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e Quantum Geometry has many sophisticated realizations. Here we limit
ourselves to the (very) conservative circle of ideas associated with a quan-
tum field theory approach to Riemannian Geometry: viz. How Rieman-
nian structures are generated out of a suitably controlled spectrum of
(random or quantum) fluctuations around a background fiducial geome-
try. Qe flow
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e Ricci curvature, with its subtle connections to diffusion, optimal transport,
(Kantorovich - Rubinstein) - Wasserstein geometry and renormalization
group, features prominently in such a scenario.



e In this talk, based on work done with Annalisa Marzuoli, Francesca Famil-
iari, Claudio Dappiaggi and Christine Guenther, we touch upon some of
these themes as well as on some unconventional aspects that Ricci curva-
ture still holds in store and which stress its basic role in a QFT approach

to quantum geometry.
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The CLASSICAL FRAMEWORK:

(M, g) a C* compact or complete n—dimensional manifold, (n > 3), endowed
with a Riemannian metric g, the associated Riemannian measure dpu,, Levi-

Civita connection V, and its Riemann curvature M
T p
e Rin(g)(X,Y)Z = (VxVy — VyVx — Vixy) Z. :
‘gv curvature
Ricci curvature in the direction p— TR
—=]

e Ric(g)(u,u) := tracey (£ —> Rm(g)(&,u)u) , / < v/

e Equivariance under / /\/
the action of Dif f(M):

e . Basic role of the (normalized) Einstein—Hilbert
Ric(6"g) = ¢"Ric(g) = ( )

. _ f ional
VIR, = %ka : unctiona
contracted Bianchi identity

(D.Hilbert, J. Kazdan) Sp-nlg] = VOlg(M)%n /M R(9) dpg,



Insight into the Ricci curvature is
provided by its expression in
normal geodesic coordinates
(Bertrand-Puiseaux)

o oxp} (dpig)

= (1 — gRa(p) 2'(@)z"(q) + ..

dp g : Euclidean measure on 1, M
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Ricci curvature as »
the solid angle spanned
by a pencil of geodesics

e Ricci curvature: distortion (w.r.t. dug)

, N A of the solid angle subtended by a small

I A pencil of geodesics issued from p in the
R/ M) \ direction X = exp, '(q).




Ric(g) o< expy(dpg)/dpr = There must be a Laplacian around.

From the point of view of geometric analysis insight on the nature of Ricci
curvature is provided by the expression of its components in local harmonic
coordinates (U, {z'}; Ay2' = 0), (C. Lanczos, D. DeTurck, J. Kazdan, ...):

Rik =har — %A(g) (f(ik)) + Qik (9_1a 59) s fik) = Gik s

Hence in harmonic coordinates the Ricci curvature acts as a semi-linear elliptic
operator on each scalar function f(;z) := gix: the metric tensor components g;
have maximal regularity in harmonic coordinates.

% (g : generator of the Brownian
motion diffusion lurks in the background.

When passing from normal geodesic
coordinates to harmonic coordinates
we gain control on the components

of the metric tensor in terms of the
Ricci curvature rather than of the full
Riemann tensor

(DeTurck-Kazdan, Jost-Karcher)




Given the interplay between Ric(g), du, and diffusion, it is not surprising that
the analysis of Ricci curvature often calls for weighted Riemannian manifolds
(or Riemannian measure spaces) (M, g, dw) i.e. smooth n—dim Riemannian
manifolds endowed with a probability measure dw

The relevant operator on (M, g, dw) are:
the dw—weighted di.vergence
Viwo = el V (e*fo)

Probability measure do

the dw—weighted Laplacian
AGY b= (8 =V V) ¢

A weighted Riemannian manifold
(Riemannian measure space)

A Riemannian manifold

e When dw =¢—/ dp, the basic player is the Bakry-Emery Ricci curvature

RicP (g, dw) := Ric(g) + Hess, f

.

The contracted Bianchi identity V' R;;, = %Vk R is replaced by
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R (g) := R(g) + 24, f — |Vf|3 = R(g) + QASU)JC + |Vf|3

— Perelman’s modified scalar curvature.

In such a framework, the role of the Einstein-Hilbert functional is played by
Perelman’s energy

Foip)= [ R = [ (Rlo) + VAZ) e,

which induces a subtle geometric functional on (M, g)

Flg] = inf / RY"(g) dw
{(fewr2(M), [ efdp,=1} JMm

the lowest eigenvalue \1[g] of the
Schrodinger-like operator on (M, g)

—4 A, + Rg)y = Mg, = e /2



This suggests that the geometry of Ric(g) is more appropriately framed in the
Space of weighted Riemannian manifolds (M, g, dw), i.e. Met(M)x [Prob(M),d)"],
where Met(M) is the space of all smooth Riemannian metrics over M, and
Prob(M) denotes the space of probability measures dw over M endowed with

e The quadratic Kantorovich - Rubinstein - Wasserstein distance dgv(dwl, dws).

N dy o, do,)

Elementary aspects of this
framework in discussing Ricci
curvature follows from the
interplay between scaling and
Diff (M) equivariance in
Riemannian geometry
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Appendix: The quadratic Wasserstein distance dgv (dwy, dws)

_Construction site

The quadratic Wasserstein distance dgv(dwl,dwg) plays a basic role in the
Monge-Kantorovich problem of optimally transporting one distribution of mass
dwy, (say from an excavation site on the manifold (M, g)) onto another distri-
bution dws, (realized at the construction site on (M, g)), where optimality is
measured against a cost function provided by the squared Riemannian distance
function d(x,y).



dV (dw,df) =  inf dy(z,y) 7 (dwdf) |
I(dw,df) C Prob(M x M) : the set of probability measures on M x M with
marginals dw and df; (I(dw,df): is called the set of couplings between dw and

do).

dg‘;(dw, df) represents, as we consider all possible couplings between the mea-
sures dw and df, the minimal cost needed to transport dw into df provided
that the cost to transport the point x into the point y is given by d,(x,y)®. The

distance g,",(dw, d0) metrizes Prob(M) turning it into a geodesic space.



