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Part |. Extended Goldman symplectic form

@ Goldman bracket. C - Riemann surface of genus g, N > 1 punctures;
7,7 € m(C); CVg n - SL(n) character variety; M, € SL(n) - monodromy
along . Goldman bracket:

1
{trM.Y7 tery}G = Z v(p) (tr(M,ypry) - EtrMﬂrM.;)
peYNy

where v(p) = +1 - intersection index of v and 7 at p.
@ Relation between monodromies

g
M., ..M, [[AB A B =1
j=1

@ Space M C CVJ y: all M,, are diagonalizable, M., = CxAkC;’
@ A are Casimirs; M, - symplectic leaf.
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Space M and extension of AM symplectic form

Extended space (L.Jeffrey, 1994); (the idea is to introduce canonical partners
to Ax):

g
M= {{A}', Bj}/g:1 ,{Cj, /\I‘}jl\i1 : C1/\1 C1_1 e CN/\NCI\T1 HA]'BI-_1A]-_1B]' = 1}/ ~ .
j=1
Space M is fibered over M; symplectic form on M:
N
W =We+ > (60 AN )
j=1

Parametrization of Ax:

. mk;Z mk;n71 1
/\k:m?:dlag(mk;ﬁia"w ’
M1 Mi;n—2 " Mg;n—1



Canonical coordinates for W

Theorem (no details)

Denote by o, the logarithms of Fock-Goncharov coordinates associated to a
given triangulation of C with N vertices. Then

N n—1
W = Z n,-kda,- Adok + nZ Z(“Og My;j N\ dpk;]‘
j<k k=1 j=1
where prj, j=1,...,N, k=1,...,n— 1 are the “toric variables"

corresponding to the Casimirs my;; (which are exponents of linear
combinations of o;’s with integer coefficients); ny - integers.

Meaning of px;: normalization of eigenvectors of M.

On symplectic leaf My

WG’A:const = Z Njkdoj A do A=const *
i<k
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Coefficients ny; idea of the proof

Definition

Data: embedded graph X and a “jump" matrix Je = J(e) on each edge e.
Monodromy around each multi-valent vertex of X is trivial. The canonical

form:
QA= > > tr<J51 dde, A Joy dJez>

veV(X) ej<ex Lv

e < e: ey precedes e in counterclockwise order under some ciliation.

Properties:

- Q(X) is closed.

- Q(X) is invariant under graph reconstructions: merging of 2 vertices (edge
contraction), face contruction; move of “cherry” to another sector.

Alternative interpretation: J(e) define a flat connection on the dual graph *;
Q(x,J) is a closed two-form on the space of flat connections on ©*
("Atiyah-Bott on the graph").
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matrices on the edges of ¥ 4.

Figure: The graph X 4y and jump matrices on its edges. The first handle with jump

DA
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The standard graph >
By edge contraction and zipping of some edges one gets the standard graph

Figure: The graph £ and the jump matrices on its edges.

The same graph ¥ can be obtained by standard moves from Fock-Goncharov
graph X gg which leads to equality of associated forms Q.

DA
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Fock-Goncharov graph

N\

Figure: Graph X g.

Black edge e: jump matrices S are off-diagonal, parametrized by (e .
Red edge: jump matrices A parametrized by &apc, @+ b+ ¢ = n.

SL(2):A3=I,A:( o )
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Fock-Goncharov graph Il

Blue stems of cherries: triangular local monodromy M from triviality of
monodromy at v;.

Cherries: eigenvector matrices C, of M?; diagonal entries of C, - toric
variables r,.; or py; = > log /).

Small segments inside cherries: diagonal form A, of M,.

Key ingredient of final formulas:

Gy =n? (min(j, k) — %)

(in the brackets - the inverse of Cartan matrix of SL(n)).
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SL(2): symplectic and Poisson structures

Symplectic form on M:

AT =2 > | 3 dee AdCe+2 dpy Adee

veV(Xy) \ e’ Lv elv
e’ <e

Symplectic form on a leaf Mn:

WG’A:const = Z Z dCer A dCe

veV(Zy) ee/ Lv
e/ <e

A=const

Goldman Poisson tensor on M:

1 0 0 0 o 0 0
Pg=—— At A A
6="7 2 <a<e1 9, T 0C, | 0Cs,  0C, | 0c, )

feF(Xp)
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Poisson structure for SL(n)

Theorem for n = 2, 3; partial conjecture for n > 4 supported by numerics.

