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Davey-Stewartson equations

e modulation of waves (rigorous justification in the context of water waves,
Lannes (2013))

1041 + adzp + b0 = (V1 |Y|? + 120,0)Y,
St co =00l

where a > 0 and ¢ > 0.

e Ghidaglia, Saut (1990):

- elliptic-elliptic if ~ (sgn b,sgn ¢) = (+1, +1),

- hyperbolic-elliptic if  (sgn b,sgn ¢) = (-1, +1),

- elliptic-hyperbolic if  (sgn b,sgn ¢) = (+1, —1),

- hyperbolic-hyperbolic if  (sgn b,sgn ¢) = (—1,—1).

e integrable cases:
DS I: elliptic-hyperbolic
DS II: hyperbolic-elliptic, a = 1,b = —1,0 = 1,11 = %, focusing when
9 > 0 and defocusing when vy < 0.



Nonlocal NLS equation

special case (infinite depth): hyperbolic NLS equation:

Zaﬂﬁ St chw —~ 8yy¢ = |¢‘2¢ =
global well posedness (Totz 2016)

DS II: nonlocal hyperbolic NLS equation:
. = 2
10t + Opgth — Oyyth + 2pA [(ayy + (1 = 28)0z2) 97w = 0,

integrable for 5 = 1:
10y + Oy — 2p[(A™'O)|9]°]y = 0,

sieTEA = s =




Lump

exp (—2i(&x — ny + 2(£2 — n?)t))
lz + 4&t + i(y + 4nt) + 2|2 + |c|?

where (c, zg) € C? and (£,n) € R?, constant velocity (—4&, —4n)
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Dynamical rescaling

scaling invariance: ¥ (x,y,t) a solution to DS II, so is Ap(x/\, y/\, t/)\?)
with constant A € R/{0}

dynamical rescaling

X:%, yz%, T:/O Lfé,), Vit g LW it

Merle, Raphaél (2004)

tr ot
o= \/m n(t* —t)]

t*: blow-up time.
pseudoconformal invariance: ¥ (x,y,t) a solution to DS II for ¢t > 0, so is

it — D (“‘”24; 92)> s (f y 1) .
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Ozawa

Theorem:
Let a,b € R such that ab < 0 and t* = —a/b. Let

: b 2 2 U(va)
£) = =
bGount) = ewp (i (6 1)) o
where =
L Y
s e e e a+ bt’ a + bt

Then, ¢ is a DS 1II solution with

P(t)|2 = v = 2v/7

and
W(t)|2 s A P e AT A oy

where 0 is the Dirac measure.
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FIGURE 2. Real part of the Ozawa solution (b fora =1, b= —4
for various values of t: On the lett for ¢t = 0, on the middle for

t = 0.23 and on the right for ¢ = 0.243 close to the blow-up time
()25



Cauchy problem

¢ Theorem: (Sung)

Let 109 € S(R?). Then the focusing DS II possesses a unique global solution
1) such that the mapping t — 9(-,t) belongs to C*°(R, S(R?)) if

[9ol1]%0leo < C,

where C is an explicit constant. There is no condition for the defocusing
DS II. Global well-posedness for ¢y € L'(R?) N L>®°(R?) and g € LP(R?)
for some p € [1,2),.

e Perry: generalization to g € H11(R?).

e Nachman, Regev and Tataru: generalization to 1y € L*(R?).



Semiclassical limit

e localized initial data varying on length scales of order 1/e for times of
order 1/e with e < 1: x +— ez, y > ey, and t — €t

1€0st) + €203 — €200 + 20ATH(Byy + (1 — 28)82) [¥)° ]9 = 0,

e first numerical studies: White, Weideman (1994), Besse, Mauser, Stim-
ming (2004), McConnel, Fokas, Pelloni (2005)
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FIGURE 2. Solution to the hyperbolic NLS equation, equation (1)
for 8 = 0, for the initial data 19 = exp(—x? — y?) for ¢ = 0.1 at
L2



(Gaussian initial data, 5 = 0.9, e = 0.1

t=0.0 =03




(Gaussian initial data, 8 =1.1, e = 0.1, t = 0.6




Semiclassical limit, integrable
case

e semiclassical limit (¥ = e P e e e e 85 )

2 ’LL2 B ’LL2
Sy + 5% — Ss + 2pD;1D_(u) = < (uzx = 7@,>
ur + 2 (Szu), — 2(Syu), — 0 ’

o defocusing case, ug = exp(—2(z? + y?)), S =0




Focusing semiclassical DS 11
system

o ug = exp(—2(z* +0.1y%)), So =0
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Symmetric initial data




Defocusmg DS 11

up = exp(—z® —y?) B=




Defocusing DS 11
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Defocusing DS 11

e { = t.: scaling of the difference between semiclassical and DS II solution
proportional to €2/7

e ¢ > t.: dispersive shock

£=0.1 £=0.01 £=0.005




Focusing DS

tho = exp(—z* — 0.1y




Focusing DS 11

e { = t.. scaling of the difference between semiclassical and DS II solution

proportional to €2/5

t > t.: dispersive shock for non-symmetric initial data
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Blow-up

e (Gaussian initial data, integrable case 8 =1




hl]oc

Perturbed lump

(multiplication with 1.1)
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Blow-up profile

1Y — Vs




Conjecture

Conjecture 1.1. Consider initial data v9 € C®°(R?) N L?(IR?) for the fo-
cusing DS II equation (1) with a single global maximum of |¢g| such that
the solution to DS II has a blow-up in finite time. Then the blow-up is seli-
similar according to (3) with a scaling factor L(t) of the form (6) and the
blow-up profile given by the lump, i.e.,

2
1+ X24+Y?

