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Introduction 1: irregular pole of order 2

Dubrovin studied a lot systems of meromorphic differential
equations of the following shape,

dΨ

dz
=

(
U +

1

z
V
)
Ψ U,V ∈ Mn×n(C),

U semisimple with different eigenvalues u1, ..., un.

; trivial hol. vector bundle on P1 with flat meromorphic
connection with logarithmic pole at 0 and order 2 pole at ∞.

Order 2 pole ; 2 upper triangular
Stokes matrices S0 and S̃0 and
a diagonal matrix for the formal
monodromy.

Suppose S0 = S̃0 and
formal monodromy = id.
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Introduction 2: isomonodromic deformation

The system dΨ
dz =

(
U + 1

zV
)
Ψ has isomonodromic deformations

(Malgrange ’83), and u1, ..., un are local parameters.

The matrix S0 is constant within a Stokes region:

Stokes wall Wij := {(u1, ..., un) ∈ Cn | Im(ui ) = Im(uj)} ⊂ Cn,
Stokes region R(S0) := Cn −

⋃
i<j Wij .

Crossing the Stokes wall Wij ; an action of the braid σi ∈ Brn.
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Introduction 3: possible base spaces

Possible global base spaces for isomonodromic deformations:

Possibility 1: universal covering of Cn −
⋃

i<j{(u1, ..., un) | ui = uj}.

Possibility 2: union
⋃

S∈Brn(S0) R(S) of correctly glued Stokes
regions, one for each S in the braid group orbit Brn(S0)

∼= a quotient of Possibility 1.

Other possibilities: Spaces between Possibility 1 and Possibility 2.

Especially interesting:
S0 ∈ Tn(Z) := {T ∈ Mn×n(Z) |Tii = 1,Tij = 0 for i > j}.

In many cases, suitable base spaces are Frobenius manifolds.

A proposal of Dubrovin ’13: from finite braid group orbits Brn(S0)
construct algebraic Frobenius manifolds. Examples: ADE.
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Introduction 4: Slogan/hope

Today: Stokes matrices and base spaces for
the simple singularities = ADE-singularities and
the simple elliptic singularities = Ẽ6, Ẽ7, Ẽ8.

Start from the µ-homotopy class of an isolated hypersurface
singularity.

The base space of a certain global versal unfolding should be an
atlas of distinguished bases (up to signs) of its Milnor lattice.

Looijenga ’73 + Deligne ’74: yes for the ADE singularities.

Hertling + Roucairol ’07/’18: yes for the simple elliptic
singularities.
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Isolated hypersurface singularity
f : (Cm+1, 0)→ (C, 0) holomorphic, isolated singularity at 0,

Qf := OCm+1,0/(
∂f

∂xi
) Jacobi algebra, µ := dimQf Milnor number.

Choose a good representative f : X → ∆,

∆ =(very small disk in C),
X = (small ball in Cm+1) ∩ f −1(∆),
Xτ = f −1(τ) ⊂ X for τ ∈ ∆.

For τ ∈ ∆∗, the Milnor fibre Xτ is homotopy equivalent to
∨
µ S

m.

The Milnor lattice is Ml(f ) := Hm(Xr ,Z) ∼= Zµ (some r > 0)

(H
(red)
m (Xr ,Z) if m = 0).
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Milnor lattice

On Ml(f ) we have the monodromy Mon (quasiunipotent),
the intersection form I ((−1)m-symmetric),
the Seifert form L (unimodular).

L determines Mon and I by

L(Mon(a), b) = (−1)m+1L(b, a), I (a, b) = −L(a, b)+(−1)m+1L(b, a).

GZ(f ) := Aut(Ml(f ),Mon, I , L) = Aut(Ml(f ), L).

Well known: MonC,MonR, IR, LR.
Fairly well known: IZ.
Badly known: MonZ, LZ.
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Universal unfolding
Choose m1, ...,mµ ∈ OCm+1,0 s.t. [m1], ..., [mµ] ∈ Qf is a basis of
Qf . Define F : X ×M → C by

F = F (x , t) = Ft(x) = f (x) +

µ∑
i=1

mi ti : X ×M → C,

where M ⊂ Cµ is an open neighborhood of 0.

Theorem: F is a universal unfolding, it induces any unfolding of f .

