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The initial value problem 1

We consider the initial value problem:

iqt + qxx + 2|q|2q = 0, −∞ < x < +∞, t > 0, (fNLS)
q(x, 0) = q0(x), initial data

for the focusing NLS equation and step-like oscillating initial data:

q0(x) ∼

{
q01(x) = A1eiφ1 e−2iB1x, x→ −∞,
q02(x) = A2eiφ2 e−2iB2x, x→ +∞ Aj > 0,

Bj, φj ∈ R.

Let q(x, t) be the solution of this initial value problem. We assume

q(x, t) ∼ q0j(x, t), x→ (−1)j∞, j = 1, 2,

where q0j(x, t) = Ajeiφj e−2iBjx+2iωjt, ωj = A2
j − 2B2

j

is the solution of (fNLS) with initial values q0j(x) = Ajeiφj e−2iBjx.

Goal: Determine the large t behavior of the wave q(x, t).

•
0

x
t = const

x

t

q0(x) ∼ q02(x)q0(x) ∼ q01(x)
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The focusing NLS equation 2

The 1D focusing NLS equation applies to physical phenomena, e.g., in nonlinear optics:

Pulse propagation in optical fibers with weak anomalous dispersion.

Surface wave packets in deep water.

Capillary gas dynamics with negative pressure (supercooled van der Waals gas).

Bose-Einstein condensates.

As a PDE the focusing NLS equation has the following features:

It is nonlinear with cubic nonlinearity.

It is dispersive.

It is integrable, in the sense that it has a Lax pair.

It has specific solutions, like solitons and multi-solitons.

Step-like initial data were first considered by russian physicists:

A.V. Gurevich, L.P. Pitaevskii, Decay of initial discontinuity in the Korteweg-de
Vries equation, JETP Lett. 17 (5) (1973) 193-195.

A.V. Gurevich, L.P. Pitaevskii, Nonstationary structure of a collisionless shock
wave, Sov. Phys. JETP 38 (1974) 291-297.

The goal was to observe phenomena like collisionless shocks in plasma physics.
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Scenarios: An overview 3

In what follows, for simplicity, I almost always consider only the symmetric case, that is,

A1 = A2 = A > 0.

We will then assume that |B1| = |B2| = B which is possible without loss of generality.
A first analysis leads us to distinguish the following three cases:

B1 > B2,
in the symmetric case, Rarefaction
B1 = −B2 = B > 0.

B1 = B2,
which is easily reduced to Constant
B1 = B2 = B = 0. backgrounds

B1 < B2,
in the symmetric case, Shock
B2 = −B1 = B > 0.

q0(x) ∼

{
Aeiφ1 e−2iBx, x→ −∞,
Aeiφ2 e2iBx, x→ +∞

q0(x) ∼

{
Aeiφ1 , x→ −∞,
Aeiφ2 , x→ +∞

q0(x) ∼

{
Aeiφ1 e2iBx, x→ −∞,
Aeiφ2 e−2iBx, x→ +∞

Constant backgrounds means that the backgrounds at x = ±∞ are nonzero constants.
How many scenarios in each of these cases?

Rarefaction: One scenario.

Constant backgrounds: One scenario.

Shock : Five scenarios, depending on the ratio B
A .
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Scenarios: Rarefaction & Constant backgrounds 4

•
0

plane wave
genus 0

elliptic wave
genus 1

slow decay
O(t−1/2)

elliptic wave
genus 1

plane wave
genus 0

x

t

Rarefaction
B1 = −B2 = B > 0

•
0

plane wave
genus 0

elliptic wave
genus 1

plane wave
genus 0

x

t

Constant backgrounds
B1 = B2 = B = 0

Close to the case A1 = 0 studied
by BdM, Kotlyarov & Shepelsky
(IMRN 2011).

Case analyzed
by Biondini & Mantzavinos
(CPAM 2017).

