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The Boltzmann system (L. Boltzmann 1868)

• Consider the motion of a particle in a plane subject to a central force and
reflecting elastically at a line (the wall) not passing to the center. Boltzmann took
a potential

V (r) = −κ
r

+
λ

r2
, κ, λ > 0.

Example

A trajectory of the Boltzmann system with λ = 0

O
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The Boltzmann system

• The energy is conserved.

• By recording the position and the momentum of the particle at each hit of the
wall we get a two dimensional discrete-time dynamical system t : XR(E )→ XR(E )
on the set

XR(E ) =

{
(x, p) ∈ R4 | |p|

2

2m
+ V (|x|) = E , x2 = h, p2 ≥ 0

}
.

• Boltzmann showed that the Poincaré map t preserves the natural area form. He
proposed that (except for very special values of the parameters) it is an example
of an ergodic system.
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The purely gravitational case λ = 0

O

• G. Gallavotti considered the case λ = 0, E < 0 in 2016. The motion is along arcs
of ellipses with a focus in the centre O. He noticed numerically that the
Boltzmann dynamical system has invariant closed curves suggesting integrability.

• With I. Jauslin he proved that the second focus moves on a circle. Its radius is a
second integral of motion.
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The integrals of motion of the Kepler problem

The Gallavotti–Jauslin theorem may be reformulated in terms of the classical integrals
of motion of the Kepler problem. Recall that we have the conserved quantities:

• the energy E = |p|2/2m − κ/|x|,
• the angular momentum L = x× p,

• the (Hermann–Bernoulli–)Laplace–Runge–Lenz vector

A = p× L−mκ x/|x|.

They obey the relations L · A = 0, 2mE |L|2 = |A|2 −m2κ2. The LRL vector is parallel
to the plane of motion and the angular momentum is perpendicular to it.
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LRL vector and Kepler trajectories

O
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LRL vector and Kepler trajectories

O

a =
κ

2|E |

b =
|L|√

2m|E |

8 / 30



LRL vector and Kepler trajectories

O

a =
κ

2|E |

b =
|L|√

2m|E | A

mE
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The second integral of motion

The second integral can be defined as a combination of the angular momentum and
the LRL vector.

Theorem (Gallavotti–Jauslin 2020)

The Poincaré map t of the Boltzmann system with purely gravitational force and a
wall at distance h to the centre preserves the energy E and the combination
D = L2 − 2hA⊥ of the angular momentum L and the component A⊥ of the
Laplace–Runge–Lenz vector perpendicular to the wall.

Thus we have a discrete-time dynamical system (XR(D,E ), t) on the level sets of D in
XR(E ).
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Mechanical proof

• Choose units of measure such that m = κ = h = 1. In a coordinate systems such
that the centre is a the origin and the wall is at x2 = 1,

D = L2 − 2A2, L = x1p2 − x2p1, A2 = −p1L−
x2
r
.

• At a reflection p2 changes sign, L is mapped to L′ = −L− 2p1, and A2 to
A′2 = −p1L′ − 1/r = A2 + 2p1L + 2p21 . Therefore

(L′)2 − 2A′2 = L2 − 2A2. �

Remark

A linear combination of E and D has the interpretation of the energy of a Kepler
problem on a hemisphere after gnomonic projection (L. Zhao 2020).
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Quasi-periodicity

The following has been conjectured by Gallavotti–Jauslin.

Theorem (G.F. 2020)

Let λ = 0. For E < 0 and generic D, XR(D,E ), if non-empty, is diffeomorphic to a
circle or a pair of circles. On each circle the square t ◦ t of the Poincaré map is
conjugated to θ 7→ θ + α for an angle α = α(D,E ). Moreover the system on XR(E ) is
anisochronous, i.e., α(D,E ) is a non-constant function of D.