∑
x∈Crit(Ft)

µ(Ft , x) = µ

Theorem: (M, ◦, e,E ) is an F-manifold with Euler field.
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Structure on M : Multiplication

C := Crit(F ) := {(x , t) ∈ X × T | ∂F
∂x0

, ...,
∂F

∂xn
= 0}.

C ⊂ X ×M smooth
↓ π finite, flat of degree µ
M

TM
∼=−→ π∗OC

∂

∂ti
7→

[
∂F

∂ti

]
= [mi ]

TtM
∼=7→

⊕
x∈Crit(Ft)

Q(Ft ,x)

multiplication ◦ ← multiplication

unit field e ← [1]

Euler field E ← [F ]
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F-manifold

Theorem: (M, ◦, e,E ) is an F-manifold with Euler field.

Definition: (H-Manin ’98) (M, ◦, e) F-manifold:
M a complex manifold.
◦ a hol. commutative and associative multiplication on the hol.
tangent bundle TM with e◦ = id.
An integrability condition for hol. vector fields X ,Y ∈ TM :

LieX◦Y (◦) = X ◦ LieY (◦) + Y ◦ LieX (◦). (∗)

E ∈ TM is an Euler field: LieE (◦) = 1 · ◦.
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Caustic, Maxwell stratum, µ-constant stratum

M ⊃ K3 := {t ∈ M |Ft has not µ A1-singularities} caustic

M ⊃ K2 := {t ∈ M |Ft has µ A1-singularities,

but < µ critical values} Maxwell stratum

M ⊃ K3 ⊃ Sµ := {t ∈ M |Ft has only one singularity x0

and Ft(x
0) = 0} µ-constant stratum.

K3 and K2 are hypersurfaces.

On M −K3 the critical values u1, ..., uµ are locally canonical
coordinates, there the multiplication is semisimple.
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Lyashko-Looijenga map LL

t 7→ crit. values of Ft mod Symµ

LL : M → Cµ/Symµ

∪ ∪
K3 ∪ K2 → discriminant DLL

It is locally biholomorphic on M − (K3 ∪ K2),

branched of order (2 resp. 3) along (K2 resp. K3).
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Stokes regions

⋃
Stokes walls := {t ∈ M | ∃ i 6= j with Im(ui ) = Im(uj)} ⊂ M

a union of real hyperplanes,

A Stokes region := a component of M −
⋃

Stokes walls.

In good cases (ADE, Ẽ6, Ẽ7, Ẽ8)

LL : each Stokes region
∼=−→ Cµ/Symµ − (real hyperplanes),

LL−1(u)
1:1←→ {Stokes regions}

for a generic point u = (u1, ..., uµ)/Symµ ∈ Cµ/Symµ −DLL and
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Distinguished bases
Choose t ∈ M − (K3 ∪ K2). ; {u1, ..., uµ} = {Ft(critical point)}.

Choose a distinguished system of paths γ1, ..., γµ in ∆:
Paths from {u1, ...., uµ} to r > 0, r ∈ ∂∆, arriving clockwise at r ,
no (self-)intersections except at r .

Push vanishing cycles to r :

δ1, ..., δµ ∈ Ml(f ) ∼= Hm(F−1
t (r),Z)

δ = (δ1, ..., δµ) is a distinguished basis of the Milnor lattice,

it is unique up to signs: (±δ1, ...,±δµ).
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Stokes matrices and Coxeter-Dynkin diagrams

A distinguished basis ; a Stokes matrix S ,

S := (−1)
(m+1)(m+2)

2 · L(δtr , δ)t =

1 ∗
. . .

0 1

 ∈ Mµ×µ(Z).

S ←→ Coxeter-Dynkin diagram (CDD) of δ :

Numbered vertices 1, ..., µ, the edge between i and j
(with i < j) is weighted by Sij (no edge if Sij = 0).

Theorem (Gabrielov, Lazzeri, Lê ’73): All CDD’s are connected.
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Numbers |B| and |{Stokes matrices}|

B := {all distinguished bases in Ml(f )},

(B up to signs) = B/{±1}µ,

The braid group Brµ acts on B, B is one orbit of Brµ n {±1}µ.