Zes;2

Zeyn—1

AV

Zegin—1

<
Zeg;l Zeg;2

Figure: Quiver describing extended Poisson structure for SL(6). Dashed line:
coefficients equals to %; all other coefficients equal to 1. Goldman Poisson structure:

toric (raised) nodes and related arrows removed.
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Symplectic potential

Define (X ,;):
dO(Xr5) = AXrg)

SL(2):

H(ZFG) = Z Z (Ce’ dCe - CedCe’) +2 Z(pdee - Ce dpv)

veV(Xy) e Lv elv
e’ <e

Change of 6(X ;) under a change of triangulation: flip of an edge with
coordinate ¢:

0(Zps) — 0(Z5) =2d [L (1 —T—l{):|

where x = €%; L - Rogers dilogarithm.
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Part Il. Tau-function and monodromy symplectomorphism

SL(n) system:

ow A o

5_;%”, V(z=00)=1
Asymptotics:  W(2) = (Gj+ O(z — t))(z - t)5C ", z~t
Residues: A = GLiG ™

Monodromies:
M = GG

/\j ::e%’L/, M1---MN=1
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Main spaces

Two versions of monodromy map
Q {A} — M, L}
Q {G.L} —{C, L}
Main spaces
Q A= {(GjaLj)j,\Lh Gj € SL(n), Lj € g, le\; G/LjGj_1 = 0}/ ~

15 - set of diagonal matrices with simple eigenvalues not differing by
integers (non-resonant). Equivalence ~: G; — SG;.

o M= {{c,-, LY, e SL(n), Lenk: TV, et :1}/ ~

Equivalence: C; — SC;, S € SL(n).
@ A={(p{}). peA T 1 #1)
© M={(p{t}). peM HEC 7]
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Linear and quadratic Poisson brackets

@ Quadratic non-degenerate Poisson algebra

1 2 12 1 2 1

where r(L) - dynamical r-matrix

E;®Ei— Ej ® Ej 4 1
1) = i i ji if — p P
r(L) ,Z<, e v ;E,,@@E,, HEN

Symplectic form:
w=tr(dL A G 'dG) — (LG 'dG A G 'dG)
@ Linear (degenerate) algebra: Kirillov-Kostant. For A= GLG™" this
quadratic algebra implies linear algebra:
1 2 1 2 1
{A A} =[AN]=N(A-A)

where I is the permutation matrix.
Symplectic form on a leaf L = const:

wkk = —tr(LGT'dG A GT1dG)
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Monodromy symplectomorphism

@ Monodromy space M: extended Goldman br. and symplectic form W.
@ Space of coefficients A:

1 2 1 2 1 2 1
{G, G} =—GGur(Le)ow,  {Gj L} = — Gk Qi
Symplectic form:

N
w=—>_ t(LkGy dGk A G 'dGx) + tr(dL A Gi 'dGi)

k=1
@ Map F': A — M is a symplectomorphism :
(FYWw=w

@ Map F : A — M; under this map

« N trAjAk
FW=w-> dHcndl,  He=)

k=1 Pl

(equivalent to conjecture by A.lts, O.Lisovyy and A.Prokhorov (2017)).
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Isomonodromic tau-function

@ Definition by Jimbo-Miwa:

ologt
oy

=H

@ Our extension: 7 is the generating function of monodromy
symplectomorphism fixes monodromy dependence:

N
legTZHA —Zdetk —]:*9_/\,1
j=1
where
N
04 = Ztr(LkG,?1de)
k=1

and a potential 6,4 on M using FG coordinates for triangulation ¥o:
dOm[Xo] = W.

@ Equations with respect to monodromy data:

N
dm |Og T = Ztr(LjGj_1dM Gj) — Onm [):0]

J=1
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Further details

@ SL(2) equations in FG coordinates:

N
P _,0G\ 1
—logt = E tr (LjGj 87@) - % e%_v1 Cer — e,%_vz Cer
e<e’

aCe j:1
e<e/

@ Change of 7 under a flip of edge of X,:
1 e%Ce
(#)]

T P 2mi

transforms as a section of dilogarithm line bundle.
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Part Ill: Application to WKB expansion

Example 1. Second order scalar equation on Riemann surface with N
punctures

¢+ (%Ss— Q) =0
where Sg - Bergman projective connection; Q - quadratic differential with N
poles zi, ..., zy; biresidues r?.
Moduli space of pairs (C, Q) with fixed m;: Qg n[t]; dim = 6g — 6 + 2N.

