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Opening thoughts on Boris

A voice that carries

Not just brilliant, but surrounded by brilliance

Completely committed to discovery



<latexit sha1_base64="oNrvYtClJCvuLQ+NkiKlS8rIs6Q="></latexit>

Solitons: fundamental solutions of nonlinear evolution equations

Integrable nonlinear PDEs possess solutions with many solitons

Example: the two-soliton solution
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The solution procedure for many integrable PDEs:

• Discover e↵ective Lax pair, spectral data linearizes the flow

• Analyze direct spectral transform to identify key spectral features of initial
data

• Evolve forward in time or consider singular limits of parameters

• Analyze inverse spectral transform to obtain phenomena (often asymp-
totic) about the solution.
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Modified focusing KdV equation:
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� xx + u = E ,

 t � 4 xxx + 6u x + 3ux = 0
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KdV Equation
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Solitons are characterized via a meromorphic Riemann Hilbert problem.
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KdV Equation
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M = (M1,M2) satisfies

1. M(�) is meromorphic in C, with simple poles at {�j and �j}
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Solitons are characterized via a meromorphic Riemann Hilbert problem.

<latexit sha1_base64="nRMdWrhXqNqRjKgdxpfBK047ifU=">AAACCXicdVDLSgMxFM34rPVVdekmWARXZabW1roquhFEqGAf0JaSydy2oZnMmGSEUrp146+4caGIW//AnX9jZlpBRQ8ETs65N7n3uCFnStv2hzU3v7C4tJxaSa+urW9sZra26yqIJIUaDXggmy5RwJmAmmaaQzOUQHyXQ8MdnsV+4xakYoG41qMQOj7pC9ZjlGgjdTP4MvDMFTzcC2ikmOjjC6+O4SZKCk7S3UzWzpVLR4WygxNSLBWmpFAoYidnJ8iiGardzHvbM0/5IDTlRKmWY4e6MyZSM8phkm5HCkJCh6QPLUMF8UF1xskmE7xvlHgUaY7QOFG/d4yJr9TId02lT/RA/fZi8S+vFenecWfMRBhpEHT6US/iWAc4jgV7TALVfGQIoZKZWTEdEEmoNuHFIXxtiv8n9XzOKeYOr/LZyuksjhTaRXvoADmohCroHFVRDVF0hx7QE3q27q1H68V6nZbOWbOeHfQD1tsnAWmZ6w==</latexit>

Modified focusing KdV equation:
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Find 2⇥2 matrix M(k;x, t):

1. M is meromorphic in C, with simple poles at {±ıj}
N
j=1;

2. M satisfies the residue conditions
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The N -soliton potential u(x, t) is determined from M via

u(x, t) = 2ı lim
k!1

k(M(k;x, t))21 = 2ı lim
k!1

k(M(k;x, t)12.
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In 1971, Zakharov considered the interaction of a dilute gas of solitons.

Solitons with di↵erent velocities interact by exchanging their velocities,
but: they emerge after the interaction with slightly shifted positions.
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The fundamental calculation: prepare 2 solitons:
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Then:
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Dilute gas of solitons with ”density” f(⌘, x, t). Launch a ”tracer”:

isolated pairwise interactions: accumulated shifts alter tracer velocity.

Derives an equation for tracer velocity:
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Continuity equation for f :
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ft + (s(⌘)f)x = 0 .
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Gennady El (2003) extracted integral eqn for tracer velocity for a dense gas:

s(⌘) = 4⌘2 +
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ft + (sf)x = 0 .
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Extended in several directions, by El & Kamchatnov, El & Tovbis, Pelinovsky
& Shurgalina, Pelinovsky & Dutykh, and others...
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Gennady El (2003) extracted integral eqn for tracer velocity for a dense gas:
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Is this the description of a (random) gas of solitions?

Or something more regular?

Or possibly both?
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1983: Lax and Levermore described the small dispersion limit of KdV:

ut � 6uux + ✏2uxxx = 0 , u(x, 0) = u0(x) .

Fact: the (infinite) solitonic component of the spectral data drives the dynamics.

The point: a well-prepared ”gas” of solitions yields similar kinetic equations.
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Extended in several directions, by El & Kamchatnov, El & Tovbis, Pelinovsky
& Shurgalina, Pelinovsky & Dutykh, and others...
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2016: Dyachenko, Zakharov, and Zakharov: constructed new class of potentials

A continuum limit of solitons with a spectral gap:
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�j : discretization of a smooth function.
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N Poles accumulating here, N ! 1
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Actually one case in Dyachenko, Zakharov, and Zakharov, adapted to MKdV
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A Riemann-Hilbert problem emerges in the limit
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✓(k, x, t) = 4tk3 + xk
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This is the MKdV case.