In the rest of my talk I limit myself
to the symmetric shock case.
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Scenarios: Shock I 5
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B
A > 1

The case B
A > 1 was studied by

Buckingham & Venakides (CPAM
2007).
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Scenarios: Shock II 6

0 < B
A < 0.5607 ξ := x

t

ξ = 0 0 < ξ < ξnew
E1

ξnew
E1
< ξ < ξmerge ξ > ξmerge

genus 1 genus 3 genus 1 genus 0

B
A = 0.5607 ξ := x

t

ξ = 0 0 < ξ < ξE1 ξ > ξmerge
genus 1 genus 3 genus 0

0.5607 < B
A < 1 ξ := x

t

ξ = 0 0 < ξ < ξµ ξµ < ξ < ξE1 ξ > ξE1
genus 1 genus 3 genus 2 genus 0

B
A = 1 ξ := x

t

ξ = 0 0 < ξ < ξE1 ξ > ξE1
genus 1 genus 2 genus 0

B
A > 1 ξ := x

t

ξ = 0 0 < ξ < ξα ξα < ξ < ξE1 ξ > ξE1
genus 1 genus 1 genus 2 genus 0
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Shock: Plane wave region 7
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Plane wave sectors, in yellow, are present in all scenarios.
These are the sectors contiguous to the x-axis.

Shock Plane wave region

Plane wave sector |ξ| > max{ξE1 ,ξmerge}

Let ξE1 := 2(B +
√

A2 + B2) and ξmerge := −4B + 4
√

2 A. Then,

• either for |ξ| > ξmerge when B
A 6 0.5607

• or for |ξ| > ξE1 when B
A > 0.5607,

the leading term of the long-time asymptotics of q(x, t) is a plane wave:

q(x, t) = Ae2i(ω̃t−φ) + O(t−1/2)

• ω̃ = A2 − 2B2 − 4Bξ and φ are constants which depend on ξ.
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Shock: Elliptic region 8

•
0

genus 0
plane wave
region

genus 1

genus 3
hyperelliptic
wave region

genus 3
hyperelliptic
wave region

genus 0
plane wave
region

genus 1
elliptic
wave region

genus 1
elliptic
wave region

x

t

•
0

genus 0
plane wave
region

genus 1
elliptic wave
region

genus 0
plane wave
region

genus 2
hyperelliptic
wave region

genus 2
hyperelliptic
wave region

x

t

0 < B
A < 0.5607 B

A > 1
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A < 0.5607 B
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Elliptic sector ξnew
E1
< |ξ| < ξmerge

0 6 |ξ| < ξαLet M be the Riemann surface of genus 1 defined by

w2 = (k − E1)(k − Ē1)(k − E2)(k − Ē2)

where E1 = −B + iA and E2 = B + iA. Then,

• either for ξnew
E1
< |ξ| < ξmerge when B

A < 0.5607

• or for 0 6 |ξ| < ξα when B
A > 1,

the leading term of the long-time asymptotics of q(x, t) is expressed in terms of elliptic
functions attached to M.
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Shock: Genus 2 region 9
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The genus 2 sectors are contiguous to the plane wave sectors |ξ| > ξE1 .
For some 0 6 ξm < ξE1 and each ξ ∈ (ξm,ξE1) there exists

• a hyperelliptic Riemann surface M(ξ) of genus 2 defined by

w2 = (k − E1)(k − Ē1)(k − E2)(k − Ē2)(k −α(ξ))(k − ᾱ(ξ))

• with a meromorphic differential dg =
(k−µ1(ξ))(k−µ2(ξ))(k−α(ξ))(k−ᾱ(ξ))

w(ξ,k) dk

such that

• the leading term of the long-time asymptotics of q(x, t) is expressed in terms of
theta functions attached to M(ξ),

• as ξ↗ ξE1 there is a continuous transition to the plane wave sector ξ > ξE1 .
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Shock: Genus 3 region 10
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A < 0.5607 B

A = 0.5607 0.5607 < B
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Shock 0 < B
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Genus 3 sector 0 < ξ < ξm

(i) There exists a genus 3 sector 0 < ξ < ξm contiguous to the t-axis.
(ii) In such a sector the asymptotics is given by

q(x, t) = Q0(ξ, t) +
Q1(ξ, t)√

t
+ O

(
ln t
t

)
,

Q0(ξ, t) = e2i(tg(0)+h(∞)) Im(E1 + E2 +α+β)
Θ(ϕ(∞+) + d)Θ(ϕ(∞+) − v(t) − d)
Θ(ϕ(∞+) + v(t) + d)Θ(ϕ(∞+) − d)

.