B comes from one t, many (γ1, ..., γµ).

f |B(f )| |{Stokes matrices}| Sij
ADE finite finite ∈ {0,±1}
Ẽ6, Ẽ7, Ẽ8 infinite finite ∈ {0,±1,±2}
any other sing. infinite infinite unbounded

(Last line: Ebeling ’18)
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A question of Looijenga ’73

But now: many t, one (γ1, ..., γµ)

(or rather one family of paths):

Get a map (LD for Looijenga-Deligne)

LD : {Stokes regions} → B/{±1}µ

t 7→ (δ (mod signs) from these paths)

Conjecture: (Looijenga for ADE, H ’07 in general) LD is injective.

For the question whether LD is surjective, the local M is too small,
in general.
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Theorem: LD bijection for ADE, Ẽ6, Ẽ6, Ẽ8

Theorem The map

LD : {Stokes regions} → B/{±}µ

is a bijection
for the simple singularities (Looijenga-Deligne ’73/’74)
and the simple elliptic singularities (H-Roucairol ’07/’18).
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ADE singularities, Looijenga ’73

Looijenga ’73: F : Cm+1 ×M → C, M = Cµ,

LL : M → Cµ/Symµ is a branched covering of degree

deg LL =
µ!∏µ

i=1 degw ti
=
µ!Nµ

Coxeter

|W |
.

Here degw xj and degw ti are weights in Q ∩ (0, 1) s.t. F is
quasihomogeneous with degw(F ) = 1.

 deg LL = |{Stokes regions}|,

and LL a branched covering  LD is surjective.

For Aµ LD is injective. Question ’73: Also for Dµ, Eµ?
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ADE singularities, Deligne ’74

In the case m ≡ 0 mod 4, (Ml(f ), I ) is the root lattice of type
ADE.

Deligne ’74 (with some help of Tits and Zagier): In that case

B = {bases δ of Ml(f ) | I (δi , δi ) = 2, sδ1 ◦ ... ◦ sδµ = Mon}

and

|B/{±1}µ| = ... = deg LL (= |{Stokes regions}|).

 LD is bijective.
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ADE singularities, H+Roucairol ’07

New argument for LD injective (2 slides):

Suppose, A and B are Stokes regions with LD(A) = LD(B).

 Stokes matrix S(A) = Stokes matrix S(B).

 ∃! deck trf. ψM :

A 7→ B
M → M ⊃ K2 ∪ K3

↘ ↙ ↓
Cµ/Symµ ⊃ discriminant

Proof with: Sij ∈ {0,±1} (⇐ I pos. def.),
Sij = 0↔ K2, Sij = ±1↔ K3.
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ADE singularities, their symmetries, H ’00

Aut(M, ◦, e,E )
surj← Aut(F ) L99 Aut(f )→ GZ(f )→ GZ(f )/{± id}

Theorem (H ’18): Aut(M, ◦, e,E )
isom←→ GZ(f )/{± id}

ψM ψhom

 LD(A) = LD(B)⇒ ψhom = [± id]⇒ ψM = id⇒ A = B.

This proof of LD injective extends to the simple elliptic
singularities.
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Global unfolding of the simple elliptic singularities

∃ Legendre families ftµ with tµ ∈ C− {0, 1}.

Jaworski ’86: ∃ a global unfolding F = ftµ +
∑µ−1

i=1 mi ti with

Malg = Cµ−1 × (C− {0, 1}),

and F = F (x , t) = Ft(x) is locally universal.

Mmar := Cµ−1 ×H is its universal covering.

GZ acts on Mmar , and (Theorem H ’18:)

Aut(Mmar , ◦, e,E )
isom←→ GZ/{± id}
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Lyashko-Looijenga map globally for Ẽ6, Ẽ7, Ẽ8

Simple elliptic singularities:

Theorem (Jaworski ’86+’88): The restriction

LLalg : Malg − (Kalg
3 ∪ Kalg

2 )→ Cµ/Symµ −DLL

is a covering (of finite degree).

Theorem (H-Roucairol ’07/’18): ∃ partial compactification

Morb ⊃ Malg ← Cµ−1

↓ ↓
P1 ⊃ C− {0; 1} t

to an orbibundle s.t. LLorb : Morb → Cµ/Symµ

is (almost) a branched covering, except that 0-section → {0}.
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Degree of LLalg for Ẽ6, Ẽ7, Ẽ8

Jaworski’s methods do not allow to calculate deg LLalg .
The calculation of the orbibundles Morb allows it.

