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Davey-Stewartson equations
• modulation of waves (rigorous justification in the context of water waves,

Lannes (2013))

i@t + a@2x + b@2y = (⌫1| |2 + ⌫2@x�) ,
@2x�+ c@2y� = ��@x| |2,

where a > 0 and � > 0.

• Ghidaglia, Saut (1990):
- elliptic-elliptic if (sgn b, sgn c) = (+1,+1),
- hyperbolic-elliptic if (sgn b, sgn c) = (�1,+1),
- elliptic-hyperbolic if (sgn b, sgn c) = (+1,�1),
- hyperbolic-hyperbolic if (sgn b, sgn c) = (�1,�1).

• integrable cases:
DS I: elliptic-hyperbolic
DS II: hyperbolic-elliptic, a = 1, b = �1, � = 1, ⌫1 = ⌫2

2 , focusing when
⌫2 > 0 and defocusing when ⌫2 < 0.



Nonlocal NLS equation
• special case (infinite depth): hyperbolic NLS equation:

i@t + @xx � @yy + | |2 = 0 (1)

global well posedness (Totz 2016)

• DS II: nonlocal hyperbolic NLS equation:

i@t + @xx � @yy + 2⇢��1[(@yy + (1� 2�)@xx) | |2] = 0, (2)

• integrable for � = 1:

i@t +⇤ � 2⇢[(��1⇤)| |2] = 0, (3)

where ⇤ = @xx � @yy.



Lump
•

 (x, y, t) = 2c
exp

�
�2i(⇠x� ⌘y + 2(⇠2 � ⌘2)t)

�

|x+ 4⇠t+ i(y + 4⌘t) + z0|2 + |c|2 (1)

where (c, z0) 2 C2 and (⇠, ⌘) 2 R2, constant velocity (�4⇠,�4⌘)

t = 0

c = 1, ⇠ = �1, ⌘ = 0, z0 = 0

t = �1 t = 1



Dynamical rescaling
• scaling invariance:  (x, y, t) a solution to DS II, so is � (x/�, y/�, t/�2)

with constant � 2 R/{0}

• dynamical rescaling

X =
x

L(t)
, Y =

y

L(t)
, ⌧ =

Z t

0

dt0

L2(t0)
,  (⇠, ⌘, ⌧) = L(t) (x, y, t).

Merle, Raphaël

L(t) /

s
t ⇤ � t

ln | ln(t⇤ � t)| ,

t⇤: blow-up time.

• pseudoconformal invariance:  (x, y, t) a solution to DS II for t > 0, so is

 ̃(x, y, t) = exp

✓
i(x2 � y2)

4t

◆
 

✓
x

t
,
y

t
,
1

t

◆
.

(2004)



Ozawa
Theorem:
Let a, b 2 R such that ab < 0 and t⇤ = �a/b. Let

 (x, y, t) = exp

✓
i

b

4(a+ bt)
(x2 � y2)

◆
v(X,Y )

a+ bt

where

v(X,Y ) =
2

1 +X2 + Y 2
, X =

x

a+ bt
, Y =

y

a+ bt

Then,  is a DS II solution with

| (t)|2 = |v|2 = 2
p
⇡

and
| (t)|2 ! 4⇡� in S 0 when t ! t⇤.

where � is the Dirac measure.



Solution on x-axis
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and

(12) | (t)|2 ! 4⇡� in S 0
when t ! t

⇤
.

where � is the Dirac measure.

The mass density | (., t)|2 of the solution converges as t ! t
⇤ to a Dirac

measure with total mass | (., t)|22 = | 0|22 . Every regularity breaks down
at the blow-up point, but the solution continues to solve DS II for t > t

⇤.
Note that the Ozawa solution is not in H

1. We show the real part of the
solution for a = 1 and b = �4 on the x-axis for different values of t in Fig.

figozawa
2.

