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Schlesinger system
I Matrix 2× 2 Fuchsian linear system

dΦ

du
= A(u)Φ(u) =

N∑
j=1

Aj

u − uj
Φ(u), u ∈ CP1

I with a residue at infinity A∞ := −A1 − · · · − AN = const .
I In a non-resonant case, we have

Φ(u) =
u∼uk

(Gk +O(u − uk )) (u − uk )Tk Ck

with some matrices Gk ,Tk ,Ck independent of u.
I Then the monodromies of Φ are Mk = C−1

k e2πiTk Ck .

I Monodromies are constant if Tk and Ck are constant. Then

(∂uk Φ)Φ−1 =
u∼uk

− Ak

u − uk
+O(u − uk ) , Ak = GkTkG−1

k

moreover, (∂uk Φ)Φ−1 has no singularity away from uk .



Schlesinger system

I Assuming that (∂uk Φ)Φ−1|∞ = 0, we have

dΦ

du
= A(u)Φ(u) and (∂uk Φ)Φ−1 = − Ak

u − uk
, k = 1, . . . ,N .

I The compatibility condition gives the Schlesinger system
for Aj :

∂Aj

∂uk
=

[Ak ,Aj ]

uk − uj
;

∂Ak

∂uk
= −

∑
j 6=k

[Ak ,Aj ]

uk − uj
.

I Let now B := {uk}Nk=1 be of the form

B = {0,1, x1, . . . , xM ,u1, . . . ,uN−M−2}

where x1, . . . , xM are independent variables and uj are
functions of x1, . . . , xM .



Constrained isomonodromic deformations

I The system

dΦ

du
= A(u)Φ(u) and (∂uk Φ)Φ−1 = − Ak

u − uk
, k = 1, . . . ,N

becomes

dΦ

du
=
(A0

u
+

A1

u − 1
+

M∑
i=1

Axi

u − xi
+

N−M−2∑
j=1

Auj

u − uj

)
Φ

and

(∂xi Φ)Φ−1 = − Axi

u − xi
−

N−M−2∑
j=1

Auj

u − uj

∂uj

∂xi
, i = 1, . . . ,M .



Constrained Schlesinger system
I Let aj ∈ B = {0,1, x1, . . . , xM ,u1, . . . ,uN−M−2}.
I The constrained Schlesinger system is

for aj /∈ {xi ,u1, . . . ,uN−M−2} :

∂xi Aaj =
[Axi ,Aaj ]

xi − aj
+

N−M−2∑
k=1

[Auk ,Aaj ]

uk − aj

∂uk

∂xi

for 1 ≤ m ≤ N −M − 2 :

∂xi Aum =
[Axi ,Aum ]

xi − um
+

N−M−2∑
k=1
k 6=m

[Auk ,Aum ]

uk − um

∂uk

∂xi
− ∂um

∂xi

∑
aj∈B

aj 6=um

[Aaj ,Aum ]

aj − um

for 1 ≤ i ≤ M :

∂xi Axi = −
∑
aj∈B
aj 6=xi

[Axi ,Aaj ]

xi − aj
+

N−M−2∑
k=1

[Auk ,Axi ]

uk − xi

∂uk

∂xi

I A solution to the constrained Schlesinger system includes
matrices Aaj as functions of x1, . . . , xM and u1, . . . ,uN−M−2
as well as u1, . . . ,uN−M−2 as functions of x1, . . . , xM .



“Okamoto differential”
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I z0 = 2w1c1 + 2w2c2, z0 = A∞(Q0), y0(x) = ℘(z0(x)).
I Differential of the third kind on the elliptic curve C:

Ω(P) = ΩQ0,Q∗0
(P)− 4πic2ω(P).

I ω(P) -holomorphic normalized differential on C :
ω = dz

2w1
= 1

2w1

du
v .

I Ω has two simple poles at Q0 et Q∗0 which project to y0,
Picard’s solution of PVI (0,0,0, 1

2).
I Ω has two simple zeros at P0 et P∗0 which project to y ,

Hitchin’s solution of PVI(1
8 ,−

1
8 ,

1
8 ,

3
8).



Okamoto transformations ∼ 1980
- a group of symmetries of PVI(α, β, γ, δ).

