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Part I. Extended Goldman symplectic form

1 Goldman bracket. C - Riemann surface of genus g, N ≥ 1 punctures;
γ, γ̃ ∈ π1(C); CV n

g,N - SL(n) character variety; Mγ ∈ SL(n) - monodromy
along γ. Goldman bracket:{

trMγ , trMγ̃

}
G

=
∑

p∈γ∩γ̃
ν(p)

(
tr(Mγp γ̃)− 1

n
trMγ trMγ̃

)
where ν(p) = ±1 - intersection index of γ and γ̃ at p.

2 Relation between monodromies

Mγ1 . . .MγN

g∏
j=1

AjB−1
j A−1

j Bj = 1

3 SpaceM⊂ CV n
g,N : all Mγk are diagonalizable, Mγk = Ck Λk C−1

k

4 Λj are Casimirs;MΛ - symplectic leaf.
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Space M̂ and extension of AM symplectic form

Extended space (L.Jeffrey, 1994); (the idea is to introduce canonical partners
to Λk ):

M̂ :=

{
{Aj ,Bj}g

j=1 , {Cj , Λj}N
j=1 : C1Λ1C−1

1 . . .CN ΛNC−1
N

g∏
j=1

AjB−1
j A−1

j Bj = 1

}/
∼ .

Space M̂ is fibered overM; symplectic form on M̂:

W =WG +
N∑

j=1

tr
(

C−1
j dCj ∧ Λ−1

j dΛj

)
Parametrization of Λk :

Λk = mα
k = diag

(
mk ;1,

mk ;2

mk ;1
, . . . ,

mk ;n−1

mk ;n−2
,

1
mk ;n−1

)
.
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Canonical coordinates for W

Theorem (no details)

Denote by σj the logarithms of Fock-Goncharov coordinates associated to a
given triangulation of C with N vertices. Then

W =
∑
j<k

njk dσj ∧ dσk + n
N∑

k=1

n−1∑
j=1

d log mk ;j ∧ dρk ;j

where ρk ;j , j = 1, . . . ,N, k = 1, . . . , n − 1 are the “toric variables"
corresponding to the Casimirs mk ;j (which are exponents of linear
combinations of σj ’s with integer coefficients); njk - integers.

Meaning of ρk ;j : normalization of eigenvectors of Mk .

Corollary

On symplectic leafMΛ

WG
∣∣

Λ=const =
∑
j<k

njk dσj ∧ dσk
∣∣

Λ=const .
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Coefficients njk ; idea of the proof

Definition

Data: embedded graph Σ and a “jump" matrix Je = J(e) on each edge e.
Monodromy around each multi-valent vertex of Σ is trivial. The canonical
form:

Ω(Σ, J) =
∑

v∈V(Σ)

∑
e1≺e2⊥v

tr
(

J−1
e1 dJe1 ∧ J−1

e2 dJe2

)
e1 ≺ e2: e1 precedes e2 in counterclockwise order under some ciliation.

Properties:
- Ω(Σ) is closed.
- Ω(Σ) is invariant under graph reconstructions: merging of 2 vertices (edge
contraction), face contruction; move of “cherry" to another sector.
Alternative interpretation: J(e) define a flat connection on the dual graph Σ∗;
Ω(Σ, J) is a closed two-form on the space of flat connections on Σ∗

("Atiyah-Bott on the graph").
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Graph corresponding to Alekseev-Malkin expression

z0

B
−1
1

A
−1
1

B1 D1 A
1

A
1

s1

P2

P2

s̃1

P1

P1

q1

q2

q
N

M1

Λ 1

t1 M
2

Λ
2

t2

M
N

Λ
N

t
N

C1

C2
C

N

B
−1
g

A
−1
g

Bg

Ag

Figure: The graph ΣAM and jump matrices on its edges. The first handle with jump
matrices on the edges of ΣAM .
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The standard graph Σ̂

By edge contraction and zipping of some edges one gets the standard graph
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Figure: The graph Σ̂ and the jump matrices on its edges.

The same graph Σ̂ can be obtained by standard moves from Fock-Goncharov
graph ΣFG which leads to equality of associated forms Ω.
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Fock-Goncharov graph
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Figure: Graph ΣFG.

Black edge e: jump matrices S are off-diagonal, parametrized by ζe,j .
Red edge: jump matrices A parametrized by ξabc , a + b + c = n.