Note that the factor exp
⇣
i

b

4(a+bt)(x
2 � y

2)
⌘

= exp
�
�i(x2 � y

2)/(t⇤ � t)
�

in (
soluoz
9) reads exp

�
�i(X2 � Y

2)/⌧
�

(for a proper choice of the integration
constants). This means that the rapid oscillations will be supppressed near
blow-up which is reached for ⌧ ! 1. This behavior can be seen in Fig.

figozawa
2,

where the oscillations are most visible for t = 0. Note the zoom in near
blow-up in x as well as the increasing amplitude.

figozawa
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Figure 2. Real part of the Ozawa solution (
soluoz
9 for a = 1, b = �4

for various values of t: On the left for t = 0, on the middle for

t = 0.23 and on the right for t = 0.243 close to the blow-up time

t
⇤ = 0.25.

3. Numerical methods
sec:num

In this section, we review the numerical methods for the study of blow-up
in solutions to the focusing DS II equation (

DSII
1). The approaches are tested

via the propagation of lumps and the Ozawa solution.
sec:numtime

3.1. Numerical methods for the time-evolution. In order to numeri-
cally integrate equation (

DSII
1), we use a Fourier spectral method in the spatial

coordinates. This means that the standard Fourier transform is approxi-
mated via a discrete Fourier transform which can be efficiently computed
via the fast Fourier transform (FFT). The discretization in Fourier space
implies that (

box
2) is approximated via a finite dimensional system of (stiff)

ordinary differential equations for the Fourier coefficients  ̂ = F of  of
the form

fnlsfourierfnlsfourier (13) @t
b = L b +N ( ),



Cauchy problem 
• Theorem: (Sung)

Let  0 2 S(R2). Then the focusing DS II possesses a unique global solution
 such that the mapping t 7!  (·, t) belongs to C

1(R,S(R2)) if

|c 0|1|c 0|1 < C,

where C is an explicit constant. There is no condition for the defocusing
DS II. Global well-posedness for  ̂0 2 L

1(R2) \ L
1(R2) and  0 2 L

p(R2)
for some p 2 [1, 2),.

• Perry: generalization to  0 2 H
1,1(R2).

• Nachman, Regev and Tataru: generalization to  0 2 L
2(R2).



Semiclassical limit
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Figure 1. Solution to the hyperbolic NLS equation, equation (1)
for � = 0, for the initial data  0 = exp(�x2 � y2) for ✏ = 0.1 at
different times.

Figure 2. Solution to the hyperbolic NLS equation, equation (1)
for � = 0, for the initial data  0 = exp(�x2 � y2) for ✏ = 0.1 at
t = 0.6.

• localized initial data varying on length scales of order 1/✏ for times of
order 1/✏ with ✏⌧ 1: x 7! ✏x, y 7! ✏y, and t 7! ✏t

i✏@t + ✏2@xx � ✏2@yy + 2⇢��1[(@yy + (1� 2�)@xx) | |2] = 0,

• first numerical studies: White, Weideman (1994), Besse, Mauser, Stim-
ming (2004), McConnel, Fokas, Pelloni (2005)
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Figure 3. L1-norm on the left and Fourier coefficients of the
solution shown in Fig. 2 on the right.

Figure 4. Solution to the DS II equation (1) for � = 0.9, for the
initial data  0 = exp(�x2 � y2) for ✏ = 0.1 at different times.

could lead to a blow-up at a later time. The L1 norm of the solution in
dependence of time in Fig. 6 shows that there are several peaks appearing
also here in contrast to the hyperbolic NLS case, but that it appears to
decrease with time after the highest maximum. The solution is again well
resolved in Fourier space as is visible in the same figure, but we had to use
higher resolution and just reach machine precision in the ky-direction.

• Gaussian initial data, � = 0.9, ✏ = 0.1
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Figure 7. Solution to the DS II equation (1) for � = 1.1, for the
initial data  0 = exp(�x2 � y2) for ✏ = 0.1 at t = 0.6.

