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Isomonodromic deformations of systems of rank m with poles of any
order on P!

@ Algebraic approach to “irregular times”

@ Hamiltonian formulation in terms of flows on co-adjoint orbits
@ Confluence

@ Quantisation
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dy 4
gy =AY, AR = ; 5

A
_ u/’

Marta Mazzocco



Fuchsian case

YAy, AN = Z

a\ - A — U,"
Isomonodromic deformations
Z[A du, — duy;
i ’

i
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Fuchsian case

YAy, AN = Z

a\ - A — U,"
Isomonodromic deformations
Z[A du, — duy;
i ’

i#
Phase space:
OF x OF x...0L x O, {A(’)®A(’)} =5 [A(') o1, n]
Hamiltonians ’
(N _— _ 2
HO = SResTr (A()\) ) ,
Quantise to KZ for g = gl,,,
dy =M=y B Ulgn(C)" — B,
i# -

nie End(U(gl,,,(C)®™ [Reshetikhin '92]

Marta Mazzocco



Irregular case
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Irregular case

dy .
o =AY, =y

fi A()
_UI k+1 +ZA

i=1 :0
Phase space:

()
Ar L A* e a0 _ J GlAL @LN], k+1<T
-+ O X O; {Ak@?A’ }_{ 0 k+l>r

=
S
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Irregular case

dYy n
gy =AY, =y

i A()
_UI k+1 +ZA

i=1 :0
Phase space:

A ~ . . 0 .
.0 % O {Ai’)@yA,U)}:{ gU[AH,@H,n], k+l<r

I
)}

k+1>rn

Hamiltonians?
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Irregular case

dy 1
N AN)Y, =y

fi A()
_UI k+1 +ZA

i=1 :0
Phase space:

~ ~ . . 1A ’
.05 x OF, {AQ)@AED} = { g'/[Ak+/ ®LO], k+/<r

=
S

k+1>rn

Hamiltonians? <« confluence
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Irregular case

9 _ ANy, Z

fi A()
_UI k+1 +ZA

i=1 :0
Phase space:

=
S

. . O]
A o A o a0\ _ J Gi[A, @LN), k+1<r
.05 x Or_, {Ak@;A,} {O PR

Hamiltonians? <« confluence

Confluent KZ?
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State of the art

@ Quantisation of Gaudin

Z[A ) A dU, dU/
i# = U

9 simple poles: Mukhin, Tarasov, Varchenko '06 (see also Talalaev ’11)

@ non semisimple order two pole at infinity: Feigin, Frenkel, Rybnikov '10

@ generalisation of Gaudin corresponding to non-highest weight reps of any
simple Lie algebra: Feigin, Frenkel, Toledano—Laredo 10

@ non semisimple with irregular singularities: Vicedo, Young '18
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State of the art

@ Quantisation of Gaudin

o
L
L

o

Z[A,)A ), dui — du;
i Ui — Ui

simple poles: Mukhin, Tarasov, Varchenko '06 (see also Talalaev '11)

non semisimple order two pole at infinity: Feigin, Frenkel, Rybnikov '10
generalisation of Gaudin corresponding to non-highest weight reps of any
simple Lie algebra: Feigin, Frenkel, Toledano—Laredo 10

non semisimple with irregular singularities: Vicedo, Young 18

@ Deform quantum Gaudin to give standard KZ:

o
o

Apn root system de Concini Procesi ‘95
any lie algebra: Millson, Toledano—Laredo '05, Felder, Markov, Tarasov, '00
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State of the art

@ Quantisation of Gaudin

Z[A N A0 du, du; — du;
i Ui — Ui

9 simple poles: Mukhin, Tarasov, Varchenko '06 (see also Talalaev ’11)

@ non semisimple order two pole at infinity: Feigin, Frenkel, Rybnikov '10

@ generalisation of Gaudin corresponding to non-highest weight reps of any
simple Lie algebra: Feigin, Frenkel, Toledano—Laredo 10

@ non semisimple with irregular singularities: Vicedo, Young '18

@ Deform quantum Gaudin to give standard KZ:

@ Aj root system de Concini Procesi ‘95
9 any lie algebra: Millson, Toledano—Laredo '05, Felder, Markov, Tarasov, ‘00
@ KZ equations with irregular singularities

@ irregular singular points of arbitrary Poincaré rank for sl,: Jimbo, Nagoya and
Sun 08