<latexit sha1_base64="iGgL3kkbKY3Zte0rtGL6HPlBmK0=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiQ1tnZXdCO4qWAf0IYymUzaoZNJmJkIIdRfceNCEbd+iDv/xulDUNEDA4dzzuXeOX7CqFS2/WEUVlbX1jeKm6Wt7Z3dPXP/oCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3I587t3REga81uVJcSL0IjTkGKktDQ0y9dBB1IJdSaDkkaUITE0K7bVqJ+5DQfOSa3uLojr1qBj2XNUwBKtofk+CGKcRoQrzJCUfcdOlJcjoShmZFoapJIkCE/QiPQ15Sgi0svnx0/hsVYCGMZCP67gXP0+kaNIyizydTJCaix/ezPxL6+fqvDcyylPUkU4XiwKUwZVDGdNwIAKghXLNEFYUH0rxGMkEFa6r5Iu4eun8H/SqVpOzTq9qVaaF8s6iuAQHIET4IA6aIIr0AJtgEEGHsATeDbujUfjxXhdRAvGcqYMfsB4+wSrvpTT</latexit>

KdV is very similar
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Claim: these are really soliton gasses.

Justification: long-time asymptotics produces densities solving kinetic equation.
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Long time behavior of u(x, t) solving KdV, obtained from above RHP

Dynamics driven by g-function.

<latexit sha1_base64="GKRpjtEqf65RdzlgpnOfQKqkNu8=">AAACBHicdVBNTwIxEO3iF65fqEcujcTEE9lFBLkRvXiERIQECOl2Z6Gh2920XRNCOHjxr3jxoDFe/RHe/Dd2ARM1+pImL+/NTGeeF3OmtON8WJmV1bX1jeymvbW9s7uX2z+4UVEiKbRoxCPZ8YgCzgS0NNMcOrEEEnoc2t74MvXbtyAVi8S1nsTQD8lQsIBRoo00yOV7ImLCB6HtZsJAUcOwhKEx7UGu4BRr1bNyzcVzUqmWF6RcrmC36MxRQEs0Brn3nh/RJDQzKCdKdV0n1v0pkZpRDjO7lyiICR2TIXQNFSQE1Z/Oj5jhY6P4OIikeWaHufq9Y0pCpSahZypDokfqt5eKf3ndRAfn/SkTcaJB0MVHQcKxjnCaCPaZBKr5xBBCJTO7YjoiklBtcktD+LoU/09uSkW3Ujxtlgr1i2UcWZRHR+gEuaiK6ugKNVALUXSHHtATerburUfrxXpdlGasZc8h+gHr7RPxYJhP</latexit>

Quiescent region

<latexit sha1_base64="ky2RBXp/JxTO1+D14uLePO8pATA=">AAACC3icdZDLSgMxFIYzXmu9jbp0E1oEV2Wmjq3dFd24ESrYC7SlZDJpG5pJhiRTKaV7N76KGxeKuPUF3Pk2ZqYVVPSHwM93zklyfj9iVGnH+bCWlldW19YzG9nNre2dXXtvv6FELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpjy6SenNMpKKC3+hJRLohGnDapxhpg3p2rsMF5QHhOnslgpgZzAcQGxggBm/RmGR7dt4pVMqnXsWFqSmVvbnxvBJ0C06qPFio1rPfO4HAcWguxQwp1XadSHenSGqKGZllO7EiEcIjNCBtYzkKiepO011m8MiQAPaFNIdrmNLvE1MUKjUJfdMZIj1Uv2sJ/KvWjnX/rDulPIo14Xj+UD9mUAuYBAMDKgnWbGIMwpKav0I8RBJhbeJLQvjaFP5vGsWCWyqcXBfz1fNFHBlwCHLgGLigDKrgEtRAHWBwBx7AE3i27q1H68V6nbcuWYuZA/BD1tsnIrCbIQ==</latexit>

Modulating cnoidal wave

<latexit sha1_base64="2PHDQWWAAAYuOTY0h2yEtjNJagM=">AAACAnicdVDLSgMxFM3UVx1fVVfiJlgEV2Wmjq3dFd24rGAf0JaSSW/b0ExmSDKVUoobf8WNC0Xc+hXu/BszbQUVPRA4nHPvDef4EWdKO86HlVpaXlldS6/bG5tb2zuZ3b2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ94eXiV8fgVQsFDd6HEE7IH3BeowSbaRO5qAlQia6ILQNnLNIM4pvyQhsu5PJOrlS8cwruXhGCkVvTjyvgN2cM0MWLVDpZN5b3ZDGgblFOVGq6TqRbk+INDc5TO1WrCAidEj60DRUkABUezKLMMXHRuniXijNExrP1O8bExIoNQ58MxkQPVC/vUT8y2vGunfenjARxRoEnX/UiznWIU76wF0mgWo+NoRQyZL8dEAkodq0lpTwlRT/T2r5nFvInV7ns+WLRR1pdIiO0AlyURGV0RWqoCqi6A49oCf0bN1bj9aL9TofTVmLnX30A9bbJ9wUlxk=</latexit>

elliptic wave
<latexit sha1_base64="pYYxPl+ngvGpcF7eQw+o//AShNI="></latexit>

(Grava, Jenkins, KM, Minakov, ’21)

<latexit sha1_base64="B2/dKCmGtw2caOXOTmD6kSIFtJc="></latexit>

(Girotti, Grava, Jenkins, KM, ’20)



<latexit sha1_base64="Lj5pf+zym4bQrAApJGXpT0PV9lQ="></latexit>

Long time behavior of u(x, t) solving KdV, obtained from above RHP

Dynamics driven by g-function.