I Example: Okamoto transformation
from PVI(0,0,0, 1

2) to PVI(1
8 ,−

1
8 ,

1
8 ,

3
8) :

y0 - Picard’s solution

y - Hitchin’s solution

y(x) = y0 +
y0(y0 − 1)(y0 − x)

x(x − 1)y ′0 − y0(y0 − 1)
.

I y0(x) = ℘(z0(x)) - the Picard solution to PVI (0,0,0, 1
2)

dy0

dx
= −1

4
Ω(Px )

ω(Px )

ω(Q0)



The differential Ω on hyperelliptic curves
I The curves

v2 =

2g+1∏
j=1

(u − uj)

I Define z0 = c1 + Bc2 with c1, c2 ∈ Cg constant vectors

I Jacobi inversion:

I Usual way
∑g

j=1A∞(Qj ) = z0 and

Ω(P) =

g∑
j=1

ΩQj Q∗
j

(P)− 4πi ct
2ω(P)

I Unusual way A∞(Q0) = z0 and

Ω(P) = ΩQ0Q∗
0

(P)− 4πi ct
2ω(P)

Here ω = (ω1, . . . , ωg)t are holom. normalized differentials.



The differential Ω on hyperelliptic curves - “usual way”
V. Dragovic, V. Shramchenko, Algebro-geometric approach to an Okamoto transformation,

the Painlevé VI and Schlesinger equations, Annales Henri Poincaré, 20(4), 1121-1148 (2019)

I Normalization:
∮

ak
Ω = −4πic2k

∮
bk

Ω = 4πic1k .

I Define holomorphic differentials vj by

vj(Qk ) = δjk , j , k = 1, . . . ,g

I then
∂qj

∂uk
= −1

4
Ω(Pk )vj(Pk )

I u-coordinates of 2g − 1 pairs of zeros of Ω are solutions of
multidimensional Garnier system.



2× 2 Schlesinger system (2g + 1 points)
I Schlesinger system

∂Aj

∂uk
=

[Ak ,Aj ]

uk − uj
; A1 + · · ·+ A2g+1 = −A∞ = const

I A solution Ai ∈ sl(2,C) with eigenvalues ±1/4

Ai :=

 −1
4 −

βi
2 A12

i

−1
4
βi+β

2
i

A12
i

1
4 + βi

2

 ; A∞ =

(
1/4 0
0 −1/4

)
.

I Let φ(P) = du
v = du√∏2g+1

i=1 (u−ui )
- a holom. diff. on the curve

A12
n :=

1
4

Ω(Pn)φ(Pn)

g∏
α=1

(un − qα)

βn :=
1
4

Ω(Pn)

g∑
j=1

vj(Pn)− 1
2

Ω(P∞)A12
n



Chebyshev polynomials
Tn(x), n = 0,1,2, . . . Tn(x) = cos nφ, x = cosφ,

T6(x) = 32x6 − 48x4 + 18x2 − 1

T9(x) = 256x9 − 576x7 + 432x5 − 120x3 + 9x

I The Chebyshev polynomials are solutions to the Pell
equation

T 2
n (x)− (x − 1)(x + 1)Q2

n−1(x) = 1

I 21−nTn is the monic polynomial of degree n which
minimizes the uniform norm on the interval [−1,1]



Generalized Chebyshev polynomials
Let

µ2 = x(x − 1)

2g∏
j=1

(x − xj)

The generalized Chebyshev polynomials satisfy the Pell
equation

P2
n (x)− µ2(x)Q2

n−g−1(x) = 1 .

Given x1, . . . , x2k , the existence of a solution Pn, Qn−g−1 to the
Pell equation is not guaranteed.



Pell equations and points of a finite order

Let µ, Pn, Qn−g−1 be such that the Pell equation holds:

P2
n (x)− µ2(x)Q2

n−g−1(x) = 1

and µ2 = x(x − 1)
∏2g

j=1(x − xj) defines a hyperelliptic compact
surface L

Then the point∞+ is of order n that is: nA∞−(∞+) ≡ 0



Pell equations and points of a finite order - proof
I We have

I P2
n (x)− µ2(x)Q2

n−g−1(x) = 1
I and µ2 = x(x − 1)

∏2g
j=1(x − xj ).

I Define s(P) := Pn(x) + µQn−g−1(x).

I Then s(P∗) =
1

s(P)

I because

s(P∗)s(P) = (Pn − µQn−g−1)(Pn + µQn−g−1) = 1.

