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Introduction 1: irregular pole of order 2

Dubrovin studied a lot systems of meromorphic differential
equations of the following shape,

av
dz

= (U—l—é\/)w U,VeMan((C):

U semisimple with different eigenvalues uy, ..., up.

~ trivial hol. vector bundle on P! with flat meromorphic
connection with logarithmic pole at 0 and order 2 pole at c.

Order 2 pole ~» 2 upper triangular

Stokes matrices Sy and Sy and ﬁf =\
a diagonal matrix for the formal /gt
monodromy. 3 )i )
/1 /
~ i il
Suppose Sp = Sy and g’
0

formal monodromy = id.

)
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Introduction 2: isomonodromic deformation
The system 9% = (U + 1 V)W has isomonodromic deformations
(Malgrange '83), and uy, ..., u, are local parameters.
The matrix Sp is constant within a Stokes region:

Stokes wall W := {(u1, ..., up) € C"| Im(u;) = Im(u;)} C C",
Stokes region R(So) := C" — U, ; Wj;.

Crossing the Stokes wall Wj; ~» an action of the braid o; € Br),.
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Introduction 3: possible base spaces

Possible global base spaces for isomonodromic deformations:

Possibility 1: universal covering of C" — U, _;{(u1, ..., un) | uj = u;}.

Possibility 2: union Ugcg,,(s,) R(S) of correctly glued Stokes
regions, one for each S in the braid group orbit Br,(Sp)
2 a quotient of Possibility 1.

Other possibilities: Spaces between Possibility 1 and Possibility 2.
Especially interesting:
So € Ta(Z) :={T € Mpxn(Z)| Tji =1, T;; =0 for i > j}.

In many cases, suitable base spaces are Frobenius manifolds.

A proposal of Dubrovin "13: from finite braid group orbits Br,(So)
construct algebraic Frobenius manifolds. Examples: ADE.
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Introduction 4: Slogan /hope

Today: Stokes matrices and base spaces for
the simple singularities = ADE-singularities and
the simple elliptic singularities = Eg, E7, Es.

Start from the pu-homotopy class of an isolated hypersurface
singularity.

The base space of a certain global versal unfolding should be an
atlas of distinguished bases (up to signs) of its Milnor lattice.

Looijenga '73 + Deligne '74: yes for the ADE singularities.

Hertling + Roucairol '07/'18: yes for the simple elliptic
singularities.
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Isolated hypersurface singularity
f : (C™1,0) — (C,0) holomorphic, isolated singularity at 0,
of : , :
Qf = O(Cm+1’0/($) Jacobi algebra,  :=dim Q¢ Milnor number.

Choose a good representative f : X — A,

A =(very small disk in C),
X = (small ball in C™1) N f~1(A),
X, =fY(r)C X forT €A,

P € 2
ﬂ-l-—

For 7 € A*, the Milnor fibre X; is homotopy equivalent to \/M sm

The Milnor lattice is MI(f) := Hn(X;,Z) = Z* (some r > 0)
(HE(X,,Z) if m = 0).
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Milnor lattice

On MI(f) we have the monodromy Mon  (quasiunipotent),
the intersection form / ((—1)™-symmetric),
the Seifert form L (unimodular).

L determines Mon and / by

L(Mon(a), b) = (=1)™1L(b,a), I(a,b) = —L(a, b)+(—1)"TLL(b, a).

Gy (f) := Aut(MI(f), Mon, I, L) = Aut(MI(f), L).

Well known: Monc, Mong, Ig, Lg.
Fairly well known: I7.
Badly known: Mongy, L.



Universal unfolding
Choose my, ..., m, € Ogmi1 g s.t. [m1], ..., [my] € Qf is a basis of
Qf. Define F: X x M — C by
m
F=F(x,t)=F(x)=f(x)+>_ miti: X x M - C,
i=1

where M C C* is an open neighborhood of 0.

Theorem: F is a universal unfold/ng, it induces any unfolding of f.

*
@ Ny > wFex)=p

x€Crit(F;)
\‘m”—_—wﬁ_—/"/

Theorem: (M, o, e, E) is an F-manifold with Euler field.
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Structure on M: Multiplication

) OF OF
C:=Crit(F) == {(x,t) e X x T| PR v 0}.
———_ CCXxM smooth
iy finite, flat of degree
M
Tm =, m.O¢c
0 OF
= % |on) -t
N\ ~
™™ = B Qe
x€Crit(Ft)

multiplication o < multiplication
unit field e  « [1]
Euler field E  +  [F]
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F-manifold

Theorem: (M, o, e, E) is an F-manifold with Euler field.