<latexit sha1_base64="GKRpjtEqf65RdzlgpnOfQKqkNu8=">AAACBHicdVBNTwIxEO3iF65fqEcujcTEE9lFBLkRvXiERIQECOl2Z6Gh2920XRNCOHjxr3jxoDFe/RHe/Dd2ARM1+pImL+/NTGeeF3OmtON8WJmV1bX1jeymvbW9s7uX2z+4UVEiKbRoxCPZ8YgCzgS0NNMcOrEEEnoc2t74MvXbtyAVi8S1nsTQD8lQsIBRoo00yOV7ImLCB6HtZsJAUcOwhKEx7UGu4BRr1bNyzcVzUqmWF6RcrmC36MxRQEs0Brn3nh/RJDQzKCdKdV0n1v0pkZpRDjO7lyiICR2TIXQNFSQE1Z/Oj5jhY6P4OIikeWaHufq9Y0pCpSahZypDokfqt5eKf3ndRAfn/SkTcaJB0MVHQcKxjnCaCPaZBKr5xBBCJTO7YjoiklBtcktD+LoU/09uSkW3Ujxtlgr1i2UcWZRHR+gEuaiK6ugKNVALUXSHHtATerburUfrxXpdlGasZc8h+gHr7RPxYJhP</latexit>

Quiescent region

<latexit sha1_base64="ky2RBXp/JxTO1+D14uLePO8pATA=">AAACC3icdZDLSgMxFIYzXmu9jbp0E1oEV2Wmjq3dFd24ESrYC7SlZDJpG5pJhiRTKaV7N76KGxeKuPUF3Pk2ZqYVVPSHwM93zklyfj9iVGnH+bCWlldW19YzG9nNre2dXXtvv6FELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpjy6SenNMpKKC3+hJRLohGnDapxhpg3p2rsMF5QHhOnslgpgZzAcQGxggBm/RmGR7dt4pVMqnXsWFqSmVvbnxvBJ0C06qPFio1rPfO4HAcWguxQwp1XadSHenSGqKGZllO7EiEcIjNCBtYzkKiepO011m8MiQAPaFNIdrmNLvE1MUKjUJfdMZIj1Uv2sJ/KvWjnX/rDulPIo14Xj+UD9mUAuYBAMDKgnWbGIMwpKav0I8RBJhbeJLQvjaFP5vGsWCWyqcXBfz1fNFHBlwCHLgGLigDKrgEtRAHWBwBx7AE3i27q1H68V6nbcuWYuZA/BD1tsnIrCbIQ==</latexit>

Modulating cnoidal wave

<latexit sha1_base64="2PHDQWWAAAYuOTY0h2yEtjNJagM=">AAACAnicdVDLSgMxFM3UVx1fVVfiJlgEV2Wmjq3dFd24rGAf0JaSSW/b0ExmSDKVUoobf8WNC0Xc+hXu/BszbQUVPRA4nHPvDef4EWdKO86HlVpaXlldS6/bG5tb2zuZ3b2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ94eXiV8fgVQsFDd6HEE7IH3BeowSbaRO5qAlQia6ILQNnLNIM4pvyQhsu5PJOrlS8cwruXhGCkVvTjyvgN2cM0MWLVDpZN5b3ZDGgblFOVGq6TqRbk+INDc5TO1WrCAidEj60DRUkABUezKLMMXHRuniXijNExrP1O8bExIoNQ58MxkQPVC/vUT8y2vGunfenjARxRoEnX/UiznWIU76wF0mgWo+NoRQyZL8dEAkodq0lpTwlRT/T2r5nFvInV7ns+WLRR1pdIiO0AlyURGV0RWqoCqi6A49oCf0bN1bj9aL9TofTVmLnX30A9bbJ9wUlxk=</latexit>

elliptic wave

<latexit sha1_base64="MZHA5e7D3hKYJghcNudQxx7LslQ="></latexit>

g =

Z

⌃1

log

✓
k � s

k + s

◆
⇢(s)ds

<latexit sha1_base64="8GP3CjJtsXyQ6GbV1Oz9lVngNHQ="></latexit>

Determined by the usual variational equations:

<latexit sha1_base64="QhUcuC/D6M35g7Ii570//WziatQ="></latexit>

2
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⌃1

log

����
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k + s

���� ⇢(s)ds = �8tk3 � 2xk , k 2 S

<latexit sha1_base64="zlLyZ77Pj5n7XaAuttLOuFqaxHI="></latexit>

Along with appropriate variational inequalities

<latexit sha1_base64="pYYxPl+ngvGpcF7eQw+o//AShNI="></latexit>

(Grava, Jenkins, KM, Minakov, ’21)

<latexit sha1_base64="B2/dKCmGtw2caOXOTmD6kSIFtJc="></latexit>

(Girotti, Grava, Jenkins, KM, ’20)



<latexit sha1_base64="Lj5pf+zym4bQrAApJGXpT0PV9lQ="></latexit>

Long time behavior of u(x, t) solving KdV, obtained from above RHP

Dynamics driven by g-function.

