+γ2
Kγ2

`

2d WCFs braiding identities of Stokes matrices
[Cecotti–Vafa, 1993] [Dubrovin, 1993]

Veronica Fantini (IHES) 2d-4d WCFs & the Extended Tropical Ṽ June 29th, 2021 2 / 5



2d-4d wall crossing formulas

The extended tropical vertex group Ṽ

The extended tropical vertex group Ṽ is a GL(r ,C) extension of the
group of automorphisms of Kontsevich–Soibelman, introduced in [–,19].

Let (X ,E ) be a holomorphic pair where

• X := TB/Λ→ B torus fibration, Λ rank 2 lattice and B smooth
tropical affine 2-dimR manifold;

• E → X holomorphically trivial rank r vector bundle on X .

Ṽ is a subgroup of the extended gauge group acting on solutions of the
Maurer–Cartan equation, and it governs the asymptotic behvaiour of
infinitesimal deformations of (X ,E ).

Veronica Fantini (IHES) 2d-4d WCFs & the Extended Tropical Ṽ June 29th, 2021 3 / 5



2d-4d wall crossing formulas

Geometric interpretation of 2d-4d WCFs

Theorem (–,2019)

Consistency of D∞ in Ṽ is equivalent to the 2d-4d WCF.

0

Sγij+γ

Sγij

Kγ

`

K−1γ Sγij = SγijS
µ′

γij+γK
−1
γ

µ′ = −1

Veronica Fantini (IHES) 2d-4d WCFs & the Extended Tropical Ṽ June 29th, 2021 4 / 5



2d-4d wall crossing formulas

Thank you for the attention!
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2j − k and j − 2k systems: Introduction 2

Let G(2N) represent one of USp(2N), SO(2N), or O−(2N). For A ∈ G(2N), let
ΛA(z) = det (I −Az) denote its characteristic polynomial and consider the k-th

moment of Λ
(m)
A (1):

Mk(G(2N),m) :=

∫
G(2N)

(
Λ
(m)
A (1)

)k
dA,

where dA is the Haar measure on G(2N). In

S. A. Altug, S. Bettin, I. Petrow, Rishikesh, and I. Whitehead. A recursion
formula for moments of derivatives of random matrix polynomials.

the authors study large-N asymptotics of Mn(G(2N),m). Here is where the
2j − k determinants come into the picture. Let

Tk,`(u) = det
k×k

(
f2j−k+`(u)

)
f(z;u) = exp

(
z +

u

z2

)



2j − k and j − 2k systems: Introduction 3

Then

Mk(USp(2N), 2) = bk(USp(2N), 2) · (2N)
k2+5k

2 +O(N
k2+3k

2 ),

where

bk(USp(2N), 2) = 2−
k2+5k

2
dk

duk

(
euTk,0(2u)

) ∣∣∣∣
u=0

.

Mk(SO(2N), 2) = bk(SO(2N), 2) · (2N)
k2+3k

2 +O(N
k2+k

2 ),

where

bk(SO(2N), 2) = 2−
k2+k

2
dk

duk

(
euTk,−1(2u)

) ∣∣∣∣
u=0

.

Mk(O−(2N), 3) = bk(O−(2N), 3) · (2N)
k2+5k

2 +O(N
k2+3k

2 ),

where

bk(O−(2N), 3) = 3 · 2−
k2+3k

2
dk

duk

(
euTk,0(2u)

) ∣∣∣∣
u=0

.



2j − k and j − 2k BOPUC 4

or each offset value r ∈ Z, let us consider two sequences of monic polynomials
{Pn(z; r)}∞n=0 and {Qn(z; r)}∞n=0, degPn(z; r) = degQn(z; r) = n, with the
biorthogonality condition:∫

T
Pm(ζ; r)Qn(ζ−2; r)ζ−r dµ(ζ)

2πiζ
= h

(r)
n δmn,

Similarly, for each offset value s ∈ Z, we consider two sequences of monic
polynomials {Rn(z; s)}∞n=0 and {Sn(z; s)}∞n=0, degRn(z; s) = degSn(z; s) = n,
with the following biorthogonality condition:∫

T
Rm(ζ2; s)Sn(ζ−1; s)ζ−s dµ(ζ)

2πiζ
= g

(s)
n δmn,



Existence and Uniqueness of OPs 5

Theorem
If D

(r)
n 6= 0, the polynomials Pn(z; r) and Qn(z; r) exist and are uniquely given by

Pn(z; r) =
1

D
(r)
n

det


wr wr−1 wr−2 · · · wr−n

wr+2 wr+1 wr · · · wr−n+2

...
...

. . .
...

...
wr+2n−2 wr+2n−3 wr+2n−4 · · · wr+n−2

1 z z2 · · · zn

 ,

and

Qn(z; r) =
1

D
(r)
n

det


wr wr−1 wr−2 · · · wr−n+1 1
wr+2 wr+1 wr · · · wr−n+3 z
wr+4 wr+3 wr+2 · · · wr−n+5 z2

...
...

. . .
...

...
...

wr+2n wr+2n−1 wr+2n−2 · · · wr+n+1 zn

 ,

from which one can observe that h
(s)
n exists and can be written as

h
(r)
n =

D
(r)
n+1

D
(r)
n

, n ∈ N ∪ {0}, D
(r)
0 ≡ 1.



Existence and Uniqueness of OPs 6

Theorem
If E

(s)
n 6= 0, the polynomials Rn(z; s) and Sn(z; s) exist and are uniquely given by

Rn(z; s) =
1

E
(s)
n

det


ws ws−2 ws−4 · · · ws−2n

ws+1 ws−1 ws−3 · · · ws−2n+1

...
...

. . .
...

...
ws+n−1 ws+n−3 ws+n−5 · · · ws−n−1

1 z z2 · · · zn

 ,

and

Sn(z; s) =
1

E
(s)
n

det


ws ws−2 ws−4 · · · ws−2n+2 1
ws+1 ws−1 ws−3 · · · ws−2n+3 z
ws+2 ws ws−2 · · · ws−2n+4 z2

.