• Θ : C3 → C theta function attached to the genus 3 Riemann surface M(ξ) of equation
w2 = (k − E1)(k − Ē1)(k − E2)(k − Ē2)(k −α(ξ))(k − ᾱ(ξ))(k −β(ξ))(k − β̄(ξ)).

• Θ(z) :=
∑

N∈Z3 e2iπ( 1
2 N>τN+N>z), τ period matrix of M, ϕ : M→ C3 Abel map.
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Shock: Genus 3 transition 11

In the genus 3 asymptotics the error term is uniform on any compact subset of (0,ξn).
Hence the need for further analysis near the t-axis.

•

•

0

genus 3 genus 3

genus 1

x

t

T

S

Shock 0 < B
A < 1 Genus 3 transition

In a domain of the form ξ ∼ 0

S = {(x, t) ∈ R2 | t > T, |ξ| < Mtη0−1−δ}

where T, M,δ are arbitrary positive constants and η0 ∈ (0, 1
2 ), there exists c > 0 s.t.

q(x, t) = Q0(ξ, t) + O(t−c), t→ +∞, (x, t) ∈ S.

The leading term is given by

Q0(ξ, t) = e2i(tg(0)(ξ)+h̃(ξ,∞)(A1 + A2)
Θ̃(ϕ̃(∞+) + d̃)Θ̃(ϕ̃(∞+) − ṽ(ξ, t) − d̃)
Θ̃(ϕ̃(∞+) + ṽ(ξ, t) + d̃)Θ̃(ϕ̃(∞+) − d̃)

.

• Θ̃ is a theta function attached to a genus 1 Riemann surface M(ξ).
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RH approach 12

The RH approach consists of two parts:
Construction of an appropriate RH problem (depending on (x, t), oscillatory in t).
Application of the nonlinear steepest descent method to this RH problem.

The second part applies to an oscillatory RHP, e.g., for a jump like

J(x, t, k) =

(
α(k) β(k)e−2itθ(ξ,k)

0 γ(k)

)
, ξ :=

x
t

.

The large t behavior of the jump J is controlled by the sign of the imaginary part Imθ.

RHP construction

1 Lax pair.

2 Jost solutions.
Specific solutions of the Lax pair.

3 Scattering data.
Provided by the Jost solutions
evaluated at t = 0.

4 RH problem.
Build using the Jost solutions.
Problem in k depending on (x, t).

5 Recovering.
The solution q can be recovered
from the solution of this RHP.

Nonlinear steepest descent

6 Signature table.
For the initial phase θ(ξ, k).

7 Phase change.
New phase g(ξ, k) if necessary.

8 RHP transformations.
Leading to a model RHP.

9 Model RHP.

Solve explicitly RHPmod.

10 Back to q.

Asymptotics of q(x, t).
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Lax pair 13

The proof starts with the choice of a Lax pair for (fNLS) associated to q(x, t):

Φx = UΦ

Φt = VΦ

U(x, t, k) = −ikσ3 + Q(x, t)

V(x, t, k) = −2ik2σ3 + 2kQ(x, t) + R(x, t)

Φ(x, t, k) is a 2× 2 matrix-valued function,

k ∈ C is the spectral parameter,

σ3 :=
( 1 0

0 −1
)
,

Q(x, t) and R(x, t) are 2× 2 matrix-valued functions depending on q(x, t):

Q(x, t) =

(
0 q(x, t)

−q̄(x, t) 0

)
, R(x, t) = −i

(
Q2(x, t) + Qx(x, t)

)
σ3.

This Lax pair (associated to q) is an over-determined linear system.
The compatibility condition of this system is precisely the nonlinear equation (fNLS):

The Lax pair has a non trivial solutionΦ ⇐⇒ q(x, t) is a solution of (fNLS)
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Jost solutions & Scattering data 14

Solutions of the Lax pairs associated with the backgrounds q01 and q02.
These Lax pairs have nontrivial solutionsΦ01 andΦ02 given by

Φ0j(x, t, k) = e−iBjx+ωjt)σ3N0j(k)e(−iXj(k)x−iΩj(k)t)σ3 , j = 1, 2,

where

Xj(k) =
√
(k − Ej)(k − Ēj), Ej = Bj + iAj, Ωj = 2(k + Bj)Xj(k),

N0j(k) =
1
2

eiφj/2

(
νj(k) + ν−1

j (k) νj(k) − ν−1
j (k)

νj(k) − ν−1
j (k) νj(k) + ν−1

j (k)

)
e−iφj/2, νj(k) =

(
k − Ej

k − Ēj

)1/4
.