<latexit sha1_base64="GKRpjtEqf65RdzlgpnOfQKqkNu8=">AAACBHicdVBNTwIxEO3iF65fqEcujcTEE9lFBLkRvXiERIQECOl2Z6Gh2920XRNCOHjxr3jxoDFe/RHe/Dd2ARM1+pImL+/NTGeeF3OmtON8WJmV1bX1jeymvbW9s7uX2z+4UVEiKbRoxCPZ8YgCzgS0NNMcOrEEEnoc2t74MvXbtyAVi8S1nsTQD8lQsIBRoo00yOV7ImLCB6HtZsJAUcOwhKEx7UGu4BRr1bNyzcVzUqmWF6RcrmC36MxRQEs0Brn3nh/RJDQzKCdKdV0n1v0pkZpRDjO7lyiICR2TIXQNFSQE1Z/Oj5jhY6P4OIikeWaHufq9Y0pCpSahZypDokfqt5eKf3ndRAfn/SkTcaJB0MVHQcKxjnCaCPaZBKr5xBBCJTO7YjoiklBtcktD+LoU/09uSkW3Ujxtlgr1i2UcWZRHR+gEuaiK6ugKNVALUXSHHtATerburUfrxXpdlGasZc8h+gHr7RPxYJhP</latexit>

Quiescent region

<latexit sha1_base64="ky2RBXp/JxTO1+D14uLePO8pATA=">AAACC3icdZDLSgMxFIYzXmu9jbp0E1oEV2Wmjq3dFd24ESrYC7SlZDJpG5pJhiRTKaV7N76KGxeKuPUF3Pk2ZqYVVPSHwM93zklyfj9iVGnH+bCWlldW19YzG9nNre2dXXtvv6FELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpjy6SenNMpKKC3+hJRLohGnDapxhpg3p2rsMF5QHhOnslgpgZzAcQGxggBm/RmGR7dt4pVMqnXsWFqSmVvbnxvBJ0C06qPFio1rPfO4HAcWguxQwp1XadSHenSGqKGZllO7EiEcIjNCBtYzkKiepO011m8MiQAPaFNIdrmNLvE1MUKjUJfdMZIj1Uv2sJ/KvWjnX/rDulPIo14Xj+UD9mUAuYBAMDKgnWbGIMwpKav0I8RBJhbeJLQvjaFP5vGsWCWyqcXBfz1fNFHBlwCHLgGLigDKrgEtRAHWBwBx7AE3i27q1H68V6nbcuWYuZA/BD1tsnIrCbIQ==</latexit>

Modulating cnoidal wave

<latexit sha1_base64="2PHDQWWAAAYuOTY0h2yEtjNJagM=">AAACAnicdVDLSgMxFM3UVx1fVVfiJlgEV2Wmjq3dFd24rGAf0JaSSW/b0ExmSDKVUoobf8WNC0Xc+hXu/BszbQUVPRA4nHPvDef4EWdKO86HlVpaXlldS6/bG5tb2zuZ3b2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ94eXiV8fgVQsFDd6HEE7IH3BeowSbaRO5qAlQia6ILQNnLNIM4pvyQhsu5PJOrlS8cwruXhGCkVvTjyvgN2cM0MWLVDpZN5b3ZDGgblFOVGq6TqRbk+INDc5TO1WrCAidEj60DRUkABUezKLMMXHRuniXijNExrP1O8bExIoNQ58MxkQPVC/vUT8y2vGunfenjARxRoEnX/UiznWIU76wF0mgWo+NoRQyZL8dEAkodq0lpTwlRT/T2r5nFvInV7ns+WLRR1pdIiO0AlyURGV0RWqoCqi6A49oCf0bN1bj9aL9TofTVmLnX30A9bbJ9wUlxk=</latexit>

elliptic wave

<latexit sha1_base64="MZHA5e7D3hKYJghcNudQxx7LslQ="></latexit>
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<latexit sha1_base64="8GP3CjJtsXyQ6GbV1Oz9lVngNHQ="></latexit>

Determined by the usual variational equations:

<latexit sha1_base64="QhUcuC/D6M35g7Ii570//WziatQ="></latexit>

2

Z
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log
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k � s
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���� ⇢(s)ds = �8tk3 � 2xk , k 2 S

<latexit sha1_base64="zlLyZ77Pj5n7XaAuttLOuFqaxHI="></latexit>

Along with appropriate variational inequalities

<latexit sha1_base64="xABc5HTGuvPZtRl1QCAJ4VbT8N8="></latexit>

Fact: v = � ⇢t(s)
⇢x(s)

solves the kinetic equation

<latexit sha1_base64="pYYxPl+ngvGpcF7eQw+o//AShNI="></latexit>

(Grava, Jenkins, KM, Minakov, ’21)

<latexit sha1_base64="6/+vIodV8HR8suEyvJX67b60ACc="></latexit>

v(k) = �4k2 +
1

k

Z

⌃1

log

����
k � s

k + s

����(v(s)� v(k))u(s)ds .