..
.
..

. . .
...

...
...

ws+n ws+n−2 ws+n−4 · · · ws−n+2 zn

 ,

from which one can observe that g
(s)
n exists and can be written as

g
(s)
n =

E
(s)
n+1

E
(s)
n

, n ∈ N ∪ {0}, E
(s)
0 ≡ 1.



Recurrence Relations 7

Theorem
The pure-degree recurrence relations for the 2j − k polynomials are given by

Pn+3(z; r)− (δ
(r)
n+2 + δ

(r−1)
n+1 )Pn+2(z; r)+

(δ
(r−1)
n+1 δ

(r)
n+1 − z

2)Pn+1(z; r) + (δ
(r)
n + η

(r−2)
n )z2Pn(z; r) = 0

and

Q∗n+3(z; r)−(1+β
(r)
n+2z)Q

∗
n+2(z; r)+(β

(r)
n+1+α

(r+1)
n+1 +β

(r+1)
n+1 +α

(r+2)
n+1 )zQ∗n+1(z; r)

−(β
(r+1)
n+1 + α

(r+2)
n+1 )(β

(r)
n + α

(r+1)
n )z2Q∗n(z; r) = 0

where

δ
(r)
n = −

h
(r−1)
n

h
(r)
n

, η
(r)
n =

D
(r+2)
n D

(r−1)
n+1

D
(r)
n+1D

(r+1)
n

β
(r)
n = −

h
(r+2)
n

h
(r)
n

, α
(r)
n =

D
(r−1)
n D

(r+2)
n+1

D
(r)
n+1D

(r+1)
n

.



Multiple Integral representation 8

Dn[f(ζ)] :=
1

n!

∫
T

dζ1

2πiζ1

∫
T

dζ2

2πiζ2
· · ·
∫
T

dζn

2πiζn

n∏
j=1

f(ζj)
∏

1≤j<k≤n

(ζk−ζj)(ζ−2
k −ζ

−2
j ),

En[f(ζ)] :=
1

n!

∫
T

dζ1

2πiζ1

∫
T

dζ2

2πiζ2
· · ·
∫
T

dζn

2πiζn

n∏
j=1

f(ζj)
∏

1≤j<k≤n

(ζ2k−ζ
2
j )(ζ−1

k −ζ
−1
j ).

Dn[w(ζ)ζ−r] = D
(r)
n , and En[w(ζ)ζ−s] = E

(s)
n .

Pn(z; r) =
1

D
(r)
n

Dn[w(ζ)ζ−r(z − ζ)],

Qn(z; r) =
1

D
(r)
n

Dn[w(ζ)ζ−r(z − ζ−2)],

Rn(z; s) =
1

E
(s)
n

En[w(ζ)ζ−s(z − ζ2)],

Sn(z; s) =
1

E
(s)
n

En[w(ζ)ζ−s(z − ζ−1)].



Reproducing kernels 9

Define the reproducing kernel for the 2j − k and j − 2k systems respectively as

Kn(z, τ ; r) :=
n∑

j=0

1

h
(r)
j

Qj(z; r)Pj(τ ; r),

and

Ln(z, τ ; s) :=
n∑

j=0

1

g
(s)
j

Sj(z; s)Rj(τ ; s).

Kn(z2, z1; r) =
1

D
(r)
n+1

Dn[w(ζ)ζ−r(z1 − ζ)(z2 − ζ−2)],

Ln(z2, z1; s) =
1

E
(s)
n+1

En[w(ζ)ζ−s(z1 − ζ2)(z2 − ζ−1)].



Christoffel-Darboux identity 10

Kn(z22 , z1; r) =
1

2

D
(r+2)
n

D
(r)
n+1

z2n+1
2

z21 − z
−2
2

×

det

Pn(−z−1
2 ; r + 2) Pn+1(−z−1

2 ; r + 2) Pn+2(−z−1
2 ; r + 2)

Pn(z−1
2 ; r + 2) Pn+1(z−1

2 ; r + 2) Pn+2(z−1
2 ; r + 2)

Pn(z1; r + 2) Pn+1(z1; r + 2) Pn+2(z1; r + 2)

 ,

and

Ln(z2, z
2
1 ; s) =

1

2

E
(s−2)
n

E
(s)
n+1

z2n+1
1

z−2
1 − z22

×

det

 Sn(z−1
1 ; s− 2) Sn+1(z−1

1 ; s− 2) Sn+2(z−1
1 ; s− 2)

Sn(−z−1
1 ; s− 2) Sn+1(−z−1

1 ; s− 2) Sn+2(−z−1
1 ; s− 2)

Sn(z2; s− 2) Sn+1(z2; s− 2) Sn+2(z2; s− 2)

 .

Compare with the Christoffel-Darboux identity for Toeplitz (j − k) case

K̂n(z1, z2) = −
zn+1
1 φn+1(z−1

1 )zn+1
2 φ̂n+1(z−1

2 )− φ̂n+1(z1)φn+1(z2)

1− z1z2
.



Thank you!
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Discrete Lagrangians

We will consider ordinary difference equation (O∆E). That is functional
equations of the form:

xn+N = F (xn+N−1, . . . , xn) .

We will use the shorthand notation xn+l = xl .

An O∆E is said to be variational if there exists a function
Ln (xk , xk−1, . . . , x0), the discrete Lagrangian (dLagrangian), such that:

k∑
l=0

∂Ln−l
∂x0

(xk−l , xk−1−l , . . . , x−l) = 0.

coincide with the given O∆E.

This equation is called the discrete Euler–Lagrange equation (dELE).
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My results

Theorem (Existence theorem)

Assume that there exists a dLagrangian for a O∆E of order 2k with k > 1. Then
the Lagrangian satisfies a given system of linear partial differential equations.