These functions of k are
well-defined outside cuts joining
Ej and Ēj, e.g., Σj =

[
Ej, Ēj

]
.

Σ1
Σ2

E1

Ē1

E2

Ē2

B1 B2

•• R

Jost solutions They are the solutions of the Lax pair associated with q such that
Φj(x, t, k) ∼Φ0j(x, t, k), x→ (−1)j∞, k ∈ R∪ (Ej, Ēj), j = 1, 2.

Scattering data: Defined by the scattering relation Φ2(x, t, k) =Φ1(x, t, k)S(k), k ∈ R.

The scattering matrix S(k) is a 2× 2 matrix of determinant 1 of the form
(

a∗(k) b(k)
−b∗(k) a(k)

)
.

f ∗(k) = f (k̄) denotes the Schwarz conjugate of a function f (k). For simplicity, we will

assume a(k) never vanishes and define the reflection coefficient by r(k) =
b∗(k)
a(k) .

All scattering data a(k), b(k), r(k) are determined by the initial data q0(x) alone.
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How we build the Riemann–Hilbert problem? 15

• Using the Jost functionsΦ1 andΦ2 together with the scattering coefficient a we
define the 2× 2 matrix valued function M(x, t, k) as follows:

M(x, t, k) :=


(
Φ

(1)
1
a Φ

(2)
2

)
e(ikx+2ik2t)σ3 , k ∈ C+,(

Φ
(1)
2

Φ
(2)
1

a∗

)
e(ikx+2ik2t)σ3 , k ∈ C−,

whereΦ(1)
j andΦ(2)

j denote the first and second columns of the 2× 2 matrixΦj.

• Then we observe that M(x, t, k) is solution of a RH problem:

M(x, t, k) is analytic in k ∈ C \Σ, where Σ := R∪Σ1 ∪Σ2, with Σj :=
[
Ej, Ēj

]
.

M+(x, t, k) = M−(x, t, k)J(x, t, k), k ∈ Σ, for some jump matrix J.

M(x, t,∞) = I.

• The jump J depends on the scattering data only, hence on the initial data only.
• Moreover, q can be recovered from M by the formula:

q(x, t) = 2i lim
k→∞ kM(x, t, k)12.

• This leads to the following RH problem which is well-defined from q0(x) only.
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The Riemann–Hilbert problem 16

Find a 2× 2 matrix valued function M(x, t, k) such that

M is analytic in k ∈ C \Σ, with Σ := R∪Σ1 ∪Σ2 .

Σ1
Σ2

E1

Ē1

E2

Ē2

B1 B2

•• R

M(x, t,∞) = I.
M satisfies the jump relation M+(x, t, k) = M−(x, t, k)J(x, t, k), for k ∈ Σ.
The jump matrix is given by

J(x, t, k) = e−(ikx+2ik2t)σ3 J0(k)e(ikx+2ik2t)σ3 ,

where

J0(k) =

(
1 + rr∗ r∗

r 1

)
, k ∈ R

J0(k) =



(
1 0

ie−iφ1
a+a− 1

)
, k ∈ Σ1 ∩ C+,( a−

a+ ieiφ2

0 a+
a−

)
, k ∈ Σ2 ∩ C+,

J0(k) =



(
1 ieiφ1

a∗+a∗−
0 1

)
, k ∈ Σ1 ∩ C−, a∗+

a∗−
0

ie−iφ2
a∗−
a∗+

 , k ∈ Σ2 ∩ C−.

Moreover,

M solution of this RHP =⇒ q(x, t) := 2i limk→∞(kM(x, t, k)
)

12 solution of the Cauchy pb.
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The symmetric shock case 17

As already said I limit myself to the symmetric shock case:

A1 = A2 = A > 0
B2 = −B1 = B > 0.

q0(x) ∼

{
Aeiφ1 e2iBx, x → −∞,
Aeiφ2 e−2iBx, x → +∞.