<latexit sha1_base64="B2/dKCmGtw2caOXOTmD6kSIFtJc="></latexit>

(Girotti, Grava, Jenkins, KM, ’20)



<latexit sha1_base64="02YZXXHQCAHa5h4KFtWA7TrtuFw=">AAAB9XicdVDLTgIxFO3gC/GFunTTSExcTWZwBNkRXegSozwSGEmnFGjotJO2gyET/sONC41x67+4828sAyZq9CQ3OTnn3tx7TxAxqrTjfFiZpeWV1bXsem5jc2t7J7+711AilpjUsWBCtgKkCKOc1DXVjLQiSVAYMNIMRhczvzkmUlHBb/UkIn6IBpz2KUbaSHc3glEtOBwreIlUN19w7Er51Ku4MCWlsjcnnleCru2kKIAFat38e6cncBwSrjFDSrVdJ9J+gqSmmJFprhMrEiE8QgPSNpSjkCg/Sa+ewiOj9GBfSFNcw1T9PpGgUKlJGJjOEOmh+u3NxL+8dqz7Z35CeRRrwvF8UT9mUAs4iwD2qCRYs4khCEtqboV4iCTC2gSVMyF8fQr/J42i7Zbsk+tioXq+iCMLDsAhOAYuKIMquAI1UAcYSPAAnsCzdW89Wi/W67w1Yy1m9sEPWG+fqSOSpA==</latexit>

Soliton vs Gas

<latexit sha1_base64="/XhzMs0bKBVxuAglmNzTXhLP9VE="></latexit>

X+(k) = X�(k)


1 0

ir(k)e�2i✓(k,x,t) 1

�

<latexit sha1_base64="nFJPMKg7Xgdy5s9cilQQzHXrajE="></latexit>

X+(k) = X�(k)


1 ir(k̄)e2i✓(k,x,t)

0 1

�
k 2 ⌃2

<latexit sha1_base64="5kBLG3RxI6upEFX8mBIWvsXNvtQ="></latexit>

✓(k, x, t) = 4tk3 + xk

<latexit sha1_base64="jwcAFCtgAURbsBsOR7LflVhKNw8="></latexit>

Resk=i0X(k, x, t) = lim
k!i0

X(k, x, t)


0 0

�i�e�2i✓(k,x,t) 0

�

<latexit sha1_base64="SImge0qreMnqj0U/xHhhdQ0dYlw="></latexit>

Resk=�i0X(k, x, t) = lim
k!�i0

X(k, x, t)


0 �i�e2i✓(k,x,t)

0 0

�

<latexit sha1_base64="edMmspf6IsWHchkKAaCkK2YkdKg=">AAAB9XicdVBNTwIxEO3iF+IX6tFLI5h42uziCnIjevGIiYAJrKRbutDQ7TZtV0M2/A8vHjTGq//Fm//GsmCiRl8yyct7M5mZFwhGlXacDyu3tLyyupZfL2xsbm3vFHf32ipOJCYtHLNY3gRIEUY5aWmqGbkRkqAoYKQTjC9mfueOSEVjfq0ngvgRGnIaUoy0kW7LFPbGSAjUT51puV8sOXa9durVXZiRas2bE8+rQtd2MpTAAs1+8b03iHESEa4xQ0p1XUdoP0VSU8zItNBLFBEIj9GQdA3lKCLKT7Orp/DIKAMYxtIU1zBTv0+kKFJqEgWmM0J6pH57M/Evr5vo8MxPKReJJhzPF4UJgzqGswjggEqCNZsYgrCk5laIR0girE1QBRPC16fwf9Ku2G7VPrmqlBrnizjy4AAcgmPgghpogEvQBC2AgQQP4Ak8W/fWo/Vivc5bc9ZiZh/8gPX2CQH5kjk=</latexit>

i0

<latexit sha1_base64="5tXEF5TngMk3fMsoJyez6gqRrJo=">AAAB+HicdVDLSsNAFJ3UV62PRl26GWwFN4akxtbuim5cVrAPaEOYTKft0MkkzEyEGvolblwo4tZPceffOE0rqOiBC4dz7uXee4KYUals+8PIrayurW/kNwtb2zu7RXNvvy2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHI19zt3REga8Vs1jYkXohGnQ4qR0pJvFsunFPYnKI6Rn9qzsm+WbKteO3frDsxIteYuiOtWoWPZGUpgiaZvvvcHEU5CwhVmSMqeY8fKS5FQFDMyK/QTSWKEJ2hEeppyFBLppdnhM3islQEcRkIXVzBTv0+kKJRyGga6M0RqLH97c/Evr5eo4YWXUh4ninC8WDRMGFQRnKcAB1QQrNhUE4QF1bdCPEYCYaWzKugQvj6F/5N2xXKq1tlNpdS4XMaRB4fgCJwAB9RAA1yDJmgBDBLwAJ7As3FvPBovxuuiNWcsZw7ADxhvn+VNkqE=</latexit>�i0