9 one irregular singularity of Poincaré rank 2 and several other simple poles:
Rembado ’19

9 Feigin, Frenkel, Toledano-Laredo quantum integrable systems are expected
to give rise to confluent KZ equations- not been explicitly written.
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Phase space
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n r A(i) £S5
AQN) = ooyt AT
ETALEE K ’
i=1 k=0 (A —u) k=1
: AY 5 SN p(00) 1 5
~———— € O C i, A2 e Or Car,
(>\ _ u,)k+1
k=0 ! k=1

forz=X—uorz=1:

6 =olzl"/2alz]", olzl” = allzl] /old ", sl = {f € alla]: lim £(2) =0}

dy v .
i <U+ X) Y, U diagonal, V € so,.

4
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forz=X—uorz=1:
b = olz/2 7 6lA", alzl” =l folzl, szl = {felizll: Jim f(z) =0}

ZI <U+ V) Y, U diagonal, V € so,.

U+ { ¢ Or x Of = itis not in our phase space.

4
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forz=X—uorz=1:

b = olz/2 7 6lA", alzl” =l folzl, szl = {felizll: Jim f(z) =0}

ZI <U+ V) Y, U diagonal, V € so,.

U+ { ¢ Or x Of = itis not in our phase space.

ay 74
ar <u/\ + )\) Y, A constant.

4
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Isomonodromic deformations in Oy, x Of, x ... Of x (5;“m

n I A(i) lo (00) n I B(i) lo (00)

k o0) \ k—1 k o)\ k—1
)DPIIAEL S 7 a D D) IS SIS - U
i=1 k=0 k=1 i=1 k=0 k=1

are related by a linear Poisson automorphism iff

i

Ti
BY = 3 APMENED, ...,
j=k

1.0 )40 K
j—!wpr (t7,¢) ‘

e=l

r
(1) ¢ 4(i _ k 4(7)
. PO ) = ;e Y
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Isomonodromic deformations in Oy, x Of, x ... O x Of

no A = =) no B = c0)
k o0) \ k—1 k o)\ k—1
ZZ()\_U,)kH +ZA/< A ZZ()\_U.)/(+1 +ZB/< A
i=1 k=0 ! k=1 i=1 k=0 ! k=1

are related by a linear Poisson automorphism iff

i

Ti
BY = 3 APMENED, ...,
j=k

r
(n_ 21 () () _\k () 4lD) \ k()
MkJ - _/I del Pf (t 35) ‘6:07 Pr (t ,5) = kE:1 € tk o

A*x Ax A o oo [e%s) oo oo [e%S)
Opx05: =2 +BACIN (AL Lot b ALV A+ 4 ALY 4 AP 4 15 AL
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Isomonodromic deformations in Oy, x Of, x ... O x Of

I X ; . i
no ZA/('I)MS(?/')UF)’“""(/)) foo Foo

=k
(A = )kt
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Isomonodromic deformations in Oy, x Of, x ... O x Of

The isomonodromic deformation equation is given by

0 _ [OA _ [OA
ol = at}")d/\’ Qy = au,-d’\'
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A(N) € @1* X @f:
qéo) t1(0) 420) o0 4(00)
A= T + 2 + 1 A1°°

(0)
Fix ) =1 = 0% = 4

A\ € OF x O3:

A A B340 2 A0 | o, AL L AP 4 A0 4 AQ N AY
o T A3 A2 A

(1)
Fixty =1and t = 0, Q%) = AP X and Q") = — 22 = PDE in uy, t.

—up
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Confluence: 1 + 1
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Confluence: 1 + 1

dy .
o =AY, AN = ; X

AD
— U/7

Confluence u,—1 and up:

Upn=Ww, Up_1=W+el.

n—2 i
Al B c

AN\ = B = AP-1 — AWM

(A ;/\—ui+)\—w+)\—w—st1’ » C
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Confluence: 1 + 1

dy .
o =AY, AN = ; X

AD
— U/7

Confluence u,—1 and up:

Upn=Ww, Up—1 = W+ el
n—2 i
Al B c
AN\ = B = AP-1 — AWM
(A ;/\—ui+)\—w+)\—w—st1’ » C
B C C+B et 2
>\—W+)\—W—£t1 >\—W+()\—W)ZC+O(E)'
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Confluence: 1 + 1

YAy, AL = Z

a A—u’
Confluence u,—1 and up:
Upn=Ww, Up—1 = W+ el
n—2 i
Al B Cc
= B — A(n_1) — A(n)
,Z/\—ui+)\—w+)\—w—st1’ » C
B C CcC+B t
+ ~ L oo,

A—w A—w—-cecti A—-w (A—w)?