Theorem (Additive 4th-order structure theorem)

An additive 4th-order O∆E is variational iff it has the following form:

g (x1) x2 + λ2g (x−1) x−2 + λg ′ (x0) x1x−1 +
∂V

∂x0
(x1, x0) + λ

∂V

∂x0
(x0, x−1) = 0.

Theorem (Multipliticative 4th-order structure theorem)

A multiplicative 4th-order O∆E is variational iff it has the following form:

x2x−2 = exp

[
x0

(
∂V

∂x0
(x1, x0)±∂V

∂x0
(x0, x−1)

)]
.
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Conclusions and outlook

We presented an algorithm capable of deciding whether if a given O∆E of
order 2k with k > 1 possess a dLagrangian, and in case construct it.

With this algorithm we gave necessary and sufficient conditions for the
existence of a Lagrangian for additive and multiplicative 4th-order O∆E.

Variational structures are connected with integrability because variational
O∆E have an associated symplectic structure.

So, we used the shown results to compare with known classifications in
[Capel and Sahadevan, 2001] and [Gubbiotti et al, 2020].
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Thank you for your attention!
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The DNLS equation on R× [0,∞)

iut + uxx − i
(
|u2|u

)
x
= 0, u(x , 0) = u0(x), (1)

• locally well-posed in H1/2

• L2-critical: ‖uλ‖L2 = ‖u‖L2 , uλ := λ−1/2u(x/λ, t/λ2)

• integrable, with both exponential and algebraic solitons

|uω,c(x , t)|2 =
2(4ω− c2)

2ω1/2 cosh(
√
4ω2 − c2(x − ct))− c/

√
ω∣∣∣uω,2

√
ω(x , t)

∣∣∣2 = 8ω2

1+ 4ωx2

‖uω,c‖L2 = 8 tan−1

√
2
√

ω + c

2
√

ω− c
≤ 4π

• globally well-posed for u0 ∈ H1/2 with ‖u0‖2L2 < 4π



Our results

Theorem (Global wellposedness)

Suppose that u0 ∈ H2,2(R). ∃ a unique solution u(x , t) of (1)
with u(x , t = 0) = u0 and t 7→ u( · , t) ∈ C ([−T ,T ],H2,2(R))
for every T > 0. Moreover, the map u0 7→ u is Lipschitz
continuous from H2,2(R) to C ([−T ,T ],H2,2(R)) for every
T > 0.

• scattering data: u0 7→
(
ρ, {(λk , ck)}Nk=1

)
∈ H2,2(R)× (C2)N

• Result relies on generalized scattering map to handle spectral
singularities (alg. solitons)

+

−

−

+

−

+

Ω4

Ω3

Ω2

Ω1Γ+
∞

Γ−∞

S∞−S∞



Our results

Theorem (Soliton Resolution)

Suppose that generic u0 ∈ H2,2(R2) has scattering data{
ρ, {(λk ,Ck)}Nk=1

}
. Then as t → ∞ the solution u(x , t) of (1)

with has the following asymptotics

u(x , t) = usol(x , t;DI )e
iα0(λ0,+)

[
1+O(t−1/2)

]

x

t

x2x1

x − v1t = x1 x − v2t = x2

x − v2t = x1 x − v1t = x2

S

λ
−v1/4−v2/4

λ1

λ2

λ3

λ5

λ8

λ4

λ6

λ9λ7

λ10



Thank you!

(that was fast!)
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This talk:

K.-Yamazaki (2021): C8 × Q(E8) extension of Noumi’s system of W (E8)-invariant bilinear
equations for elliptic Painlevé equation and special elliptic hypergeometric solutions.

Inspired by previous works, including (in reverse chronological order):

Noumi (2018): “Reformulation” of ORG (2001) τ -function and special elliptic
hypergeometric solutions.

Masuda (2011): τ -functions and hypergeometric solutions of type E8 q-Painlevé equation.

Kajiwara-Masuda-Noumi-Ohta-Yamada (2005): Special elliptic hypergeometric solution of
elliptic Painlevé equation.

Ohta-Ramani-Grammaticos (2001): Bilinear equations and system of τ -functions on Q(E8).

Sakai (2001): Elliptic Painlevé equation associated to generic configuration of 8 points in
P2.

(Q(E8) denotes the E8 root lattice)
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We choose some D ⊆ C8 × Q(E8) invariant under translations of Q(E8), and define a product:
(·|·) : D × Q(E8)→ C× Z. T = (τ, 1) is a “step size”, and [·] : C× Z→ C is a theta function.

Noumi (2018): formulation of elliptic Painlevé equation as a W (E8)-invariant system of 7560
Hirota bilinear equations.

Definition (Noumi (2018), K.-Yamazaki (2021))

A function τ : D → C∗ is called a τ-function if it satisfies the non-autonomous bilinear Hirota
equations

[(a1 + a2|X )] [(a1 − a2|X )] τ(X + a0T ) τ(X − a0T )+

[(a2 + a0|X )] [(a2 − a0|X )] τ(X + a1T ) τ(X − a1T )+

[(a0 + a1|X )] [(a0 − a1|X )] τ(X + a2T ) τ(X − a2T ) = 0,

for any C3-frame (a0, a1, a2).

The ai are particular vectors in 1
2
Q(E8).

Noumi’s definition is for D ⊆ C8. We extend it to D ⊆ C8 × Q(E8).
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There are 4 types of C3-frames:

Type 1: (ai |φ) = (± 1
2

)3

φ

Type 2a: (ai |φ) = (0)6

φ

Type 2b: (ai |φ) = (±1)1, (0)4

φ

Type 2c: (ai |φ) = (±1)2, (0)2

φ

φ is highest root in E8.

[(a1 ± a2|X )]τ(X ± a0T ) + [(a2 ± a0|X )]τ(X ± a1T ) + [(a0 ± a1|X )]τ(X ± a2T ) = 0
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Choose D as an infinite series of hyperplanes Dn orthogonal to φ, and denote τ(n)(X ) = τ(X )
∣∣
Dn

.