<latexit sha1_base64="02YZXXHQCAHa5h4KFtWA7TrtuFw=">AAAB9XicdVDLTgIxFO3gC/GFunTTSExcTWZwBNkRXegSozwSGEmnFGjotJO2gyET/sONC41x67+4828sAyZq9CQ3OTnn3tx7TxAxqrTjfFiZpeWV1bXsem5jc2t7J7+711AilpjUsWBCtgKkCKOc1DXVjLQiSVAYMNIMRhczvzkmUlHBb/UkIn6IBpz2KUbaSHc3glEtOBwreIlUN19w7Er51Ku4MCWlsjcnnleCru2kKIAFat38e6cncBwSrjFDSrVdJ9J+gqSmmJFprhMrEiE8QgPSNpSjkCg/Sa+ewiOj9GBfSFNcw1T9PpGgUKlJGJjOEOmh+u3NxL+8dqz7Z35CeRRrwvF8UT9mUAs4iwD2qCRYs4khCEtqboV4iCTC2gSVMyF8fQr/J42i7Zbsk+tioXq+iCMLDsAhOAYuKIMquAI1UAcYSPAAnsCzdW89Wi/W67w1Yy1m9sEPWG+fqSOSpA==</latexit>

Soliton vs Gas

<latexit sha1_base64="Li8isWlGWwJ8E6aRlgppNPFed74="></latexit>

Soliton initialized asymptotically far from the soliton gas
<latexit sha1_base64="m/h1/gFKJ15P4hDbfdV5fut47d4=">AAAB/XicdVBdSwJBFJ21L7Mv+3jrZUiCnmTXNs03KYIeDVIDFZkdrzo4O7vMzBom0l/ppYcieu1/9Na/aXY1qKgDFw7n3Htn7vFCzpS27Q8rtbC4tLySXs2srW9sbmW3d+oqiCSFGg14IG88ooAzATXNNIebUALxPQ4Nb3ge+40RSMUCca3HIbR90hesxyjRRupk9y44Z6FmFN+SEWAJ/UTO2fly6cQtOzghxZI7I65bxE7eTpBDc1Q72fdWN6CRD0JTTpRqOnao2xMizWIO00wrUhASOiR9aBoqiA+qPUl+P8WHRuniXiBNCY0T9fvEhPhKjX3PdPpED9RvLxb/8pqR7p22J0yEkQZBZw/1Io51gOMocJdJoJqPDSFUsjgEOiCSUG0Cy5gQvi7F/5N6Ie8U88dXhVzlbB5HGu2jA3SEHFRCFXSJqqiGKLpDD+gJPVv31qP1Yr3OWlPWfGYX/YD19gnwrpWS</latexit>

Elliptic wave region
<latexit sha1_base64="TzkZNkNiUaed3icURIwN+iZblcQ=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwVWbq2Npd0Y0boYJthXYomcxtG5p5kGQqpXTnxl9x40IRt/6CO//GzLSCih4IHM4594Z73IgzqUzzw8gsLC4tr2RXc2vrG5tb+e2dpgxjQaFBQx6KG5dI4CyAhmKKw00kgPguh5Y7PE/81giEZGFwrcYROD7pB6zHKFFa6ub3L0Mv5kSBh4FzFilG8S0ZARbQTwMFs1itnNhVC6ekXLFnxLbL2CqaKQpojno3/97xQhr7ECjKiZRty4yUMyFCL+YwzXViCRGhQ9KHtqYB8UE6k/SOKT7Uiod7odAvUDhVv09MiC/l2Hd10idqIH97ifiX145V79SZsCCKFQR09lEv5liFOCkFe0wAVXysCaGCJSXQARGEKl1dTpfwdSn+nzRLRatcPL4qFWpn8zqyaA8doCNkoQqqoQtURw1E0R16QE/o2bg3Ho0X43UWzRjzmV30A8bbJ6IzmdU=</latexit>