I s(P) has a pole of order n at P ∼ ∞+ (where µ ∼ x2)
I therefore s(P) has a zero of order n at P ∼ ∞− ( µ ∼ −x2)
I Thus nA∞−(∞+) ≡ 0. �
I The converse is also true: if∞+ is a point of order n, then

there is a solution to the Pell equation for the µ in question.



Dynamics of Chebyshev polynomials
I µ2 = x(x − 1)

∏2g
j=1(x − xj)

I The Pell equation: P2
n (x)− µ2(x)Q2

n−g−1(x) = 1 .
I Positions of x2, x4 are determined by x1, x3 and the Pell eq.

I Möbius transformation:

u(x) =
x(1− x2g)

x − x2g
I Denote

y0 := u(∞) = 1− x2g , x̂j := u(x2j−1) , uj := u(x2j)

I Q0 = “u(∞+)” is of order 2n on the curve ∀x̂j ∈ R \ {0,1}

C : v2 = u(u − 1)

g∏
j=1

(u − x̂j)

g−1∏
j=1

(u − uj)



Chebyshev variation of a hyperelliptic surface, g ≥ 2
We have the hyperelliptic surface of the curve

C : v2 = u(u − 1)

g∏
j=1

(u − xj)

g−1∏
j=1

(u − uj)

where
I 1 < xj < uj < xj+1 <∞
I uj = uj(x1, . . . , xg)

I ω = (ω1, . . . , ωg)t a vector of holom. norm. differentials
I ∃Q0 ∈ C such that

n
∫ Q0

Q∗0

ω = k1+k2B with k1, k2 ∈ Zg for xj ∈ R\{0,1}

I That is ∃Q0 ∈ C such that

2
∫ Q0

P∞
ω =

∫ Q0

Q∗0

ω = c1 + c2B with constant c1, c2 ∈ Qg ∀xj ∈ R



Chebyshev variation of a hyperelliptic surface, g ≥ 2

The set of branch points B := {0,1, x1, . . . , xg ,u1, . . . ,ug−1}.
I x1, . . . , xg vary independently in R \ {0,1}
I u1, . . . ,ug−1 ∈ R are functions of x1, . . . , xg∫ Q0

P∞
ω = c1 + c2B =: z0 with constant c1, c2 ∈ Qg ∀xi ∈ R \ {0,1}

I Define
Ω(P) = ΩQ0Q∗0

(P)− 4πi ct
2ω(P)



Chebyshev variation of a hyperelliptic surface, g ≥ 2

I Define a basis of holomorphic differentials v1, . . . , vg :

vi(Puj ) = δij , vi(Q0) = δig with 1 ≤ i ≤ g, 1 ≤ j ≤ g − 1.

I Or, explicitly with ϕ(P)=du/
√∏

aj∈B (u−aj )

vi (P)=
ϕ(P)

∏g−1
α=1,α6=i (u−uα)(u−y0)

ϕ(Pui )
∏
α,α 6=i (ui−uα)(ui−y0)

, i=1,··· ,g−1

vg (P)=
ϕ(P)

∏g−1
α=1(u−uα)

ϕ(Q0)
∏g−1
α=1(y0−uα)

.

I Then

∂um

∂xi
= − Ω(Pxi )

Ω(Pum )
vm(Pxi ) ,

∂y0

∂xi
= −1

4
Ω(Pxi )vg(Pxi ) .



Solution to the constrained Schlesinger system
Define
I Set of branch points B := {0,1, x1, . . . , xg ,u1, . . . ,ug−1}.
I aj ∈ B.
I Let ϕ(P) = du√∏

aj∈B(u−aj )
- a holomorphic differential

Matrices Aaj ∈ sl(2,C) with eigenvalues ±1/4

Aaj =

(
A11

aj
A12

aj

A21
aj
−A11

aj

)
where
I A12

aj
= t

4Ω(Paj )ϕ(Paj )(aj − y0)g , t ∈ C

I βaj = A12
aj

(
1

(g−1)!
∂g−1

∂yg−1
0

{
1

ϕ(Q0)(aj−y0)

}
− g

2 Ω(P∞)

)
.

I A11
aj

= −1
4 −

g
2t βaj ,

I A21
aj

= −
gβaj
4t2

t+gβaj

A12
aj

.

solve the constrained Schlesinger system with
N = 2g + 1, M = g .