Type 1: (ai |φ) = (± 1
2

)3

n + 1

n

Type 2a: (ai |φ) = (0)6

n

Type 2b: (ai |φ) = (±1)1, (0)4

n

n + 1

n − 1

Type 2c: (ai |φ) = (±1)2, (0)2

[(a1 ± a2|X )]τ(X ± a0T ) + [(a2 ± a0|X )]τ(X ± a1T ) + [(a0 ± a1|X )]τ(X ± a2T ) = 0
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Define an 8-parameter elliptic hypergeometric sum/integral:

I (X ) =
r−1∑
z̃=0

∫ 1

0

dz

∏7
j=0 Γ(xj ± z , x̃j ± z̃)

Γ(±2z ,±2z̃)
.

For X ∈ D, we define ψ
(n)
i,j (X ) = I (X + v

(n)
ij T ), where

v
(n)
ij := (1− n)a0 + (n + 1− i − j)a1 + (j − i)a2.

Theorem (K.-Yamazaki (2021))

The function τ(X ) on D = tn∈ZDn, defined on each Dn by

τ(n)(X ) =

g (n)(X ) det
(
ψ

(n)
i,j (X )

)n
i,j=1

(n ≥ 0),

0 (n < 0),

is a hypergeometric τ-function which satisfies the bilinear Hirota equations. Moreover each τ(n) is
invariant under the action of W (E7).
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Explicit solutions on the first two hyperplanes:

τ(0)(X ) = g (0)(X ) =
∏

0≤i<j≤7

Γ+
σ (τ + xi + xj , 1 + x̃i + x̃j ;σ, τ, τ),

τ(1)(X ) = e−Q(X )I (X )
∏

0≤i<j≤7

Γ+
στ (xi + xj , x̃i + x̃j ;σ, τ, τ, µ),

where

Γ+
σ := eφ

+

gσ(z , z̃ ;σ, τ, ω) gσ(σ + τ + ω − z , r + 1− z̃ ;σ, τ, ω),

Γ+
στ := Γ+

σ (z , z̃ ;σ, τ, ω)gτ (z , z̃ ;σ, τ, µ) gτ (σ + τ + ω − z , r − z̃ ;σ, τ, µ),

gσ(z , z̃ ;σ, τ, ω) :=
∞∏

k1,k2,k3=0

(
1− e2πixe2πiσz̃e2πiσrk1e2πi(σ+τ)k2e2πi(σ+ω)k3

)
,

gτ (z , z̃ ;σ, τ, ω) :=
∞∏

k1,k2,k3=0

(
1− e2πixe2πiσ(r−z̃)e2πiτ rk1e2πi(σ+τ)k2e2πiωk3

)
.
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Theorem (K.-Yamazaki (2021))

The hypergeometric τ-function τ(n) on Dn, can be equivalently written in terms of the
multidimensional elliptic hypergeometric sum/integral

In(X ) =
λn

n!

r−1∑
z̃1,...,z̃n=0

∫
[0,1]n

∏
1≤i<j≤n

θσ(±zi ± zj ,±ˆ̃zi ± ˆ̃zj)
n∏

k=1

f (zk , ˆ̃zk ; x , x̃)dzk

as

τ (n)(X ) = g (n)(X ) d (n)(X ) In(X ) = e(n)(X ) G (n)(X ) In(X ),

where

f (zk , ˆ̃zk ; x , x̃) =

∏7
j=0 Γ(xj ± zk , x̃j ± ˆ̃zk)

Γ(±2zk ,±2ˆ̃zk)

is the integrand of the 8-parameter elliptic hypergeometric sum/integral.
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Hypergeometric KP tau-functions

To two formal power series

ψ̂(~2, y) ∈ yC~~2, y� ŷ(~2, z) B
∞∑

k=1

ŷk(~2)zk ∈ zC~~2, z� ,

one can associate a hypergeometric ~-KP tau-function

Z(p) = eF(p)
=
∑
ν∈P

exp
(∑
�∈ν

ψ̂(~c�)
)
sν(p)sν

({
~−1ŷk

})
.

Here

F(p) =
∞∑

g=0

∞∑
n=1

~2g−2+n
∞∑

µ1,...,µn=1

Fg,n(µ)pµ .

has a genus decomposition with unstable terms.
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Change of variables

Using work of Bychkov–Dunin-Barkowski–Kazarian–Shadrin and

Kazarian, I find a linear map Θψ,y : p→ p(q) such that

exp
(
F − F0,1 − F0,2

)∣∣∣∣
p→p(q)

is a KP tau-function without unstable terms.

If the problem satisfies topological recursion, Θ is compatible with the

DOSS formula, and the partition function of the cohomological field

theory is a KP tau-function after a linear change of variables.

This change may include infinite linear combinations.

It is finite iff ∞ is the unique ramification point of the spectral curve.

The rank one case recovers KP integrability of triple Hodge classes

Λ(a)Λ(b)Λ(c) with 1
a +

1
b +

1
c = 0, as found by Alexandrov.
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Thanks for your attention!
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1. Liouville’s Equation

2. BBGKY hierarchy
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Liouville’s Equation



Liouville’s Equation

Consider the Hamiltonian system with Hamiltonian H(p, x) where

H =
1

2

N∑
i=1

p2i
2m

+ V (x)

In this case, being p = mv , the Liouville’s Theorem (i.e. the conservation

of the volume in the phase space) holds also in the variables x , v .

Suppose that the initial data is distributed according to the probability

density f0(x , v). Obviously f0 ≥ 0 and
∫
∧ f = 1, where ∧ ⊂ R2n is a

subset of the phase space.

Let us denote with f (x , v , t) the probability density at time t; by

definition f (x , v , 0) ≡ f0(x , v).