I also assume that the scattering coefficient a(k) has no zero on the
closed upper half-plane C+ ∪ R, which excludes solitons:

a(k) 6= 0 for any k ∈ C+ ∪R

To obtain a L2-RHP we modify the previous RHP slightly.
We consider the RHP satisfied by m̂ := mν−σ3

1 instead of m.
As a result we must replace a, b, r with â = aν1, b̂ = bν1, r̂ = rν−2

1 .
By symmetry x 7→ −x it suffices to connsider nonnegative values of ξ.
There are several asymptotic scenarios, depending on the ratio B

A .
Each scenario is characterized by a different list of appropriate
g-functions introduced to apply the nonlinear steepest descent method
in some range of values of ξ := x

t .
All g-functions g(ξ, k) have common properties.
In particular, the contour defined by Im g = 0 has always, apart from R,
an infinite branch asymptotic to the vertical line Re k = − ξ

4 .
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Large ξ analysis. The signature table 18

The jump matrix can be written

J(x, t, k) = e−itθ(ξ,k)σ3 J0(k)eitθ(ξ,k)σ3 θ(ξ, k) = 2k2 + ξk, ξ := x
t .

Thus J depends on t through factors e±2itθ(ξ,k) (∗ denotes a constant depending on k):

J =



(
1 0

∗ e2itθ(ξ,k) 1

)
, k ∈ Σ1 ∩ C+,(

∗ ∗e−2itθ(ξ,k)

0 ∗

)
, k ∈ Σ2 ∩ C+,

J =



(
1 ∗e−2itθ(ξ,k)

0 1

)
, k ∈ Σ1 ∩ C−,(

∗ 0
∗ e2itθ(ξ,k) ∗

)
, k ∈ Σ2 ∩ C−.

To apply the RH approach J must remain bounded along Σ as t→ +∞. The large t
behavior of J is encoded in the signature table of the imaginary part Imθ(ξ, k), k ∈ Σ:

If Imθ > 0 then e2itθ(ξ,k) is good for t→ +∞, whereas e−2itθ(ξ,k) is bad .
If Imθ < 0 then e2itθ(ξ,k) is bad for t→ +∞, whereas e−2itθ(ξ,k) is good .

• • •

Im θ < 0

Im θ > 0 Im θ < 0

Im θ > 0

− ξ
4

E2

Ē2

Σ2

B2

E1

Ē1

B1

Σ1

Signature table of Imθ(ξ, k) for ξ� 0
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Large ξ analysis. The g-function mechanism 19

Issue
The signature table of Imθ(ξ, k) for ξ� 0 shows that J explodes along Σ2 as t→ +∞.
Similarly, the signature table of Imθ(ξ, k) for ξ� 0 shows that J explodes along Σ1.

Thus, for large ξ the original RH problem is inappropriate to apply the nonlinear
steepest descent method.

Solution
By changing the RH problem through the g-function mechanism.
Consider the RH problem satisfied by the new unknown M(1) on a new contour Σ̂:

M(1)(x, t, k) := e−itg(0)(ξ)σ3 M(x, t, k)eit(g(ξ,k)−θ(ξ,k))σ3

where g satisfies some constraints, in particular:

g satisfies the symmetry g = g∗.

g has the large k behavior g(ξ, k) = θ(ξ, k) + g(0)(ξ) + O(k−1).
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Large ξ analysis. The g-function 20

For ξ� 0 we apply the g-function mechanism as follows.
We replace the original phase function θ with the g-function g2(ξ, k):

g2(ξ, k) =Ω2(k) + ξX2(k) = (2k + 2B2 + ξ)

√
(k − E2)(k − Ē2), ξ� 0.

The g-function g2 has derivative w.r.t. k

g ′2(ξ, k) = 4
(k −µ1(ξ))(k −µ2(ξ))√

(k − E2)(k − Ē2)
.

