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Schlesinger system

» Matrix 2 x 2 Fuchsian linear system

N
o Au)d(u) =) o ujcp(u), ueCP

» with a residue at infinity A, := —A; —--- — Ay = const.
» In a non-resonant case, we have

o(u) = (G +O(U - uk)) (u— ux)Cy

Ur~ug
with some matrices Gy, Ty, Cx independent of u.

» Then the monodromies of ¢ are My = C;1e2’”k Ck .
» Monodromies are constant if T, and Cy are constant. Then

_ Ak —1
(Oy, ®)® 1 u~:uk - e + O(u — uy), Ax = Gk Tka

moreover, (9, ®)®~" has no singularity away from u .



Schlesinger system
» Assuming that (9, ®)®~ | = 0, we have

do A

_— = —1 = — =
U A(u)®(u) and (0yP)® T k=1,...
» The compatibility condition gives the Schlesinger system
for A; :
A A Al 0Ak _ -y [Ax, Al
8uk U — Uj' 8Uk 7k U — Uj
> Let now B := {uy}}_, be of the form
B= {0717)(17'"7XM7U17"'7UN—M—2}
where x1, ..., Xy are independent variables and u; are

functions of xq, ..., xuy .



Constrained isomonodromic deformations

» The system

dao o -1 Ak
- A(u)®(u) and (0y,P)e " = T, k=1,
becomes
M N—M—2

do Ay Aq Ay Ay

- = (= ! — )0

du <u+u—1+;u—x;Jr ; u—uj>
and

N—M—-2
Ay

(aXiq>)¢_1 :_Aix_ g %7 :1) 5M°



Constrained Schlesinger system

> Let a; B= {0,1,X1,...,XM,U1,...,UN,M,2}.
» The constrained Schlesinger system is
for a; ¢ {X,', Uy, .

o UN—pm—2}
[Ax,Aq] NP (AL, Agl Oug
OxAg = Z U —a Ox:
(e a,- P U — aj 8X,'
fortr<m<N-M-2:
A Au] | "5 [Au Auy] U OUm <~ [Ag Aul
nfum = "0 2 Uk — Um OX;  OX; 2 a—u
i m ,I((;,jn k m i i aeB Ji m
aj7£Um
for1 <i<M:

[AX,-) Aaj] N—M-2

D

k=1

[AUkaAX,'] %
Ug — Xj OX;




“Okamoto differential”

u=p(z)

v

Zp = 2wW1C1 +2WaC2, 2o = Ax(Q),  Yo(X) = p(20(x)).
Differential of the third kind on the elliptic curve C:

Q(P) = QoovoS(P) — 47TiC2w(P).

v

v

w(P) -holomorphic normalized differential on C :
_ adz _ 1 du
W=ow T ow v

Q has two simple poles at Qq et Q which project to yp,
Picard’s solution of PVI (0,0,0, 3).
Q has two simple zeros at Py et P; which project to y,

Hitchin’s solution of PVI(3, -3, 3, 3).
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Okamoto transformations ~ 1980
- a group of symmetries of PVI(«, 3,7, 0).

» Example: Okamoto transformation
from PVI(0,0,0, ) to PVI(§, —3.3.3) :

Yo - Picard’s solution

y - Hitchin’s solution

Yoo — 1)(¥o — X)
YO =0 S~ oo — 1)

> Yo(x) = p(Zo(x)) - the Picard solution to PVI (0, 0,0, })

dyo _ 1 w(Px)
ax _4Q(PX) (Qo

€

~—




The differential 2 on hyperelliptic curves

» The curves
2g+1

v =T](u-u)

j=1
» Define zy = ¢y +Bc, with ¢y, € C9 constant vectors

» Jacobi inversion:
> Usualway Y7, A.(Q)=2zand

g
QP = Qqq: (P) — 4i chw(P)
j=1

» Unusualway A.(Qy) = 2 and

Q(P) = QQOQJ(P) — 47 Céw(P)

Here w = (w1,... ,wg)t are holom. normalized differentials.



The differential 2 on hyperelliptic curves - “usual way”

V. Dragovic, V. Shramchenko, Algebro-geometric approach to an Okamoto transformation,

the Painlevé VI and Schlesinger equations, Annales Henri Poincaré, 20(4), 1121-1148 (2019)
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Normalization: fak Q = —4ricok j;bk Q = 4ricyk.

v

Define holomorphic differentials v; by

Vj(Qk): ik 5 jak:17-"ag

» then

6q/' 1

— = ——Q(Px)vi(P,
DU 2 2(Pi)Vvi(Pr)
u-coordinates of 2g — 1 pairs of zeros of Q are solutions of
multidimensional Garnier system.
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2 x 2 Schlesinger system (2g + 1 points)

» Schlesinger system

6Aj [Ak, Aj]
B U — uj’ 1+ + Aog i1 - = const

» A solution A; € sl(2,C) with eigenvalues +1/4

15 Al
4 ’ 1/4 0
A= A = )
1 Bt 1. B 0o -1/4
R 21T 72
» Letp(P)= X — —__du__ _ 3 holom. diff. on the curve
AP = I (u-w)

9
A2 = 30Pa)o(Pa) T] (un — au)

a=1

1 1
Bn = 1 Q(Pn)jz_; Vi(Pn) — §Q(Poo)A/172



Chebyshev polynomials
Ta(x), n=0,1,2,... ‘Tn(x):coanﬁ, X:cosd),‘

To(x) = 32x5 — 48x* + 18x% — 1
To(x ( ) = 256x° — 576x” + 432x° — 120x° + 9x

INAL A
AR

TH(x) — (x = 1)(x + 1)Q_4(x) = 1

» 21-"T, is the monic polynomial of degree n which
minimizes the uniform norm on the interval [-1, 1]



Generalized Chebyshev polynomials

Let
2g

Wt = x(x = ) ]J(x - x)
j=1
The generalized Chebyshev polynomials satisfy the Pell
equation
Pa(x) — 12 () Qa_g_1(x) = 1.