Definition: (H-Manin '98) (M, o, e) F-manifold:
M a complex manifold.

o a hol. commutative and associative multiplication on the hol.

tangent bundle TM with eo = id.
An integrability condition for hol. vector fields X, Y € Tp:

Liexoy (o) = X o Liey (o) + Y o Liex(o). (%)

E € Ty is an Euler field: Lieg(o) =1 - o.
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Caustic, Maxwell stratum, p-constant stratum

M > Kz:={te M|F; has not u A;-singularities} caustic

M D Kp:={te€ M]|F; has u A;-singularities,
but < p critical values} Maxwell stratum

M > K3>S8,:={te M|F;: has only one singularity x°
and F;(x°) =0} p-constant stratum.
KC3 and Ko are hypersurfaces.

On M — K3 the critical values uq, ..., u, are locally canonical
coordinates, there the multiplication is semisimple.
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Lyashko-Looijenga map LL

t > crit. values of F;  mod Sym,
LL: M — CH/Sym,,
@] U

K3 UK, — discriminant Dy,

It is locally biholomorphic on M — (K3 U K3),
branched of order (2 resp. 3) along (KC2 resp. K3).
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Stokes regions

| JStokes walls := {t € M| 3 i+ jwith Im(u;) = Im(u;)} C M
a union of real hyperplanes,

A Stokes region := a component of M — UStokes walls.

In good cases (ADE, E6, E7, Eg)

LL : each Stokes region = C*/Sym,, — (real hyperplanes),

LL™(u) &L {Stokes regions}

for a generic point u = (uy, ..., u,)/Sym,, € C*/Sym,, — D and
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Distinguished bases

Choose t € M — (K3 U K2). ~ {u1, ..., u,} = {F¢(critical point)}.

Choose a distinguished system of paths 71, ...,7, in A:

Paths from {uy,....,u,} to r > 0,r € A, arriving clockwise at r,

no (self—)intersections except at r.
i \xé\
/ 3
| } ﬁ \
b >
\\v, —

Push vanishing cycles to r:

\
%
* o

®

\ﬁ/

81,0y € MI(F) = Hin(FY(r), Z)

0 = (01, ...,0,) is a distinguished basis of the Milnor lattice,

it is unique up to signs: (01, ..., £4,,).
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Stokes matrices and Coxeter-Dynkin diagrams

A distinguished basis ~» a Stokes matrix S,

1 *
(mt1)(m+2)

S=(-)"E @) = | | € Muu(@).

S <— Coxeter-Dynkin diagram (CDD) of ¢ :

Numbered vertices 1, ..., u, the edge between / and j
(with i < j) is weighted by S;; (no edge if 5;; = 0).

Theorem (Gabrielov, Lazzeri, L& '73): All CDD's are connected.
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Numbers |B| and |{Stokes matrices}|

B := {all distinguished bases in MI(f)},
(B up to signs) = B/{£1}*,
The braid group Br, acts on B, B is one orbit of Br, x {£1}*.

B comes from one t, many (y1, ..., ).

f |B(f)|  |{Stokes matrices}| S;

ADE finite  finite € {0,£1}

Ee., E7, Eg infinite  finite € {0, +1,+2}
any other sing. infinite infinite unbounded

(Last line: Ebeling '18)
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A question of Looijenga '73

But now: many t, one (1, ..., Yu)
r>o
(or rather one family of paths):

Get a map (LD for Looijenga-Deligne)

LD : {Stokes regions} — B/{£1}"
t — (J (mod signs) from these paths)

Conjecture: (Looijenga for ADE, H '07 in general) LD is injective.

For the question whether LD is surjective, the local M is too small,

in general.
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Theorem: LD bijection for ADE, E6, E6, Eg

Theorem The map
LD : {Stokes regions} — B/{£}*

is a bijection
for the simple singularities (Looijenga-Deligne '73/'74)
and the simple elliptic singularities (H-Roucairol '07/'18).
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ADE singularities, Looijenga '73

Looijenga '73: F: C™"1 x M — C, M = C#,
LL: M — C#/Sym, is a branched covering of degree

w! _ M!Ngoxeter )
H7:1 degw ti ‘ W‘

Here deg,, x; and deg,, t; are weights in QN (0,1) s.t. F is
quasihomogeneous with deg,, (F) = 1.

degLL =

~» deg LL = |{Stokes regions}|,

and LL a branched covering ~~ LD is surjective.

For A, LD is injective. Question '73: Also for D,, E
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ADE singularities, Deligne '74

In the case m = 0 mod 4, (MI(f), 1) is the root lattice of type

ADE.

Deligne '74 (with some help of Tits and Zagier): In that case
B = {bases § of MI(f)|1(d;,0;) =2, ss; ©... 055, = Mon}

and

|B/{£1}¥| = ...=degLL (= |{Stokes regions}|).

~ LD is bijective.
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ADE singularities, H+Roucairol '07

New argument for LD injective (2 slides):
Suppose, A and B are Stokes regions with LD(A) = LD(B).
~  Stokes matrix S(A) = Stokes matrix S(B).