The two critical points µ1(ξ) < µ2(ξ) of g2 are real.
As new contour we take Σ̂ = R∪Σ1 ∪ Σ̂2 where Σ̂2 is the finite branch of Im g2 = 0.
Besides R, the curve Im g2 = 0 has an infinite branch asymptotic to the line Re k = − ξ

4 .

••• •

−

+ −

+

− ξ
4

E2

Ē2

Σ̂2

Σ2

E1

Ē1

Σ1

µ1 µ2B1 B2

Signature table of Im g2(ξ, k) for ξ� 0
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Large ξ analysis. Asymptotics 21

• Using the g-function g2 for ξ� 0 we first transform the original RH problem in a
problem whose jump matrix is now appropriate for the nonlinear steepest descent
method and whose contour is R∪Σ1 ∪ Σ̂2.

• Further transformations of this RH problem lead finally to a model RH problem
RHPmod whose jump is constant across a single arc:

Mmod
+ (x, t, k) = Mmod

− (x, t, k)
(

0 ieiφ2

ie−iφ2 0

)
, k ∈ Σ̂2.

• Thus, for ξ� 0 we finally get,

q(x, t) = Ae−2iBx+2iω2t+iψ2(ξ) + O(1/
√

t)

ω2 = A2 − 2B2, ψ2(+∞) = φ2.

• Similarly, for ξ� 0, by exchanging the indices 1 and 2, with ψ1(−∞) = φ1.

•
0

ξ = −C

ξ < −C

ξ = C

ξ > C

plane wave
genus 0

plane wave
genus 0

x

t
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End of plane wave sector. Why and when? 22

For large values of ξ we performed the asymptotic analysis using the g-function g2.
Then, when ξ decreases, the infinite branch of Im g2 = 0 moves to the right.

• • • • •
− ξ

4

E2

Ē2

Σ̂2

Σ2

E1

Ē1

Σ1

µ1(ξ) µ2(ξ)B1 B2

Shock: Σ1 and the branches of Im g2 = 0 for large ξ

The g-function g2 is no longer appropriate when either of the following events occurs:

1. The critical points µ1(ξ) and µ2(ξ) merge.

2. The infinite branch of Im g2 = 0 hits E1.

Each of these events marks the end of the plane wave sector.

The first event occurs when ξ = ξmerge = −4B + 4
√

2 A.

The second event occurs when ξ = ξE1 = 2B + 2
√

A2 + B2.
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End of plane wave sector. Three cases 23

Thus, there are three cases to distinguish:
(i) 0 < B

A <
1
4 (3
√

2 − 2): The first event occurs before the second one.

• • • • •
− ξ

4

E2

Ē2

Σ̂2

Σ2

E1

Ē1

Σ1

µ1 µ2B1 B2
• •• •

− ξmerge

4

E2

Ē2

Σ̂2

Σ2

E1

Ē1

Σ1

B1

µ1

µ2 B2

ξ > ξmerge ξ = ξmerge
Shock, when ξmerge > ξE1

(ii) B
A = 1

4 (3
√

2 − 2): Both events occur simultaneously, at ξ = (2 +
√

2)A.

(iii) B
A >

1
4 (3
√

2 − 2): The second event occurs before the first one.

• • • • •
− ξ

4

E2

Ē2

Σ̂2

Σ2

E1

Ē1

Σ1

µ1 µ2B1 B2

••• •
− ξE1

4

E2

Ē2

Σ̂2

Σ2

E1

Ē1

Σ1

µ1 µ2B1 B2

ξ > ξE1 ξ = ξE1
Shock, when ξE1 > ξmerge
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Case (i). Beyond the wave plane sector 24

0 < B
A <

1
4 (3
√

2 − 2) ≈ 0.5607

In case (i), as ξ decreases from +∞ the first bifurcation occurs at ξ = ξmerge, when
µ1(ξ) and µ2(ξ) merge.

Beyond, as ξ decreases from ξmerge the two zeros µ1 and µ2 become complex
conjugate, denoted by β and β̄.

We then introduce a new g-function g̃2 with a real additional critical point µ:

g̃ ′2(ξ, k) = 4
(k −µ(ξ))(k −β(ξ))(k − β̄(ξ))√

(k − E2)(k − Ē2)(k −β(ξ))(k − β̄(ξ))
.