The Poincaré map itself either preserves each circle or jumps back and forth between
the two circles.
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Kolmogorov–Arnold–Moser perturbation theory

• For small coefficient λ of the centrifugal force we can consider the Boltzmann
system as a perturbation of the integrable Boltzmann system and apply KAM
perturbation theory.

• In this case the relevant result is Moser’s 1961 theorem on area preserving
perturbations of t ∈ Diff(I × S1), (θ,D) 7→ (θ + α(D),D) with α′(D) 6= 0: most
invariant circles deform to invariant circles for the perturbed system, and the
system is thus not chaotic.

• Numerical experiments by Jauslin suggest that the Boltzmann system is chaotic
for sufficiently large centrifugal force.
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Twist map

• Standard example: the twist map (r , θ) 7→ (r + εsin(θ), θ + r)

• Perturbation of the integrable system at ε = 0:

D. D. Nolte, Galileo Unbound, Oxford
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Poncelet’s theorem

Theorem (J.-V. Poncelet 1822)

If a pair of conic sections admits a polygon which is inscribed in one and circumscribed
about the other then it admits infinitely many such polygons, all with same number of
sides, and each point of the first conic can serve as a vertex.

Wikipedia
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Classical theory

• Example: The Euler triangle formula (W. Chapple 1746)

d2 = R2 − 2 r R

relates the radii r ,R and the distance d between the midpoints admitting a
triangle (in fact infinitely many) inscribed in one circle and circumscribed about
the other. Generalized by Fuss, Steiner,. . . to up to 8 sides.

• General case (Jacobi, Cayley): theory of points of finite order on elliptic curves.
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The Poncelet problem as a discrete-time dynamical system
(Griffiths–Harris)

Given conic sections C1,C2 ⊂ CP2 consider the incidence variety

X = {(p, L), L is a tangent line to C2, p ∈ C1 ∩ L}

On X there are two involutions:

• i : (p, L) 7→ (p′, L), where p′ ∈ L ∩ C1 is the other intersection point.

• j : (p, L) 7→ (p, L′) where L′ is the other tangent through p.

Both have fixed points (in the complex domain).
Let t = j ◦ i , x0 ∈ X . Then x0, t(x0), t2(x0), . . . are the sides of a broken line which
closes to an n-sided inscribed-circumscribed polygon iff tn(x0) = x0.
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An elliptic curve

• Griffiths and Griffiths–Harris observe that X is an elliptic curve and is thus
biholomorphic to the group C/Λ for some lattice Λ ' Z2.

• All involutions 6= id of E = C/Λ with fixed points are of the form ia : z 7→ −z + a
The composition t = ia ◦ ib : z 7→ z + a− b is the translation by a− b ∈ E .

• Thus t has a periodic orbits of period n if and only it a− b has order n. In this
case all orbits are periodic and the Poncelet theorem holds.
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Back to the integrable Boltzmann system

Choose units of measure such that m = κ = h = 1.

X = {(p,K ),K Kepler conic, p ∈ K point on the wall} = ∪X (D,E )

Two involutions preserving X (D,E ):

• i : (p,K ) 7→ (p′,K ), where p′ is the other intersection point of K with the wall,

• j : (p,K ) 7→ (p,K ′), where K ′ is the Kepler trajectory after elastic reflection at p.

Both involutions have fixed points: degenerate conics (double lines) for i and conics
with vertical tangent at the intersection point for j .
Their composition t = j ◦ i is the Poincaré map of the integrable Boltzmann system.

19 / 30



A family of elliptic curves

Proposition

X (D,E ) has a compactification X̄ (D,E ) which is a curve of arithmetic genus one. It
is smooth except if D = ±2 or 1 + 2ED + 4E 2 = 0.