Modulated elliptic wave region



<latexit sha1_base64="02YZXXHQCAHa5h4KFtWA7TrtuFw=">AAAB9XicdVDLTgIxFO3gC/GFunTTSExcTWZwBNkRXegSozwSGEmnFGjotJO2gyET/sONC41x67+4828sAyZq9CQ3OTnn3tx7TxAxqrTjfFiZpeWV1bXsem5jc2t7J7+711AilpjUsWBCtgKkCKOc1DXVjLQiSVAYMNIMRhczvzkmUlHBb/UkIn6IBpz2KUbaSHc3glEtOBwreIlUN19w7Er51Ku4MCWlsjcnnleCru2kKIAFat38e6cncBwSrjFDSrVdJ9J+gqSmmJFprhMrEiE8QgPSNpSjkCg/Sa+ewiOj9GBfSFNcw1T9PpGgUKlJGJjOEOmh+u3NxL+8dqz7Z35CeRRrwvF8UT9mUAs4iwD2qCRYs4khCEtqboV4iCTC2gSVMyF8fQr/J42i7Zbsk+tioXq+iCMLDsAhOAYuKIMquAI1UAcYSPAAnsCzdW89Wi/W67w1Yy1m9sEPWG+fqSOSpA==</latexit>

Soliton vs Gas

<latexit sha1_base64="ga/0dQMKJD5XcZ5E8e7vvzk4sDU=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyyCq2Ha6ujsim5cVrQPaIeSSTNtaCYZkoxQhoK/4saFIm79Dnf+jem0BRU9cOFwzr3ce08QM6q043xauaXlldW1/HphY3Nre6e4u9dUIpGYNLBgQrYDpAijnDQ01Yy0Y0lQFDDSCkZXU791T6Sigt/pcUz8CA04DSlG2ki94sGtYFQLDmOCRpCJhV5ybM9zTx0PZuTMc2ek6lZh2XYylMAc9V7xo9sXOIkI15ghpTplJ9Z+iqSmmJFJoZsoEiM8QgPSMZSjiCg/zc6fwGOj9GEopCmuYaZ+n0hRpNQ4CkxnhPRQ/fam4l9eJ9HhhZ9SHieacDxbFCYMagGnWcA+lQRrNjYEYUnNrRAPkURYm8QKJoTFp/B/0qzYZdeu3lRKtct5HHlwCI7ACSiDc1AD16AOGgCDFDyCZ/BiPVhP1qv1NmvNWfOZffAD1vsX3IKWGg==</latexit>

Soliton peak location

<latexit sha1_base64="eQUNwX9B5ZgyZsXyB0Re412m9Uc=">AAACFXicdVBNSwMxFMzW7/pV9eglWAQPUratVnsTvXhUsFqoS8mm2TY0myzJi1CKf8KLf8WLB0W8Ct78N2Z3K6joQGCYmcfLmzAR3IDvf3iFqemZ2bn5heLi0vLKamlt/dIoqylrUSWUbofEMMElawEHwdqJZiQOBbsKhyepf3XDtOFKXsAoYUFM+pJHnBJwUre0SyJgGhsbgiYUuOxjoXITqwjfEGptjI0SHNJ42a80m409v4kzst9s5KTeqONqxc9QRhOcdUvv1z1FbcwkUEGM6VT9BIIx0cCpYLfFa2tYQuiQ9FnHUUliZoJxdtUt3nZKD0dKuycBZ+r3iTGJjRnFoUvGBAbmt5eKf3kdC9FhMOYyscAkzRdFVmBQOK0I97hmFMTIEUI1d3/FdEDSelyRRVfC16X4f3JZq1Qblfp5rXx0PKljHm2iLbSDqugAHaFTdIZaiKI79ICe0LN37z16L95rHi14k5kN9APe2yf0yJ/9</latexit>

after subtracting location of vacuum soliton

<latexit sha1_base64="PgjlfEq9Co3jx7dILGKyA/Ur7ds=">AAACAnicdVBNSwMxEM3Wr1q/qp7ES7AInsq21dW9Fb14rGBboV1KNp1tQ7ObJckKpRQv/hUvHhTx6q/w5r8x3a6gog8GXt6bITPPjzlT2rY/rNzC4tLySn61sLa+sblV3N5pKZFICk0quJA3PlHAWQRNzTSHm1gCCX0ObX90MfPbtyAVE9G1HsfghWQQsYBRoo3UK+61gAvK9BiLAMdARtg8M69kl13XObZdnJIT15mTmlPDlbKdooQyNHrF925f0CSESFNOlOpU7Fh7EyI1oxymhW6iICZ0RAbQMTQiIShvkp4wxYdG6eNASFORxqn6fWJCQqXGoW86Q6KH6rc3E//yOokOzrwJi+JEQ0TnHwUJx1rgWR64zyRQzceGECqZ2RXTIZGEapNawYTwdSn+n7Sq5YpTrl1VS/XzLI482kcH6AhV0Cmqo0vUQE1E0R16QE/o2bq3Hq0X63XemrOymV30A9bbJ6Ebl54=</latexit>

Velocity of peak location



<latexit sha1_base64="xqfKk39+RX/KpbUz/xnrDMKSSb0="></latexit>

T = Xe�ig(k,x,t)�3f(k)�3

<latexit sha1_base64="l6Q1BALvnL5n7HEVEuW5WOeZmgg="></latexit>
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<latexit sha1_base64="xqfKk39+RX/KpbUz/xnrDMKSSb0="></latexit>