Given a generic set A let us denote with At = Φt(A) it’s time evaluated

at time t. ∫
A

dx dv f0(x , v) =

∫
At

f (x , v , t)

2



Liouville’s Equation

Then, by Liouville Theorem Vol(A) = Vol(At), and by the generality of A

we find

f (Φt(x , v), t) = f0(x , v), (1)

That is, f is conserved along the trajectories Φt(x , v). Finally, taking the

derivative with respect to t of (1) and using i
.
x = v and

.
v = F , we find

0 ≡ d

dt
f (Φt(x , v), t) =

∂

∂t
f + v∇x f +

m

F
∇v f = 0, (2)

which is precisely the Liouville’s equation.
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BBGKY hierarchy

The Liouville’s equation describes the evolution of a measure (density) in

the phase space. Here we are interested in the case in which the number

of particles N is very large.

The phase space density is defined as

f (x1, ..., xN , v1, ..., vN , t) dx dv .

Here we suppose that f ≥ 0; that the integral of f is 1; and that f is

symmetric under particle exchange: i.e. that for any i , j

f (x1, ..., xi , ..., xj , ...xN , v1, ..., vi , ..., vj , ...vN) =

= f (x1, ..., xj , ..., xi , ...xN , v1, ..., vj , ..., vi , ...vN),

4



BBGKY hierarchy

The j-particle distribution function is defined by integrating f on the

other N − j particles and then by multiplying for the number of way to

select j particles from N particles.

f Nj (x1, ..., xj , v1, ...vj , t) ≡

≡ N!

(N − j)!

∫
dxj+1 dvj+1 ...dxNdvN f (x1, ..., xN , v1, ..., vN , t)

We can notice that the 1-particle density f N1 allows knowing how many

particles are in a given set ∧ :

n∧ =

∫
∧

dx1 dv1 f
N
1 (x1, v1)

f N2 allows knowing how many particles are in ∧1 × ∧2, etc .

5



BBGKY hierarchy

What is interesting is that we can write an evolution equation for the f Nj .

As we shall see, the equation for f N1 involves f N2 , the equation for f N2
involves f N3 , etc.

In other words, we find a coupled chain of equations.

This is the reason for the name hierarchy.

Here we shall derive the equation for f N1 , where

f N1 (x1, v1) ≡ N

∫
dx2 dv2 ... dxN dvN f (x1, ..., xN , v1, ..., vN)

6



BBGKY hierarchy

By substituting the Liouville’s equation for f N we find

∂t f1 (x1, v1, t) = N

∫
dx2 dv2...dxN dvN ∂t f (x1, v1, ..., xN , vN) =

= N

∫
dx2 dv2...dxN dvN (−v∂x − F∂v )f (x1, v1, ..., xN , vN) =

= N

∫
dx2 dv2...dxN dvN − v1∂x1 f + N

∫
dx2 dv2...dxN dvN

N∑
j=2

−vj∂xj f +

+N

∫
dx2 dv2...dxN dvN − F1∂v1 f + N

∫
dx2 dv2...dxN dvN

N∑
j=2

−Fj∂vj f =

= I + II + III + IV , (3)

where we have written F = (F1, ...,FN), and where we have numbered

the addends from I to IV .

7



BBGKY hierarchy

For first, let us consider the term I .

I = N

∫
dx2 dv2...dxN dvN − v1∂x1 f =

= v1∂x1 N

∫
dx2 dv2...dxN dvN f (x1, v1, ..., xN , vN) =

= v1∂x1 f
N
1 (x1, v1) (4)

The terms II and IV are zero because each term of the sum is derived

with one of the integration variables.

In fact, for sake of simplicity, we are supposing that f vanishes sufficiently

fast at infinity (in the case in which the space domain is all R3).
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BBGKY hierarchy

It remains to consider the term III . Let us remind that

F1 =
N−1∑
j=2

F (x1 − xj)

Therefore

III = N

∫
dx2 dv2...dxN dvN − F1∂v1 f =

= N

∫
dx2 dv2...dxN dvN −

N∑
i=2

F (x1 − xj) ∂v1 f (x2, v2, ..., xN , vN) =

= N(N − 1)

∫
dx2 dv2...dxN dvN F (x1 − x2)∂v1 f (x2, v2, ..., xN , vN) (5)

= −∂v1
∫

dx2 dv2 F (x1 − x2)N(N − 1)

∫
dx3 dv3...dxN dvN f

= ∂v1

∫
dx2 dv2...dxN dvN F (x1 − x2)f N2 (x1, x2, v1, v2) (6)
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BBGKY hierarchy

Therefore, summing I and III we find

∂t f
N
1 + v1∂x1 f

N
1 + ∂v1

(∫
dx2dv2 F (x1 − x2) f N2 (x1, x2, v1, v2)

)
(7)

So we have found that the equation for f N1 involve f N2

Thank you for your attention!
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Coulomb gas particles on the real line
Consider the Coulomb gas particles λj , j = 1, . . . , n, on the real
line (−∞,+∞) governed by the distribution (β > 0)

p(λ1, . . . , λn) =
1

Zn

∏
1≤j<k≤n

|λj − λk|2
n∏
j=1

e−n|λj |
β
dλj ,

λ1, . . . , λn ∈ R.

(1)

λmin
closest to 0 particle

0

Features of the gas particles
Mutual repulsion: each particle is repelled from the others.
(Weak) confinement: the particles are repelled from infinity.
Attraction to 0: cusp singularity of potential for 0 < β ≤ 1.



Random Matrix Ensemble associated to Freud weight on the line
Consider a random matrix ensemble on the space of n× n
Hermitian matrices M defined by the probability measure (β > 0)

1

Ẑn
exp

(
−nTr|M |β

)
dM, (2)

where

dM =

n∏
j=1

dMjj

∏
1≤j<k≤n

dReMjkd=Mjk.