C= A"+ Cot O) B:—%Af D4 Byt O(e), Co+tBo= A",

" i) A(n 1) A((-)n_”
A(\) = lim A\ Z)\_Ul+t1 Lt i

e—0
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Confluence: 1 + 1

The 1+ 1 confluence procedure gives a Poisson morphism:

OF X O3 x ... O} x O e OF % OF x ... Oh_y x O3 51 x Ol
Namely, if A, B, C satisfy the the standard Lie Poisson brackets then
{2, A7) =0 {AT2. 457} = A,

(—2) A(-2)\ _ (n—2)
{Ao’ja A } = ~Xap (Ao’jw ) :
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Confluence: r + 1

Consider an r—parameter family of connections of the following form:

Bk(t17t2 1) C
A= Z e Tyt (1)

Assume
,
v:u+Zt;e':u+Pr(t,6), (2)
i=1
then
- BBt b b, t)

D — o + holomorphic terms,

i=0

where B;’s are given by

Bi(tr ..., tr1) ZAM’*” ). (3)

ot
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Hamiltonians

The confluent Hamiltonians H\", . ..., H\ which correspond to the times
t ...t are defined as follows:

Hf’:) s
HO | (M(’))_1 50 | "
H,g-i) S,('I-i)
where
s = %f(k — ) TrA%dA (5)
rul.

The Hamiltonian H, corresponding to the time u is instead given by the
standard formula

Hy, = ;ResTrA()\)z.

A=y;

ot
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A%« A (fix 1#°) A 0A (o)
A € 07 x O (fix t°) = 1):  AQ) = & + L5 4 A
(AT | o) 401 p(o0
H:Tr(ﬁ—kl}( AN AL
1

v

A(N) € O x OF (fix t = 1 and £, = 0)

A AY AD 4 2pAY N AP + LAY 4 5AD N AP
Y

A=s—ot 23 2
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Examples

A o )
AN € OF x O (fix £ = 1) A\ = 2 4+ 5 + AP
(AP o0 41 ao0)
H=T ( YO + £ A0 AL
1

v

A(N) € O x OF (fix t = 1 and £, = 0)

A AD AY 4 26A7) . AY + oA + AT A
A—u M PE N2 )

A© A0 A0 tA(O) A©
Hy = TrA(" <ﬁ+%+ﬂ+i

A=
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Quantisation

The confluent KZ Hamiltonians /I:Iu,»; and Ifl1(' ), e I:I,(’) are the following
elements of the universal enveloping algebra U (§r, @ - - - @ 8r. )
& P
Hui = EEEE/TH)A()‘) )
o) (5
i uj ~ A
mo | B2 & | s % f{ () — U) TroA(N)2d,
O s
where -
A n I Bj(’) (t1(l), tZ(I) tr(il))
( )_Z ‘ ()\—U/)/+1 bl
i j=0
r
BOGED, .. 0y = ST AOMDED ), A= e @ el ® 2.
k=j o

ot
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Universal phase space

A\ = Sy AL + riA(m)zk—1 €O0; X035 x...05 x O
= (A — ui)k+1 K 1 2 e n 00
j k=1
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Universal phase space

n r (i) oo
Ak (o0) Jk—1 * * * *
A()\):l W+ZAk e O x O3 x...0p x O%
i=1 k=0 k=1
Marsden—Weinstein reduction of the standard Poisson structure on

n+1
O (T al,) ™ = of Traly,  d= r+n+1
i=1

w.r.t. the inner group action:

v(g(1)7“.7g(oo)) € G, g x (P,((i),Q,((/)) = (g(i)Pl((i)7Ql((i)(g(i))—1)7

inner

where we understand P,(('), Qf(') aslyinginthery +---+ r_1 + i + k copy of
T gl,,.
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Isomonodromic T-function

Theorem

The semi-classical solution of the confluent KZ system evaluated along
solutions of the classical isomonodromic Hamiltonians is given by the
isomonodromic T -function

Ui
din(r)=Y" <H§?du; +>° Hﬁ”dt@) :

i k=1

The explicit form of the semi-classical solution is given by

W(Q(t),t) ~ 77
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