This can be seen with the following parametrization of X by the Laplace–Runge–Lenz
vector (A1,A2) and the x1-coordinate x of the point of the wall x2 = 1: the Kepler
trajectory is the conic with Foci in 0 and A/E and major axis 1/(2|E |). It has equation

x21 + x22 = (2A2 + D − A1x1 − A2x2)2.
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A family of elliptic curve

• Thus X (D,E ) is the algebraic set in the affine space with coordinates (x ,A1,A2)
by the equations

A2
1 + A2

2 − 4EA2 = 1 + 2DE , (1)

x2 + 1 = (A2 + D − A1x)2. (2)

(The first equation is the quadratic relation between integrals of motion of the
Kepler problem).

• After taking the closure in CP3 we obtain a double covering of a rational curve
ramified at 4 points, which is a curve of genus one, and t is the action of an
element of the associated elliptic curve.
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Poncelet property

• A consequence is the Poncelet property of the integrable Boltzmann system.

• We call (D,E ) non-exceptional if X̄ (D,E ) is a smooth curve of genus one,
namely if D 6= ±2 and 1 + 2ED + 4E 2 6= 0.

Corollary

If D,E are non-exceptional and (X (D,E ), t) has a periodic orbit then all orbits are
periodic.
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Orbits of period 3

We can find the condition on (D,E ) to have an orbit of period n by writing the
equation tn(p) = p for any p ∈ X (D,E ). The first interesting case is n = 3.

Theorem

If (D,E ) lies on the algebraic curve

4(D2 − 4)E 2 + 4D(D2 − 3)E + D4 − 2D2 − 3 = 0,

then all orbits in X̄ (D,E ) are periodic with period 3.
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Example: two periodic orbits with integrals D = 7/4, E = −5/24

O O
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The real locus

• For D,E ∈ R the elliptic curve X (D,E ) is defined over R. Its real points
XR(D,E ) are the fixed points of an antiholomorphic involution
σ : X (D,E )→ X (D,E ).

• A real elliptic curve can be connected (the unipartite case) or have two connected
components (the bipartite case).

• As a Lie group it is isomorphic to S1 or S1 × Z/2Z respectively.
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Uniformization

0 4K

2iK ′

4iK ′′

2iK ′

0 4K

2iK ′

The rhombic lattice Λ of periods in the unipartite case (left) and the rectangular lattice
in the bipartite case (right). The vertical lines project to the real locus on C/Λ. The
dashed line indicate a fundamental domain
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Physical range of parameters

• We have the symmetry XR(D,E ) ∼= XR(−D,−E ) so we can assume that
D + 2E ≥ 0 which is the physical range of parameters with real angular
momentum.

• XR(D,E ) is non-empty in the physical region if either D ≤ 2 or
D > 2, 1 + 2ED + 4E 2 ≥ 0,E ≥ −1/2
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Physical range of paramters

D = 2

D = −2

D

E

II+

I

II−

1

The physical domain of parameters, with the three regions delimited by the singular
locus D = ±2.

• I: XR(D,E ) ∼= S1, t : θ 7→ θ + α.
• II+: XR(D,E ) ∼= S1 × Z/2Z, t : (θ, ε) 7→ (θ + α, ε + 1̄).
• II−: XR(D,E ) ∼= S1 × Z/2Z, t : (θ, ε) 7→ (θ + α, ε).
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Jacobi parametrization

Theorem

Let D,E be non-exceptional. Choose a square root of R2 = 1 + 2ED + 4E 2. Set

k2 =
D + 4E − 2R

D + 4E + 2R
, s0 =

D + 2E + R

D + 2E − R
.

Let Λ = Z4K + Z2iK ′ where K = K (k2),K ′ = K ′(k2) are the complete elliptic
integrals with Legendre modulus k. There is a biholomorphic map ϕ : C/Λ→ X̄ (D,E )
and ϕ−1 ◦ t ◦ ϕ is the translation u 7→ u + T by

T =

∫ s0

−1

ds√
(1− s2)(1− k2s2)

mod Λ,
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The level sets XR(1.5,−0.2) (Type I, left) and XR(2.5,−0.1) (Type II+, right) in the
coordinates A1,A2 of the Laplace–Runge–Lenz vector and the angular momentum L,
with six iterations of t.
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