Coulomb gas particles as eigenvalues of a random matrix
Eigenvalues of a random n× n Hermitian matrix M with the
distribution (2) are distributed as the Coulomb gas particles (1).



Limiting density of the eigenvalues

x

y

A(β1)A(β2)−A(β1) −A(β2)

β1 ≤ 1

β2 > 1

hard singularity at 0 for 0 < β ≤ 1

soft edgessoft edges

y = ψ(x)

ψ(x) ∼


β
β−1

1
πA , β > 1,

1
πA log 1

|x| , β = 1,

β tan πβ
2

2π |x|β−1, 0 < β < 1.



Some related studies
Asymptotics of the associated orthogonal polynomials (Freud
polynomials) and their recurrence coefficients: Lubinsky,
Mhaskar, Saff, Magnus, Nevai, Kriecherbauer,
McLaughlin, Wong, Zhao.
Canali, Wallin, Kravtsov: numerical simulations.
Freud polynomials with β < 1 correspond to indeterminate
model problem (Berg).



Nearest-to-0 eigenvalue
We are interested in the distribution of the closest-to-0 eigenvalue,
i.e.

Gn(λ) := Pn(|λmin| > λ), λ > 0.

Rescaling: limiting distribution of the nearest-to-zero eigenvalue
After appropriate rescaling, we obtain the limiting distribution
(s > 0).

∃ lim
n→∞

Gn

(
β−1
β πA · sn

)
=: F (β)(s), β > 1,

∃ lim
n→∞

Gn

(
πA · s

n logn

)
=: F (β)(s), β = 1,

∃ lim
n→∞

Gn

((
2π

tan πβ
2

)1/β

· s
n1/β

)
=: F (β)(s), 0 < β < 1.



Tail of the limiting distribution of the nearest-to-zero eigenvalue
As s→∞,

logF (β)(s) = −π2

2 s
2 − 1

4 log s+ C + o(1), β ≥ 1,

logF (β)(s) = −β
2B
(
β
2 ,

1
2

)2
s2β − β

4 log s+ C(β) + o(1),

0 < β < 1.

Asymptotics of the partition function as n→∞.

logZn =

(
log

A

2
− 3

2β

)
n2+n log(2π)− 1

12
log n+c(β)+o(1).

Values of the constants C and c(β) for β ≥ 1.

C = 3ζ ′(−1) + 1

12
log 2− 1

4
log π.

c(β) = ζ ′(−1)− 1

12
log

β

2
.
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Probability as a Fredholm determinant
Moreover,

F (β)(s) = det
(
I −K(β)

)
(−s,s)

,

where
1 for β ≥ 1,

K(β)(u, v) =
sin (π(u− v))
π(u− v)

.

2 for 0 < β < 1, no easy explicit expression for K(β).
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Painlevé III (D6) rational solutions

Painlevé III equation

u′′ =
(u′)2

u
− u′

x
+ 𝛼

u2

x
+

𝛽

x
+ 𝛾u3 +

𝛿

u
.

Painlevé III(D6)
𝛾 ̸= 0, 𝛿 ̸= 0.

Rational solutions

𝛼 = 4n − 4m, 𝛽 = 4n + 4m, 𝛾 = 4, 𝛿 = −4, n ∈ N, m ∈ C

un(x ,m) = 1 + O(x−1), x → ∞

Rational solutions of Painlevé III June 22nd, 2021 2 / 10



Recurrence relation

un(x ,m) =
sn(x ,m − 1)sn−1(x ,m)

sn(x ,m)sn−1(x ,m − 1)
.

where Umemura polynomials sn(x ,m) are determined by the recurrence
relation

sn+1(x ,m) =
(4x + 2m + 1)s2n(x ,m)− s ′n(x ,m)sn(x ,m)

2sn−1(x ,m)

−x(s ′′n (x ,m)sn(x ,m)− (s ′n(x ,m))2)

2sn−1(x ,m)

With initial condition

s−1(x ,m) = 1, s0(x ,m) = 1.

Rational solutions of Painlevé III June 22nd, 2021 3 / 10



Main result

Painlevé III (D8) equation

𝛼 = 4, 𝛽 = 4, 𝛾 = 0, 𝛿 = 0

Special solution w(x ,m) holomorphic at zero with initial condition

w(0,m) = tan

(︂
𝜋(2m + 1)

4

)︂

Theorem (Barhoumi, Lisovyy, Miller, Prokhorov)

lim
j→∞

u2j+1

(︂
x

2j + 1
,m

)︂
= − 1

w(x ,m)
, m ̸= 1

2
+ Z

lim
j→∞

u2j

(︂
x

2j
,m

)︂
= w(x ,m), m ̸= 1

2
+ Z
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Numerics, u10(x , 0.25), red=zeroes, blue=poles
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Numerics, w(x , 0.25), blue=zeroes, yellow=poles

Code by Fasondini, Fornberg, Weidemann (2018)
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Numerics, u11(x , 0.25), red=zeroes, blue=poles
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Numerics, −(w(x , 0.25))−1, blue=zeroes, yellow=poles

Code by Fasondini, Fornberg, Weidemann (2018)
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Proof

Proof using Riemann-Hilbert problems

Proof by construction of Taylor series
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Thank you!

Rational solutions of Painlevé III June 22nd, 2021 10 / 10
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Classical Unitary Invariant Ensembles

Let I be a closed interval in R, N an integer ≥ 1.

HN (I) := {M ∈ MatN×N (C) : M† =M, σ(M) ⊂ I}.

Unitary-invariant ensembles: probability measures on HN (I) of the form

1

CN
eNtrV (M)dM dM :=

N∏
i=1

dMii

∏
1≤i<j≤N

dReMijdImMij

with V continuous function of I◦, CN :=
∫
HN (I)

eNtrV (M)dM .

Classical unitary-invariant ensembles.