SL(2): A3 = I, A =

(
0 1
−1 −1

)
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Fock-Goncharov graph II

Blue stems of cherries: triangular local monodromy M0
v from triviality of

monodromy at vj .
Cherries: eigenvector matrices Cv of M0

v ; diagonal entries of Cv - toric
variables rv ;j ; or ρv ;j = 1

n log r n
v ;j .

Small segments inside cherries: diagonal form Λv of Mv .

Key ingredient of final formulas:

Gjk = n2
(

min(j, k)− jk
n

)
(in the brackets - the inverse of Cartan matrix of SL(n)).
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SL(2): symplectic and Poisson structures

Symplectic form on M̂:

Ω(ΣFG ) = 2
∑

v∈V(Σ0)

 ∑
e,e′⊥v
e′≺e

dζe′ ∧ dζe + 2
∑
e⊥v

dρv ∧ dζe

 .

Symplectic form on a leafMΛ:

WG
∣∣

Λ=const =
∑

v∈V(Σ0)

∑
e,e′⊥v
e′≺e

dζe′ ∧ dζe

∣∣∣
Λ=const

.

Goldman Poisson tensor onMΛ:

PG = −1
4

∑
f∈F(Σ0)

(
∂

∂ζe1

∧ ∂

∂ζe2

+
∂

∂ζe2

∧ ∂

∂ζe3

+
∂

∂ζe3

∧ ∂

∂ζe1

)
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Poisson structure for SL(n)

Theorem for n = 2, 3; partial conjecture for n ≥ 4 supported by numerics.

ze3;1

ze3;2

ze3;n−1ze1;1

ze1;2

ze1;n−1

ze2;1 ze2;2 ze2;n−1

3 2

1

ρ1

ρ2

ρ3

ρn−1

006 015 024 033 042 051 060

105 114 123 132 141 150

204 213 222 231 240

303 312 321 330

402 411 420

501 510

600

Figure: Quiver describing extended Poisson structure for SL(6). Dashed line:
coefficients equals to 1

2 ; all other coefficients equal to 1. Goldman Poisson structure:
toric (raised) nodes and related arrows removed.
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Symplectic potential

Define θ(ΣFG ):
dθ(ΣFG ) = Ω(ΣFG )

SL(2):

θ(ΣFG ) =
∑

v∈V(Σ0)

 ∑
e,e′⊥v
e′≺e

(ζe′ dζe − ζedζe′) + 2
∑
e⊥v

(ρv dζe − ζe dρv )

 .

Change of θ(ΣFG ) under a change of triangulation: flip of an edge with
coordinate ζ:

θ(ΣFG )− θ(Σ̃FG ) = 2d
[
L
(

κ

1 + κ

)]
where κ = e2ζ ; L - Rogers dilogarithm.
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Part II. Tau-function and monodromy symplectomorphism

SL(n) system:

∂Ψ

∂z
=

N∑
i=1

Ai

z − ti
Ψ , Ψ(z =∞) = 1

Asymptotics: Ψ(z) = (Gj + O(z − tj ))(z − tj )Lj C−1
j , z ∼ tj

Residues: Aj = GjLjG−1
j

Monodromies:
Mj = Cj ΛjC−1

j

Λj := e2iπLj , M1 · · ·MN = 1
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Main spaces

Two versions of monodromy map
1 {Aj} → {Mj , Lj}
2 {Gj , Lj} → {Cj , Lj}

Main spaces

1 A =

{
(Gj , Lj )

N
j=1, Gj ∈ SL(n), Lj ∈ hnr

ss ,
∑N

j=1 GjLjG−1
j = 0

}/
∼

hnr
ss - set of diagonal matrices with simple eigenvalues not differing by

integers (non-resonant). Equivalence ∼: Gj 7→ SGj .

2 M =

{
{Cj , Lj}N

j=1, Cj ∈ SL(n), Lj ∈ hnr
ss :

∏N
j=1 Cje2πiLj C−1

j = 1
}/
∼ .

Equivalence: Cj 7→ SCj , S ∈ SL(n).

3 Ã =
{

(p, {tj}N
j=1) , p ∈ A, tj ∈ C, tj 6= tk

}
4 M̃ =

{
(p, {tj}N

j=1) , p ∈M, tj ∈ C, tj 6= tk
}
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Linear and quadratic Poisson brackets

1 Quadratic non-degenerate Poisson algebra

{
1
G,

2
G} = −

1
G

2
G r(L) {

1
G,

2
L} = −

1
G Ω

where r(L) - dynamical r -matrix

r(L) =
∑
i<j

Eij ⊗ Eji − Eji ⊗ Eij

λi − λj
, Ω =

n∑
j=1

Ejj ⊗ Ejj −
1
n

1⊗ 1

Symplectic form:

ω = tr(dL ∧G−1dG)− tr(LG−1dG ∧G−1dG)

2 Linear (degenerate) algebra: Kirillov-Kostant. For A = GLG−1 this
quadratic algebra implies linear algebra:

{
1
A,

2
A} = [

1
A,Π] = Π(

2
A−

1
A)

where Π is the permutation matrix.
Symplectic form on a leaf L = const :

ωKK = −tr(LG−1dG ∧G−1dG)
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Monodromy symplectomorphism

Monodromy spaceM: extended Goldman br. and symplectic formW.