(AR
[N\ /. ;

LN

Given xy, ..., Xok, the existence of a solution P,, Q,_g4_1 to the
Pell equation is not guaranteed.



Pell equations and points of a finite order

Let 11, Pn, Qn_g—1 be such that the Pell equation holds:
Pa(x) = 12 () Q5_g_1(x) = 1

and u? = x(x 1)H 1(x — x;) defines a hyperelliptic compact
surface £

PP £, P )

Kool

/M_ /\/)(jﬂnaar‘oo4
oo™ o

%
‘ ‘ ‘ M~ =X nmar co”
/ : | : Z'Hff’/

Then the point oo™ is of order nthatis: | nA,,-(cc™) =0




Pell equations and points of a finite order - proof

» We have
> PA(x) — 1P (x)Q5_g_4(x) =1
> and 2 = x(x — 1) [, (x - x)).

» Define s(P) := Pp(x) + pQn_g—1(X).

» Then|s(P*) = s(1P)

» because

» 5(P) has a pole of order nat P ~ cot (where u ~ x?)

» therefore s(P) has a zero of order nat P ~ oo™ ( pu ~ —x?)

» Thus nA,-(c0™)=0. O

» The converse is also true: if co™ is a point of order n, then
there is a solution to the Pell equation for the i in question.



Dynamics of Chebyshev polynomials

u? = x(x = DI (x — x)
The Pell equation: P3(x) — p2(x)Q5_,_1(x) = 1.
Positions of xo, x4 are determined by X1, X3 and the Pell eq.

T\ N

M©obius transformation:

v

vy

v

u(x) = XE: __X:g)

Denote

Yo = U(OO) =1- ng, )?/ = U(ng_1), U/‘ = U(ng)

Qo = “u(oo™)" is of order 2non the curve vX; € R\ {0,1}
g g—1

c: vV=uw-1)]Jw-%)][w-uw

j=1 J=1

v

v



Chebyshev variation of a hyperelliptic surface, g > 2
We have the hyperelliptic surface of the curve

g g1
C: u(u—1)TJw-x)[J(u-u)
where J=1 J=1
» 1 <X < U < Xy <0
> Ui = Ui(Xq,...,Xg)
» w=(wy,...,wg)" avector of holom. norm. differentials
» 3Qp € C such that

Qo
n/ w=ki+kB with ki, kp € Z9 for x;€R\{0,1}

*

» Thatis 3Qy € C such that

Co
2/ w:/ w =1+ B with constant ¢i, c; € Q9 VxR




Chebyshev variation of a hyperelliptic surface, g > 2
pe R G0 P

. f}a
/0 i § 4 15 °°/
The set of branch points B := {0, 1, xq,...,Xg, Uy,...,Ug—1}.
> Xy,...,Xg vary independently in R\ {0, 1}
> Uq,...,Uy—1 € R are functions of xq,..., x4

Qo
/ w=C1+ B =:z withconstant ¢, cc € Q9 Vx;e R\ {0,1}
Poo

» Define

Q(P) = QQOQE;(P) — 47 Céw(P)




Chebyshev variation of a hyperelliptic surface, g > 2

hoP Qo R

|

f

[T

o 1 % ds }o"}

» Define a basis of holomorphic differentials v, ..., vq :

Vi(Py) = 5ijv Vi(Qo) = 5ig with 1 <i<g, 1<j<g-1.

/)

» Or, explicitly with ,(p)=au, Mo ea=a)

C(PYTT9Z) | (u—ta)(u—yp)

a=1,a#

YiP)= P ey i GGG 1) 97"
g-1,,_
(P w(P)Hgi(u ba)
#(Qo) [Tg,—1 (Vo —ta)
» Then
8Um — _ Q(PXI) Vm(P ) aYO — _1Q(P )V (P )
OX; Q(Py,,) il OXi 47 XITOR




Solution to the constrained Schlesinger system

Define
» Set of branch points B := {0,1,x1,...,Xg, Uq,...,Ug_1}.
» g, €B.
» Let o(P) = ——3_ - a holomorphic differential

Matrices A € s/(2, C) with eigenvalues +1/4

A11 A12
A, — g g
g < Ag; —Aj,,,j1 >
where

> A1a12 = %Q(Paj)@(Paj)(aj - YO)g 9 t € (C

— Al2 1 99~1 1 _ 9
> g = Ay ((g1)!ayg1 {Fatamr | 2Q(P°°)> :

M1 __1_49
> Aaj - 4 2t/8a/'7
21 9P t4+9Ba
> Aaj = -7 7/4;/? .

solve the constrained Schlesinger system with
N=2g+1, M=g.
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