I GUE (Gaussian): I = (−∞,+∞), V (x) = −x2/2.
I LUE (Laguerre): I = [0,+∞), V (x) = −x+ α log x.
I JUE (Jacobi): I = [0, 1], V (x) = α log x+ β log(1− x).
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Correlators

The correlators are the expectations〈
trMk1 · · · trMk`

〉
=

1

CN

∫
HN (I)

trMk1 · · · trMk`etrNV (M)dM.

Probabilistic significance: statistical distribution of eigenvalues; e.g.

N−2
〈
trMk

〉
→

N→+∞

∫
I

λkρ(λ)dλ

give the moments of the equilibrium measure ρ.

Topological expansion: even Laurent expansion at N =∞,〈
trMk1 · · · trMk`

〉
=
∑
g≥0

N2−2g−`f
k1,...,k`
g,` .

Note that 2− 2g − ` is the Euler characteristic of a surface of genus g with `
punctures. The coefficients fk1,...,k`g,` have interesting geometric and
combinatorial interpretations.
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Gaussian Unitary Ensemble and ribbon graphs

A ribbon graph is a graph with a cyclic ordering of half-edges incident to
any vertex. They are described by three permutations πv, πe, πf = π−1

v πe.
E.g. for one vertex only of degree 4, the possible ribbon graphs (up to
isomorphisms) are the following ones.

1

4
3

2

πv=(1234)
πe=(12)(34)
πf=(24)

1

4
3

2

πv=(1234)
πe=(14)(23)
πf=(13)

1

4
3

2

πv=(1234)
πe=(13)(24)
πf=(1234)

Theorem (Bessis, Itzykson & Zuber – 1980). For the GUE we have

f
k1,...,k`
g,` =

1

`!
|{genus g ribbon graphs with ` vertices of degrees k1, . . . , k`}|.

E.g.
〈
trM4

〉
= 2N2 + 1.
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Hurwitz numbers

Hurwitz numbers (Hurwitz, 1901) can also be viewed in two ways.

I Geometrically: weighted count of ramified coverings of the sphere by a
surface of genus g.

I Combinatorially: count of factorizations of the identity in the symmetric
group.

Connection between these points of view via monodromy and Riemann
existence theorem.

Recent resurgence of interest in relation to

I integrable systems and matrix models (Okounkov – Harnad, Orlov,
Guay-Paquet, Novak)

I Enumerative Geometry (Okounkov & Pandharipande – Ekedahl,
Lando, Shapiro & Vainshtein).
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Jacobi Unitary Ensemble and Hurwitz numbers

Given n ≥ 0, partitions λ, µ, ν ` n and g ≥ 0, we define hg(λ, µ, ν) as the
number of (π1, π2, τ1, . . . , τr) of permutations in Sn such that

1. r = 2g − 2− n+ `(µ) + `(ν) + `(λ),

2. π1 ∈ Cµ, π2 ∈ Cν ,

3. τi = (ai, bi) are transpositions, with ai < bi and b1 ≤ · · · ≤ br, and

4. π1π2τ1 · · · τr ∈ Cλ.

Theorem (Gisonni, Grava & R – 2020). For the JUE we have

(−1)|λ|fλ1,...,λ`
g,` =

1

|Cλ|
∑

µ,ν`|λ|

(α+ 1)`(ν)

(−α− β − 2)`(µ)+`(ν)+`(λ)+2g−2
hg(λ, µ, ν),

(−1)|λ|f−λ1,...,−λ`
g,` =

1

|Cλ|
∑

µ,ν`|λ|

(−α− β − 1)`(ν)

α`(µ)+`(ν)+`(λ)+2g−2
hg(λ, µ, ν).
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Double monotone Hurwitz numbers and LUE

lim
β→+∞

βk1+···+k`

〈∏̀
j=1

trMkj

〉
JUE(α,β)

=

〈∏̀
j=1

trMkj

〉
LUE(α)

Given n ≥ 0, partitions λ, µ ` n and g ≥ 0, we define h<g (λ, µ) (or h≤g (λ, µ))
as the number of (π, τ1, . . . , τr) of permutations in Sn such that

1. r = 2g − 2− n+ `(µ) + `(λ),

2. π ∈ Cµ,

3. τi = (ai, bi) are transpositions, with ai < bi and b1 < · · · < br (or
b1 ≤ · · · ≤ br), and

4. πτ1 · · · τr ∈ Cλ.

Theorem (Cunden, Dahlqvist & O’Connell – 2018). For the LUE we have

f
λ1,...,λ`
g,` =

1

|Cλ|
∑
µ`|λ|

(α+ 1)`(µ)h<g (λ, µ),

f
−λ1,...,−λ`
g,` =

1

|Cλ|
∑
µ`|λ|

1

α`(µ)+`(λ)+2g−2
h≤g (λ, µ).
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Based on the join work with M. Bertola ArXiv 2104.13784
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The main statement

Theorem (Bertola - T., 2021)
The wild character variety of an sl2 polynomial connection of degree K on the
Riemann sphere is a cluster manifold of type A2K with one frozen variable.

We consider the algebraic variety of 2K complex dimension given by

SK =

{(
1 s1
0 1

)
. . .

(
1 s2K+1
0 1

)(
1 0

s2K+2 1

)(
λ 0
0 λ−1

)
= I2 | si ∈ C, λ ∈ C∗

}
.

On SK we define the 2-form

WK :=
1
2

2K+3∑
`=1

tr
(

H−1
` dH`∧S−1

` dS`

)
, H` := S1 · · ·S`, S2K+3 :=

(
λ 0
0 λ−1

)
= Λ

and S2`−1 =

(
1 s2`−1
0 1

)
, S2` =

(
1 0

s2` 1

)
for ` = 1, . . . ,K + 1.