Space of coefficients A:

{
1

Gj ,
2

Gk} = −
1

Gj

2
Gk r(Lk ) δjk , {

1
Gj ,

2
Lk} = −

1
Gk Ω δjk

Symplectic form:

ω = −
N∑

k=1

tr(Lk G−1
k dGk ∧G−1

k dGk ) + tr(dLk ∧G−1
k dGk )

Map F t : A →M is a symplectomorphism :

(F t )∗W = ω

Map F : Ã → M̃; under this map

F∗W = ω −
N∑

k=1

dHk ∧ dtk , Hk =
∑
j 6=k

trAjAk

tk − tj

(equivalent to conjecture by A.Its, O.Lisovyy and A.Prokhorov (2017)).
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Isomonodromic tau-function

Definition by Jimbo-Miwa:

∂ log τ
∂tj

= Hj

Our extension: τ is the generating function of monodromy
symplectomorphism fixes monodromy dependence:

d log τ = θA −
N∑

j=1

Hk dtk −F∗θM

where

θA =
N∑

k=1

tr(Lk G−1
k dGk )

and a potential θM onM using FG coordinates for triangulation Σ0:
dθM[Σ0] =W.
Equations with respect to monodromy data:

dM log τ =
N∑

j=1

tr(LjG−1
j dMGj )− θM[Σ0]
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Further details

SL(2) equations in FG coordinates:

∂

∂ζe
log τ =

N∑
j=1

tr
(

LjG−1
j
∂Gj

∂ζe

)
− 1

2πi

∑
e′⊥v1
e≺e′

ζe′ −
∑

e′⊥v2
e≺e′

ζe′


Change of τ under a flip of edge of Σ0:

τ̃

τ
= exp

[
− 1

2πi
L
(

e2ζe

e2ζe + 1

)]
:

transforms as a section of dilogarithm line bundle.
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Part III: Application to WKB expansion

Example 1. Second order scalar equation on Riemann surface with N
punctures

∂2φ+

(
1
2

SB −Q
)
φ = 0

where SB - Bergman projective connection; Q - quadratic differential with N
poles z1, . . . , zN ; biresidues r 2

j .
Moduli space of pairs (C,Q) with fixed mj : Qg,N [r]; dim = 6g − 6 + 2N.
Canonical covering Ĉ:

v2 = Q

Genus: ĝ = g + g− with g− = 3g − 3 + N.

H1(Ĉ,Z ) = H+ ⊕ H− , dimH+ = 2g dimH− = 6g − g + 2N

Generators of H−: (a−j , b
−
j )3g−3+N

j=1 , intersection a−j ◦ b−j = 1/2.
Homological coordinates on Qg,N [r]:

Aj =

∫
a−j

v , Bj =

∫
b−j

v
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Symplectic structure on Qg,N [r]:

Ωhom = 2
g−∑
j=1

dBj ∧ dAj

On CVg,n[m] (mj = exp{ 1
2 ± rj

√
1 + 1

4r2
j
}) one has Goldman’s symplectic

form:

ΩG = 2
g−∑
j=1

dσa−j
∧ dσb−j

where σ` for ` ∈ H− is homological complex shear coordinate.
Theorem: Monodromy map F : Qg,N [m]→ CVg,N [m] is a
symplectomorphism.
Definition of generating function (Yang-Yang function of
Nekrasov-Rosly-Shatashvili):

dG = F∗θG − θhom

where

θG =

g−∑
j=1

σb−j
dσa−j

− σa−j
dσb−j

, θhom =

g−∑
j=1

Bj dAj − Aj dBj
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WKB expansion

Equation with small parameter ~:

∂2φ+

(
1
2

SB −
1
~2 Q

)
φ = 0

WKB ansatz:

φ = v−1/2 exp

{∫ x

x0

(~−1s−1 + s0 + ~s1 + . . . )v

}

Relations: dsk + v
∑

j+l=k
j,l≥−1

sjsl = 0, k > 0

Odd differentials: vodd = sodd v =
∑∞

k=−1 s2k+1v .