Theorem (H-Roucairol ’07/’18):

deg LLorb = deg LLalg =
µ! · 1

2 ·
∑µ−1

i=2
1

degw ti∏µ−1
i=2 degw ti

.

Here w = (w0, ...,wn) ∈ (Q ∩ (0, 1
2 ])n+1 is a weight system with

degw xj = wj , degw(f ) = 1, degw ti = 1− degw mi .
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Intersection form and vanishing cycles
Simple elliptic singularities with n ≡ 0 mod 4:
The intersection form I is positive semi-definite.
; For any n and any two vanishing cycles δ1, δ2 with δ1 6= ±δ2.
I (δ1, δ2) ∈ {0,±1,±2}.

Theorem (Jaworski ’88, H-Roucairol ’18) Consider a path in

Malg − (Kalg
3 ∪ Kalg

2 ) tending to a generic point in

Kalg
3 ∪ Kalg

2 ∪ (fibers of Morb above 0, 1,∞)
such that ui and ui+1 come together.

I (δi , δi+1) = generic point in

0 ↔ K2,

±1 ↔ K3,

±2 ↔ fibers of Morb above 0, 1,∞

Analogous result for ADE with I (δi , δi+1) ∈ {0,±1}.
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Tables for ADE

Sing deg LLalg NCoxeter |GZ| |{Stokes matrices}|
Aµ (µ+ 1)µ−1 µ+ 1 2(µ+ 1) 2µ−1 · (µ+ 1)µ−2

D4 2 · 34 6 36 23 · 32

Dµ (µ ≥ 5) 2(µ− 1)µ 2(µ− 1) 4(µ− 1) 2µ−1 · (µ− 1)µ−1

E6 29 · 34 12 24 212 · 33

E7 2 · 312 18 18 27 · 310

E8 2 · 35 · 57 30 30 28 · 34 · 56

deg LLalg (= |B/{±1}µ|): Looijenga ’73,
NCoxeter : classical,
|GZ|: I.S. Lifshits ’81, Yu Jianming ’90, H ’11,
|{Stokes matrices}| (= 2µ · deg LLalg/|GZ|): Deligne ’74.
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Tables for Ẽ6, Ẽ7, Ẽ8

|{Stokes matrices}| = 2µ−1 · |{Stokes matrices}/{±1}µ|,

|{Stokes matrices}/{±1}µ| =
deg LLalg

deg(Malg → Mmar/GZ)
.

Sing deg LLalg deg(Malg → Mmar/GZ) |{Stokes matrices}|
Ẽ6 22 · 311 · 5 · 7 6 · 2 · 3 · 32 = 326 27 · 37 · 5 · 7
Ẽ7 218 · 3 · 53 · 7 6 · 1 · 4 · 22 = 96 221 · 53 · 7
Ẽ8 29 · 310 · 7 · 101 6 · 1 · 6 · 12 = 36 216 · 38 · 7 · 101

deg LLalg and deg(Malg → Mmar/GZ): H-Roucairol ’07/’18.
|{Stokes matrices}|: Ẽ6 Kluitmann ’83, Ẽ7 Kluitmann ’87,

Ẽ8 H-Roucairol ’07/’18.
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Interpretation: Torelli result at semisimple points

For ADE and Ẽ6, Ẽ7, Ẽ8, Mmar − (Kmar
3 ∪ Kmar

2 ) is a moduli space
(up to right equivalence) for marked functions Ft (with µ different
critical points and values)

The isomorphism LD : {Stokes regions} → B/{±1}µ
can be seen as a global Torelli type result for these functions:

The (Fourier-Laplace transformed) Brieskorn lattice with marking
of Ft is a hol. vector bundle on C with meromorphic connection
with pole of order 2 at 0. Together with the natural integral
structure and a pairing, it is a noncommutative Hodge structure.
It is determined by

• the critical values of Ft (∼ eigenvalues of the pole part),

• the distinguished basis LD(t) ∈ B/{±1}µ
(∼ Stokes structure and marking).
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