This g-function remains appropriate until the infinite branch of Im g̃2 = 0 hits E1
what occurs at ξ = ξnew

E1
. This sector ξmerge > ξ > ξ

new
E1

is a genus 1 sector.

For ξ < ξnew
E1

the g-function g̃2 stops working. We define a new g-function ĝ2 by
adding two complex conjugate critical points α and ᾱ emerging from E1 and Ē1:

ĝ ′2(ξ, k) = 4
(k −µ(ξ))(k −β(ξ))(k − β̄(ξ)(k −α(ξ))(k − ᾱ(ξ))√

(k − E1)(k − Ē1)(k − E2)(k − Ē2)(k −β(ξ))(k − β̄(ξ))(k −α(ξ))(k − ᾱ(ξ)
.

We assume that ĝ2 works for 0 < ξ < ξnew
E1

which is therefore a genus 3 sector.
The existence of a g-function like ĝ2 is indeed proven on an interval (0,ξm).
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Case (i). Small ξ 25

As ξ ↓ 0, α(ξ) and β(ξ) tend to iα0 = i
√

A2 − B2 whereas µ(ξ)→ 0.

So, the g-function takes a genus 1 form ĝ ′2(0, k) = 4 k(k2+α2
0)√

k−E1)(k−Ē1)(k−E2)(k−Ē2)
.

•

•

•

•

•

+

− +

−−

+ −

+

−

+ −

+

− ξ
4

α(ξ)

β(ξ)

µ(ξ)

Σ2Σ1

B < A, ξ > 0

•

•

•

+

− +

−−

+ −

+

−

+ −

+

iα0

Σ2Σ1

B < A, ξ = 0

α0 =
√
A2 −B2

ξ = 0 0 < ξ < ξnew
E1

ξ = ξnew
E1

ξnew
E1
< ξ < ξmerge ξ = ξmerge ξ > ξmerge

genus 1 genus 3 genus 1 genus 0
α and β the infinite µ1 and µ2
merge branch hits E1 merge

Case (i): 0 < B
A <

1
4 (3
√

2 − 2)

•
0

genus 0
plane wave
region

genus 1

genus 3
hyperelliptic
wave region

genus 3
hyperelliptic
wave region

genus 0
plane wave
region

genus 1
elliptic
wave region

genus 1
elliptic
wave region

x

t
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Case (ii) 26

B
A = 1

4 (3
√

2 − 2) ≈ 0.5607

This is a limit case of case (i) characterized by the equality

ξnew
E1

= ξmerge.

The genus 1 sector ξnew
E1
< ξ < ξmerge collapses and disappears.

The genus 3 sector 0 < ξ < ξnew
E1

becomes adjacent to the plane wave sector
ξ > ξmerge.

ξ = 0 0 < ξ < ξnew
E1

ξ = ξnew
E1

= ξmerge ξ > ξmerge

genus 1 genus 3 genus 0
α and β the infinite branch hits E1
merge and µ1 and µ2 merge

Case (ii): B
A = 1

4 (3
√

2 − 2)

•
0

genus 0
plane wave
region

genus 1

genus 3
hyperelliptic
wave region

genus 3
hyperelliptic
wave region

genus 0
plane wave
region

x

t
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Case (iii). Three subcases 27

B
A >

1
4 (3
√

2 − 2) ≈ 0.5607

As ξ decreases, the infinite branch of Im g2 = 0 hits E1 before µ1 and µ2 merge.

Thus, the plane wave sector ends at ξ = ξE1 .

Then, as ξ decreases from ξ = ξE1 we change the g-function by adding two
complex conjugate critical points α(ξ) and ᾱ(ξ) emerging from E1 and Ē1:

ǧ ′2(ξ, k) = 4
(k −µ1(ξ))(k −µ2(ξ))(k −α(ξ))(k − ᾱ(ξ))√

(k − E1)(k − Ē1)(k − E2)(k − Ē2)(k −α(ξ))(k − ᾱ(ξ)
.

As long as ǧ2 is appropriate the asymptotics is expressed in terms of genus 2
theta functions.

It then appears that B
A = 1 is a second bifurcation value.