1. (SK ,WK ) is symplectic.
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The log-canonical coordinates

2. We find coordinates {yj}2K
j=1 on SK that are log-canonical forWK .

Theorem (Bertola - T., 2021)
The Poisson bracket induced byWK is

{yi , yj} = Pij
K yiyj where

PK =

1
4



0 1 0 0 0 . . . 0
−1 0 1 0 0 . . . 0
0 −1 0 1 0 . . . 0
...

. . . . . . . . .
...

...
. . . . . . . . .

...
0 0 . . . −1 0 1
0 0 . . . 0 −1 0



S2

S5

S1

S6ΛS4

S3

y1

y2
y3

y4

A4

3. 4PK is the adjacency matrix of an A2K -Dynkin diagram.
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The cluster relations

S2

S5

S1

S6ΛS4

S3 y1

y2y3

y4

A4

T1

S2

S5

S1

S6ΛS4

S3 u1

u2

u3

u4

µ2(A4)

T2

S2

S5

S1

S6ΛS4

S3 w1

w2
w3

w4

µ4(A4)T3

S2

S5

S1

S6ΛS4

S3 z1

z2z3

z4

µ4(A4)T4

4. The flip of each
internal edge of the
triangulation T1
corresponds to a
Y -mutation in the
quiver A2K .
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Thank you!
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Classification of bi-Hamiltonian pairs extended
by isometries

Pierandrea Vergallo
Department of Mathematics and Physics ”E. De Giorgi”

University of Salento

Joint work with M. V. Pavlov and R. Vitolo
Proc. Roy. Lond. Soc. A

Integrable Systems in Geometry and Mathematical Physics,
Conference in Memory of Boris Dubrovin



The constant astigmatism equation

Let us consider the constant astigmatism equation

utt +

(
1

u

)
xx

+ 2 = 0, (1)

If we introduce the variable ut = vx we obtain the following system

ut = vx, vt = −
(

1

u

)
x

− 2x, (2)

It was found by Pavlov and Zykov that (2) has a bi-Hamiltonian
structure:

A =

(
0 1
1 0

)
∂x, (3)

B =

(
2u 0
0 2

u

)
∂x +

(
1 0
0 − 1

u2

)
ux +

(
0 −1
1 0

)
vx +

(
0 0
0 2

)
∂−1
x . (4)



Quasilinear systems of first order

Let us consider quasilinear systems of first order PDEs

uit = V ij (u)ujx,

also called hydrodynamic type systems.

System (3) admits a bi-Hamiltonian formulation if:

uit = V ij (u)ujx = P ij
δH0

δuj
= Qij

δH̃0

δuj
, (5)

where P ij and Qij are compatible Hamiltonian operators.



A classification problem

We investigate the following problem:

find all bi-Hamiltonian pairs A, B

where

A = ηij∂x =

(
0 1
1 0

)
∂x, Bij = gij∂x + Γijk u

k
x + εf i∂−1

x f j , (6)

Here
Aij = ηij∂x and Bij0 = gij∂x + Γijk u

k
x (7)

are Dubrovin-Novikov operators.

The classification is made with respect to the action of the group of
local diffeomorphisms of the dependent variables.



f = ∂u

Theorem
If f = ∂u, the metric gij in the operator B is one of the following:

gij1 =

(
α
v β
β v

)
α 6= β2,

gij2 =

(
g11(v) g12(v)
g12(v) 0

)
g12(v) 6= 0,

gij3 =

(
0 β
β v

)
β 6= 0,

where g11(v) and g12(v) are arbitrary functions.

Obviously, a similar statement holds for f = ∂v by simple change of
variable.



f = ∂u + ∂v

Theorem
If f = ∂u + ∂v then gij is one of the following

gij4 =

(
f(−u+ v) −f(−u+ v) + β

−f(−u+ v) + β f(−u+ v)

)
β 6= 0,

where f = f(−u+ v) is an arbitrary non-constant function;

gij5 =

(
−u+ v β
β 0

)
β 6= 0,

gij6 =

(
α β
β γ

)
αγ 6= β2.



f = u∂v − v∂u

Theorem
If f = u∂u − v∂v the metric gij is one of the following

gij7 =

(
αuv+ε
v2 β
β 0

)
β 6= 0,

gij8 =

(
u
v β
β αv

u

)
α 6= β2,

gij9 =

(
α
F β
β F

)
α 6= β2,

with

F =
γuv + ε+

√
(γ2 − 4α)u2v2 + 2γεuv + ε2

2u2
. (8)



Thank you for the attention!
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Lagrangian formulation of Liouville integrable system

Minimal example: consider two Hamiltonian ODEs

df (q, p)

dt1
= {H1(q, p), f (q, p)},

df (q, p)

dt2
= {H2(q, p), f (q, p)},

with {H1,H2} = 0.

t1

t2

•

Initial
condition

q(0, 0), p(0, 0)

• q(t1, t2), p(t1, t2)
independent of path
through multi-time

Traditional Lagrangian description. Lagrange functions L1, L2 corresponding to H1,H2.
The actions ∫

L1(q, qt1)dt1 and

∫
L2(q, qt1 , qt2) dt2

are extremised by q. (Subscripts denote partial derivatives.)

Pluri-Lagrangian / Lagrangian multiform principle. Consider the 1-form

L[q] = L1(q, qt1) dt1 + L2(q, qt1 , qt2) dt2.

For every curve γ : [0, 1] → R2 in multi-time, q : R2 → R extremises

∫
γ

L[q].
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Lagrangian formulation in context

The variational is easily generalised to

Hierarchies of PDEs: 2-forms for KdV, AKNS, . . . ; 3-form for KP.

Lattice systems: ABS list, . . .

Relations to other concepts

Variational symmetries: dL = 0 ⇔ flows are variational symmetries of each other

Hamiltonian structures: dL = 0 ⇔ Hamiltonians are in involution

Research groups active in this area

TU Berlin: Yuri Suris, . . .

University of Leeds: Vincent Caudrelier, Frank Nijhoff, . . .

For more info and references, see most recent poster available at
https://matsvermeeren.be/posters/
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