Canonical covering C:
v =Q

Genus: g =g+ g- withg_ =39 -3+ N.
Hi(C,Z)=H, ®H_, dimH, =2g  dimH_ =6g—g+2N

Generators of H_: (a;, b )%, ", intersection & o by = 1/2.
Homological coordinates on Qg n[r]:

Aj:/ v, Bj:/ 4
a; j_

)
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Symplectic structure on Qg n[r]:
g_
Qpom =2 Z dB; A dA;
j=1

On CVga[m] (m; = exp{3 £ 1, /1 + 4‘7}) one has Goldman’s symplectic
j

form:
g—

Qec=2)» do_- Ado,-
G j; O'aj Ubj
where o, for £ € H_ is homological complex shear coordinate.
Theorem: Monodromy map F : Qg n[m] — CVy n[m]is a
symplectomorphism.
Definition of generating function (Yang-Yang function of

Nekrasov-Rosly-Shatashvili):
dg = f*eG - ehom

where
[e g—
g = do._— —o_do,—,  Opm=> BdA — AdB
G ;abj Uai 03/ ij hom ;/ Ji yUubj
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WKB expansion

Equation with small parameter #:
Por(1ss—1a)e=0
2%% 2 B

WKB ansatz:

X
¢ = v“/zexp{/ (h's_1 + S0 + hsy +...)v}
X0

@ Relations: dsx + Vv ji=« 5;55=0, k>0
ji>—1

@ Odd differentials: Vodg = SoddV = > e _4 S2k+1V.
@ First three differentials:
_ SB - Sv
Vo=V vo=0 vy = oy

where Sg - Bergman connection; S, is Schwarzian derivative { [* v, -}.

/Vodda te H-
¢

Voros symbols:
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Critical trajectories and associated triangulation

@ Blue lines: horizontal critical trajectories Im fxf v = 0 of Q; connect
poles z; with zeros xk; they form the critical graph I'q.

@ Black lines connect poles z, and form the triangulation X q.

@ Zigzag curves connecting zeros x: tri-valent graph X5, formed by
branch cuts of C.
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WKB expansion of FG coordinates and generating function

@ Expansion of FG coordinates:

1
ag(h)wﬁ/v+h/v1+h3/v3+”.
4 4 4

@ v, w - abelian differentials on C. Pairing:

wn=S[[ o [ f o[

@ Bergman tau-function (= “detd"):
g_
12ridlogrs =y (B}‘)dA,- - Aj.”dB,)
=1
where (A, B™) are periods of v;.

@ Theorem:
G = —12ri log s + 2(v, vi) + O(K?)
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Another WKB example

@ Equation

g+
dz Z —t,’ A= GLG"

@ Notations
2
_(a2) b _ X me 0
Alz) = < o) —az ) A== A=( 0 m.
@ Function Qy and “Spectral covering" C of genus g

1%z — %)

Iz - 4)?

1= Qo, v = pdz

Qu(z) = —detA(z)=C

@ Symplectic potentials

1 & ~ -
Okx = gtfz LkGy 'dGk;, 0 = Z CbydCa; — CgdCs,

k=1 j=1
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Scalar second order equation

@ Second order equation

Q  Q
Sazz*(hfzo‘F#‘i’QZ)SO:O

d c 1 z
01 = aE |n (E) Q2 = ES </ C(Z)dz, Z)

e Divisor of degree g: D = =7, p; where p; = (N, 11));
c(A\)=0, p=aw)
Apparent singularities at ;.
@ First three WKB differentials:

Q Ve v
Vo=V, Vo = 2—‘1/(dz)2 , vy = —2—“’/ - ES(c,{)

where ¢ = [“ v - flat coordinate of differential v.
@ Convenient coordinate system: {/;} = {fa,- v} and {);}. Variations of v:

oV =1u, O\v=0

where u; - normalized Abelian differentials.
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h-expansion of G

@ Expansion:

@ ForG_o:

oo+ 9 th
. i
dG_, = E(v,dv) , G_» = —mi (moo reg /007 v+ 151 m; reg /L_ V)
= i

@ The only term which relates the Kirillov-Kostant and Goldman sides: G_4

—_

dG_1 = (v, dv) + 1d v, o) ZtrL,G dG;

2
j=1
1
Gt = 5V, w0) = (L A (D) = K*') 4 f
where A__; is the Abel map with base-point oo';

I=(h,.... 1),

f is the potential for vector of Riemann constants K*1.
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Go and further terms

@ Equation:

—_

dGo = = (vo,dwvo) + d(v, v1) + (vy,dv)

2
@ Answer:

. 1 o [T 14 ITach(Xa — Ab)
= —12rilo +*E / Vo + (v, 1) +In—
Go milog s + 5 2 reg ; o+ (v, v1) [LCa £

where 75 is the Bergman tau-function (elementary in this case).

@ Next term G is the special case of Joyce function introduced by
Bridgeland - defines structures parallel to Dubrovin-Frobenius manifolds.

@ Another key question: relation to topological recursion by
Chekhov-Eynard-Orantin.
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