First three differentials:

v−1 = v v0 = 0 v1 =
SB − Sv

2v

where SB - Bergman connection; Sv is Schwarzian derivative {
∫ x v , ·}.

Voros symbols: ∫
`

vodd , ` ∈ H−
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Critical trajectories and associated triangulation

Blue lines: horizontal critical trajectories Im
∫ x

x1
v = 0 of Q; connect

poles zj with zeros xk ; they form the critical graph ΓQ .

Black lines connect poles zk and form the triangulation ΣQ .

Zigzag curves connecting zeros xk : tri-valent graph Σ∗Q , formed by
branch cuts of Ĉ.
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WKB expansion of FG coordinates and generating function

Expansion of FG coordinates:

σ`(~) ∼ 1
~

∫
`

v + ~
∫
`

v1 + ~3
∫
`

v3 + . . .

v ,w - abelian differentials on Ĉ. Pairing:

〈v ,w〉 =

g−∑
j=1

[∫
b−j

v
∫

a−j

w −
∫

a−j

v
∫

b−j

w

]

Bergman tau-function (= “det ∂̄”):

12πi d log τB =

g−∑
j=1

(
B(1)

j dAj − A(1)
j dBj

)
where (A(1)

j ,B(1)
j ) are periods of v1.

Theorem:
G = −12πi log τB + 2〈v , v1〉+ O(~2)
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Another WKB example

Equation

dΨ

dz
=

1
~

g+2∑
j=1

Aj

z − tj
Ψ , Aj = GjLjG−1

j

Notations

A(z) =

(
a(z) b(z)
c(z) −a(z)

)
, A∞ = −

g+2∑
j=1

Aj =

(
m∞ 0

0 −m∞

)
Function Q0 and “Spectral covering" C of genus g

Q0(z) = − det A(z) = C

∏2g+2
j=1 (z − xj )∏g+2
j=1 (z − tj )2

µ2 = Q0 , v = µdz

Symplectic potentials

θKK =
1
~

tr
g∑

k=1

Lk G−1
k dGk ; , θG =

g−∑
j=1

ζbj dζaj − ζaj dζbj
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Scalar second order equation

Second order equation

ϕzz −
(

Q0

~2 +
Q1

~
+ Q2

)
ϕ = 0

Q1 = a
d
dz

ln
(c

a

)
Q2 =

1
2
S
(∫ z

c(z)dz, z
)

Divisor of degree g: D =
∑g

j=1 pj where pj = (λj , µj );

c(λj ) = 0 , µj = a(λj )

Apparent singularities at λj .
First three WKB differentials:

v−1 = v , v0 =
Q1

2v
(dz)2 , v1 = − v2

0

2v
− v

2
S(c, ξ)

where ξ =
∫ z v - flat coordinate of differential v .

Convenient coordinate system: {Ij} = {
∫

aj
v} and {λj}. Variations of v :

∂Ij v = uj , ∂λj v = 0

where uj - normalized Abelian differentials.
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~-expansion of G

Expansion:

G =
G−2

~2 +
G−1

~
+ G0 + . . .

For G−2:

dG−2 =
1
2
〈v , dv〉 , G−2 = −πi

m∞ reg
∫ ∞+

∞−
v +

g∑
j=1

mj reg
∫ t+

j

t−j

v


The only term which relates the Kirillov-Kostant and Goldman sides: G−1

dG−1 = 〈v0, dv〉+
1
2

d〈v , v0〉 −
g∑

j=1

trLjG−1
j dGj

G−1 =
1
2
〈v , v0〉 − 〈I,A∞1 (D)− K∞

1
〉+ f

where A∞1 is the Abel map with base-point∞1;

I = (I1, . . . , Ig) ,

f is the potential for vector of Riemann constants K x1 .
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G0 and further terms

Equation:

dG0 =
1
2
〈v0, dv0〉+ d〈v , v1〉+ 〈v1, dv〉

Answer:

G0 = −12πi log τB +
1
2

g∑
j=1

reg
∫ p+

j

p−j

v0 + 〈v , v1〉+ ln

∏
j µj
∏

a<b(λa − λb)∏
a,k (λa − tk )

where τB is the Bergman tau-function (elementary in this case).

Next term G1 is the special case of Joyce function introduced by
Bridgeland - defines structures parallel to Dubrovin-Frobenius manifolds.

Another key question: relation to topological recursion by
Chekhov-Eynard-Orantin.
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