Three cases are to be considered separately:

a B
A > 1.

b B
A = 1.

c 1
4 (3

√
2 − 2) < B

A < 1.
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Case (iii). Subcase (a) 28

B
A > 1

In this case, as ξ decreases from ξ = ξE1 the g-function ǧ2 remains appropriate
until its two critical points α(ξ), ᾱ(ξ) merge at ξnew

merge into a third real zero µ0.
We thus get a new g-function g̊2 whose derivative is

g̊ ′2(ξ, k) = 4
(k −µ1(ξ))(k −µ2(ξ))(k −µ0(ξ))√

(k − E1)(k − Ē1)(k − E2)(k − Ē2)
.

That leads to a genus 1 sector 0 6 ξ < ξnew
merge.

0 6 ξ < ξnew
merge ξ = ξnew

merge ξnew
merge < ξ < ξE1 ξ = ξE1 ξ > ξE1

genus 1 genus 2 genus 0
residual α and ᾱ merge transition the infinite plane wave
region into a 3rd real zero region branch hits E1 region

Case (iii-a): B
A > 1

•
0

genus 0
plane wave
region

genus 1
elliptic wave
region

genus 0
plane wave
region

genus 2
hyperelliptic
wave region

genus 2
hyperelliptic
wave region

x

t
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Case (iii). Subcase (b) 29

B
A = 1

This case is a limit case of (iii-a) where ξnew
merge becomes 0.

The genus 1 range 0 6 ξ < ξnew
merge in (iii-a) shrinks to ξ = 0, and α0 becomes 0.

−

+ −

+−

+ −

+

+

− +

−
Σ2Σ1

B = A, ξ = 0

ξ = 0 0 < ξ < ξE1 ξ = ξE1 ξ > ξE1
genus 1 genus 2 genus 0
α, ᾱ, µ1 transition the infinite plane wave

all merge into 0 region branch hits E1 region

Case (iii-b): B
A = 1

•
0

genus 0
plane wave
region

genus 1

genus 0
plane wave
region

genus 2
hyperelliptic
wave region

genus 2
hyperelliptic
wave region

x

t
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Case (iii). Subcase (c) 30

1
4 (3
√

2 − 2) < B
A < 1

In this case, as ξ decreases from ξ = ξE1 the g-function ǧ2 remains appropriate
until the real critical points µ1(ξ) and µ2(ξ) merge at ξnew

merge.
For ξ < ξnew

merge these points create two complex conjugate critical points β(ξ)
and β̄(ξ) of a new g-function whose derivative has an additional real zero µ(ξ):

ğ ′2(ξ, k) = 4
(k −µ(ξ))(k −β(ξ))(k − β̄(ξ)(k −α(ξ))(k − ᾱ(ξ))√

(k − E2)(k − Ē2)(k −β(ξ))(k − β̄(ξ))(k −α(ξ))(k − ᾱ(ξ)
.

That leads to a genus 3 sector 0 < ξ < ξnew
merge.

ξ = 0 0 < ξ < ξnew
merge ξ = ξnew

merge ξnew
merge < ξ < ξE1 ξ = ξE1 ξ > ξE1

genus 1 genus 3 genus 2 genus 0
α and β µ1 and µ2 transition the infinite plane wave
merge merge branch hits E1 region

Case (iii-c): 1
4 (3
√

2 − 2) < B
A < 1

•
0

genus 0
plane wave
region

genus 1

genus 3
hyperelliptic
wave region

genus 3
hyperelliptic
wave region

genus 0
plane wave
region

genus 2
hyperelliptic
wave region

genus 2
hyperelliptic
wave region

x

t
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Summary 31

What is done
I have listed several asymptotic scenarios.

Plane wave sectors are completely determined and studied.

The existence of genus 2 sectors is proven for B
A > 0.5607.

The existence of genus 3 sectors is proven for B
A < 1.

Asymptotics are explicitly written in a genus 3 sector.

The transition between adjacent genus 3 sectors is studied.

Should be done
Same analysis in presence of solitons, i.e., in presence of discrete spectrum.

Extensions to the non-symmetric case.

Could be done
Complete the proofs to show that our five scenarios really exist.

Check if these scenarios are the only ones.

Some transitions between adjacent sectors remain to be studied.
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