A — B
o El!decktrf.wM:M N - y M > /cziug
CH/Symy, D discriminant

Proof with: S;; € {0, £1} (< / pos. def.),
5,'J'=0<—>]C2, 5U=i1<—>/C3.
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ADE singularities, their symmetries, H '00

Aut(M, o, e, E) 23 Aut(F) «-- Aut(f) — Gz(f) — Gz(f)/{£id}

Aut(M,o,e,E) &3 Gy(f)/{xid}
wl\/l ¢hom

Theorem (H '18):
~» LD(A) = LD(B) = Yhom = [£id] = ¢y =id = A= B.

This proof of LD injective extends to the simple elliptic
singularities.



Global unfolding of the simple elliptic singularities
3 Legendre families f;, with t, € C —{0,1}.
Jaworski '86: 3 a global unfolding F = f,, + S ¥ m;t; with
M3 = Ccr1 x (C - {0,1}),

and F = F(x,t) = F¢(x) is locally universal.

Mmar .= Cr=1 x H is its universal covering.

Gz acts on M™" and (Theorem H '18:)

Aut(M™" o, e, E) &0 G, /{+id}
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Lyashko-Looijenga map globally for Es. B, Eg

Simple elliptic singularities:
Theorem (Jaworski '86+'88): The restriction
LL%%E ;M2 — (K38 U K3®) — C*/Sym, — Dy,

is a covering (of finite degree).
Theorem (H-Roucairol '07/'18): 3 partial compactification

Morb B Malg — (CN*l

\ 1
P! > C-{0;1} t

to an orbibundle s.t. LL°? : Mo — CH/Sym,,
is (almost) a branched covering, except that O-section — {0}.
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Degree of LL?% for E;, E;, Eg

Jaworski's methods do not allow to calculate deg LL?.
The calculation of the orbibundles M°™® allows it.

Theorem (H-Roucairol '07/'18):

ZI =2 degW t;

deg LL°® = deg L1768 =
¢ ¢ H¢:21 degw ti

Here w = (wp, ..., w,) € (QN (0, 3])"+! is a weight system with
deg,, xj = w;, deg,(f) =1, deg, t; =1 — deg,, m;.
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Intersection form and vanishing cycles
Simple elliptic singularities with n =0 mod 4:
The intersection form [ is positive semi-definite.

~» For any n and any two vanishing cycles 01, 62 with 01 # +0d5.

/((51, (52) S {O, +1, i2}.

Theorem (Jaworski '88, H-Roucairol '18) Consider a path in
Male — (K;Ig U IC;Ig) tending to a generic point in

IC;Ig U ,Cg/g U (fibers of M°™® above 0,1, 00)

such that uj and uj11 come together.

1(6j,0i4+1) = generic point in
0 Ko,
+1 Ks,
+2 fibers of M°™ above 0,1, 00

T T3

Analogous result for ADE with /(d;,0;4+1) € {0,+1}.

26
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Tables for ADE

Sing deg LL?8 Ncoxeter |Gzl |{Stokes matrices}|
A (L+1 1 p+1 2zu+1) 271 (u+ 12
Dy 2.3% 6 36 23.32
Du(p>5) 2(u-1" 2(n-1) 4p-1) 21 (u—1p"
Es 29 .34 12 24 212. 33
E; 2.312 18 18 27 .310
Es 2.35.57 30 30 28.3%.56

deg LL?8 (= |B/{%1}*|): Looijenga '73,

Ncoxeter: classical,

|Gz|: I.S. Lifshits '81, Yu Jianming '90, H '11,

|{Stokes matrices}| (= 2" -degLL?%¢/|Gz|): Deligne '74.
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Tables for Eg, E7, Eg

|{Stokes matrices}| = 2#~1 . |{Stokes matrices}/{%1}*|,

_ deg LL%
n —
|{Stokes matrices}/{£+1}/| = deg(M7E — Mmr G’
Sing degLL® deg(M?'8 — M™ /G;)  |{Stokes matrices}|
Ee 22-3%.5.7  6.2.3-32=326 27.37.5.7
E; 2®.3.5%.7  6-1-4-22=06 221.53.7

Eg 29.310.7.101 6-1-6-12=136 216.38.7.101

deg LL?'¢ and deg(l\/l"i’g — MM/ Gy): H—RNoucairol '07/'18.
|[{Stokes matrices}|: §6 Kluitmann '83, E7 Kluitmann '87,
Eg H-Roucairol '07/'18.
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Interpretation: Torelli result at semisimple points

For ADE and E67E7,Eg, Mmar — (K5 U K3"") is a moduli space
(up to right equivalence) for marked functions F; (with u different
critical points and values)

The isomorphism LD : {Stokes regions} — B/{+1}*
can be seen as a global Torelli type result for these functions:

The (Fourier-Laplace transformed) Brieskorn lattice with marking
of F; is a hol. vector bundle on C with meromorphic connection
with pole of order 2 at 0. Together with the natural integral
structure and a pairing, it is a noncommutative Hodge structure.
It is determined by

e the critical values of F; (~ eigenvalues of the pole part),

e the distinguished basis LD(t) € B/{£1}*
(~ Stokes structure and marking).
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