P(X.,Y)

10 L, P(X,Y) =

e

(7) Y(z,y,t) =

where 1; is bounded for all ¢.



Inverse scattering for DS 11

e Dirac system of linear equations (z = x + iy):

= 1
€a¢1 = §Q¢2
1
€0y = §§¢1

e complex geometrical optics solution, k£ € C:

lim oS (z; k,t)e "¢ =1

|z| =00

hm=asi /c,t)e_EE/€ =0k

| z| — 00

e reflection coefficient R = R°(k;t):

e~ *# (2 k,t) = LR (k;t)2~ 1 + O(2]72), |2 = .



e time dependence

Bt — e e e R

e Inverse transform
= = G . —kz/e T . —kz/e
BN AR e e AN A= (k2= (0

satisfy

€8kV1 =

e@kyg —

\V}

asymptotic conditions

b =g e zs b=t =and="=lim=y5 () =0k

e inverse scattering problem

e T :26[%] = 2e—= =2 -




Eikonal equation

o write g = AeS/¢ E =
[Q&f g i@S] [Q&f — 105] = A?

with |
lim (f—l—%S—kz) (s =k

| z|— 00
e conjecture
e~ (@yik) /e =iS(@y)os/(2€)qe (1 4 iy: k)

ao(z,y; k) [20f(z,y; k) —i0S(x,y)
W= Az, y)




FIGURE 2. Comparison between the solution to the Dirac system (12)—(13)
with Gaussian potential e~ @) for k =1 and e = 1 /16 with the WKB ap-
proximation. First row: the modulus of e **/¢3; (left) and of e=**/¢3), (right).
Second row: the corresponding WKB approximations of Conjecture 1.



Applications

Integrable systems

Orthogonal polynomials

Normal Matrix Models in Random Matrix
Theory

Electrical Impedance Tomography (EIT),
Calderon’s problem

e G. Uhlmann. Electrical impedance tomography and Calderéns problem.
Inverse Problems, 25(12):123011, 20009.

e J.LL. Mueller and S. Siltanen. Linear and Nonlinear Inverse Problems with
Practical Applications, STAM, 2012.

e C. Kenig, J. Sjostrand, G. Uhlmann. The Calderén problem with partial
data. Annals of Mathematics 165 (2007), 567-591.



The most successful application of EIT
Is chest imaging

Medical applications: monitoring
cardiac activity, lung function, and
pulmonary perfusion. Also, elec-
trocardiography (ECG) can be en-
hanced using knowledge about @

conductivity distribution.

b

| bedoorh



Reformulation of the d-

bar problem

e functions with simple asymptotics: ®; = e

1

B

0P, = 5(]6 kZCI)Q,

1 =

6(132 — §(jekz_k5q)1 :

e diagonal form, vanishing functions at infinity: m*

=P =Py — 1
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Compact support

e Potential with compact support on a simply connected domain,
assume biholomorphic map to the unit disk
(Hyvonen, Paivarinta, Tamminen 2017)

e use polar coordinates z = re’?, k = ke'¥

((‘% == %6}0) ®, = gexp (—2ikr cos(p — ) — i) g

(ar — £5’¢> by = gexp (2tkr cos(p — oY) + ip) Py






k = 1000
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Large Ikl asymptotics

Sjostrand (2018): iterative solution of the d-bar system, initial iterate

Bt =0

qbl == §a ( kz —k‘zq32) = 5—1\111

1

¢2 . 58 (— kz— kz¢1) e 5;—1\112

of the form (1 — K)® = ¥

Hormander’s solution of the d-bar equation with Carleman estimates in
weighted L? spaces, h = 1/|k| < 1.

Operator K = O(1), but K£? = O(1/|k|). Therefore
1-KH® =(1+K)¥

convergence as the geometric series.



Theorem

Let ¢ € {-)72H?* for some s €]

1,2] and fix € €]0, 1].
Then &6 = O1)  (EYE22 S (L)L

=
K2 =0 )« ((Y°L%)" = ({()°L%)"

For hg > 0 small enough and 0 < h < hy,
1 — K :((:)L?)* — ({-)¢L?)# has a uniformly bounded inverse.



Characteristic function of
a compact domain

Proposition:
Let g be the characteristic function of a strictly convex open set {2 € C with
smooth boundary and fix € €|0,1]. Then the conclusions of the theorem hold

with s = 3/2. In particular
=0



Computation of an integral

e Leading order contribution to ¢s:

fled) = [ ——F i) = ff == =

i o 8.2,

e Stokes formula

1 1 6%_kwdw:// eFv—kw g A dw {Oifzgéﬂ,
Q2

2k Joq 2 — W = g %ek'z_kz, if z € §).

e analytical continuation and deformation of the integration contour, sta-
tionary phase approximation.



Detormed contour




Transcendental function
near north and south pole
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disk
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Asymptotic formulae

Il ‘um

i
i




Reflection coethcient

e Proposition (Sjostrand 2021):

7%

GR== i (I
= 2 = 2 = W
R / ekw—kwqb dZw o / ekw—kw 1 de. 1
70 1z|<1 : 70 1z|<1 ( 4k) ( )
R~R 1 sin(2k — w/4) 5 cos(2k — w/4) (2)
S in(2k — — :
: ST = 16k -
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Outlook

conformal transformations of compact
domains with analytic boundary to the circle

d-bar problems for potentials with algebraic
decay, hybrid approaches

DS solution for the disk
focusing DS, exceptional points

blow-up 1n DS I solutions
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