T = Xe�ig(k,x,t)�3f(k)�3

<latexit sha1_base64="l6Q1BALvnL5n7HEVEuW5WOeZmgg="></latexit>

S(k, x, t ) =
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<latexit sha1_base64="Y25t7lTb5x8MHLaNG8PwZNhyHhc="></latexit>

Only this a! ects the residue conditions at± i ! 0



<latexit sha1_base64="xqfKk39+RX/KpbUz/xnrDMKSSb0="></latexit>

T = Xe�ig(k,x,t)�3f(k)�3

<latexit sha1_base64="l6Q1BALvnL5n7HEVEuW5WOeZmgg="></latexit>

S(k, x, t ) =
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<latexit sha1_base64="Y25t7lTb5x8MHLaNG8PwZNhyHhc="></latexit>

Only this a! ects the residue conditions at± i ! 0

<latexit sha1_base64="mv0ISClkT97hQSgb7RWu/dfnx5g="></latexit>

Resk= i ! 0 S(k, x, t ) = lim
k! i ! 0

S(k, x, t )
!

0 0
! i ! f (i " 0, x, t )2e" 2i " (k,x,t ) 0

"
<latexit sha1_base64="rVrVmGidwB2qvhEKXIh5pa2H9zs="></latexit>

! (k, x, t ) = g(k, x, t ) + 4 tk 3 + xk



<latexit sha1_base64="mv0ISClkT97hQSgb7RWu/dfnx5g="></latexit>

Resk= i ! 0 S(k, x, t ) = lim
k! i ! 0

S(k, x, t )
!

0 0
! i ! f (i " 0, x, t )2e" 2i " (k,x,t ) 0

"
<latexit sha1_base64="rVrVmGidwB2qvhEKXIh5pa2H9zs="></latexit>

! (k, x, t ) = g(k, x, t ) + 4 tk 3 + xk

<latexit sha1_base64="2IQeLGA8Qh4N+iAMOxg2UesilS8="></latexit>

Asymptotic parameters: ! , x, t.

<latexit sha1_base64="z99iNTCSaq6aopvDc8rgF71dyKQ="></latexit>

Intuition: small residue conditions are negligible. Large ones are negligible.

<latexit sha1_base64="tzegDrJ5q6nV8c/E88L5XVrllqQ="></latexit>

Soliton peak can be isolated by reÞning this intuition with hard analysis.

<latexit sha1_base64="fglxzY0RAijcdO/5ehoGvrFpZno="></latexit>

Averaged soliton velocity is obtained by the equation

! (i " 0, x, t ) = Const.

<latexit sha1_base64="p1rM0aEuumVb/CFyBLLpceD1a5E="></latexit>

Averaged soliton velocity:

vsol = !
! t " (i#0, x, t )
! x " (i#0, x, t )

= 4#2
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K ($2
1/ %2)

! ($2
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0, $2
1/ %2)



<latexit sha1_base64="p1rM0aEuumVb/CFyBLLpceD1a5E="></latexit>

Averaged soliton velocity:

vsol = !
! t " (i#0, x, t )
! x " (i#0, x, t )

= 4#2
0

K ($2
1/ %2)

! ($2
1/ #2

0, $2
1/ %2)

<latexit sha1_base64="kCCw5b1xnB9lOz0RCG4onTpfqMM=">AAACBnicdZBNS0JBFIbn2pfZl9UygiEJWslVy7o7qU1Lg/wAFZk7nquDcz+aOTcQcdWmv9KmRRFt+w3t+jeNV4OKOjDw8L7ncOa8biSFRtv+sFILi0vLK+nVzNr6xuZWdnunrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7wYuo3bkFpEQbXOIqg47N+IDzBGRqpm93XBrQnQFMcAEXFOCgKN/Hcz9l5xykf2w5N4MQpz6BULtFC3k4qR+ZV7Wbf272Qxz4EyCXTulWwI+yMmULBJUwy7VhDxPiQ9aFlMGA+6M44OWNCD43So16ozAuQJur3iTHztR75run0GQ70b28q/uW1YvTOOmMRRDFCwGeLvFhSDOk0E9oTCjjKkQHGlTB/pXzATBRoksuYEL4upf9DvZgvlPOlq2Kucj6PI032yAE5IgVySirkklRJjXByRx7IE3m27q1H68V6nbWmrPnMLvlR1tsnKrmZmw==</latexit>

satisÞes the tracer equation

<latexit sha1_base64="kAGW6Srz1foPSLtpsUUX2GmZ/Dg="></latexit>

vsol(! 0, x, t ) = ! 4! 2 +
1
k

!

! 1

log
"

k ! s
k + s

# "
! " t

" x
(s) ! vsol(! 0)

#
u(s)ds

<latexit sha1_base64="n5l1hqTprlg1SMcTdYo1jYE/aNg="></latexit>

Is this the description of a (random) gas of solitions?

Or something more regular?

Or possibly both?



THANK YOU!