Figure 8. Fourier coefficients of the solution shown in Fig. 7.

coefficients for the high wave numbers as was for instance discussed in [32].
Thus it is important to resolve well the maximum of the solution even if one
only wants to study the situation at a later time for which less resolution is
required. Such a situation can be seen in Fig. 11. The largest peak is ob-
served at t ⇠ 0.15. At this time the peak is not resolved in kx-direction up to
machine precision. This leads to some artifacts in the Fourier coefficients at
later times for the high wave numbers. Note, however, that the coefficients
still decrease to 10�10 and that the solution is thus well resolved.

• Gaussian initial data, � = 1.1, ✏ = 0.1, t = 0.6



Semiclassical limit, integrable 
case

• semiclassical limit ( =
p

ueiS/✏, ✏! 0, D± = @2
x ± @2

y)

(
St + S2

x � S2
y + 2⇢D�1

+ D�(u) = ✏2

2

⇣
uxx
u � u2

x
u2 � uyy

u + u2
y

u

⌘

ut + 2 (Sxu)x � 2 (Syu)y = 0
,

• defocusing case, u0 = exp(�2(x2 + y2)), S0 = 0



Focusing semiclassical DS II 
system

• u0 = exp(�2(x2 + 0.1y2)), S0 = 0



Symmetric initial data



Defocusing DS II
u0 = exp(�x2 � y2)

✏ = 0.1

� = 1



Defocusing DS II
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Defocusing DS II
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• t = tc: scaling of the di↵erence between semiclassical and DS II solution
proportional to ✏2/7

• t� tc: dispersive shock



Focusing DS

� = 0.1

 0 = exp(�x2 � 0.1y2)



Focusing DS II
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Blow-up
• Gaussian initial data, integrable case � = 1
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Figure 17. Solution to the focusing DS II equation (19) for

Gaussian initial data initial data  (x, y, 0) = exp(�x
2 � y

2) and

✏ = 0.1: blow-up profile at t = 0.2950 on the left and the difference

with a rescaled lump (according to (7)) on the right.

5. Outlook

In this paper we have studied blow-up phenomena in the focusing DS II
equation for asymptotically localized initial data with a single maximum of
the modulus. It was shown that initial data both with algebraic and with
exponential decay can lead to a blow-up if the L

1 norm of the initial data is
sufficiently large. Already in [20] and [18] it was shown that blow-up occurs
only if the initial data are locally radially symmetric near the maximum. It
would be interesting to study this symmetry question in more detail since
it appears to be related to the lump appearing as a blow-up profile in a
self-similar blow-up. This question would be in particular intriguing in the
context of several humps which could blow up at the same time if the initial
data are carefully chosen.

To study such questions, higher resolution than available for the present
study will be needed. A possible way to address this would be to take a multi-
domain spectral approach as in [8] and references therein which would be
especially beneficial in the case of an algebraic decay of the solution towards
infinity. It would also allow to allocate more resolution near a blow-up by
introducing adapted domains. In contrast to [8] where a Laplace operator in
the NLS equation was studied, DS II equations have a d’Alembert operator
for which a different compactification at infinity will have to be introduced.
This is will be the topic of future work.

Acknowledgements. This work was partially supported by the program
PARI and the FEDER 2016 and 2017. We thank J.-C. Saut for helpful
discussions and hints.
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Perturbed lump 
(multiplication with 1.1)
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Figure 13. Solution to the focusing DS II equation for deformed

lump initial data  (x, y, 0) = 2.2/(1+x
2+ y

2): on the left the L
1

norm in dependence of time, on the right a log-log plot of the L
1

norm of the solution near the blow-up together with a straight line

with slope �1.
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Figure 14. Solution to the focusing DS II equation for deformed

lump initial data  (x, y, 0) = 2.2/(1 + x
2 + y

2): blow-up profile

at t = 1.983 on the left and the difference with a rescaled lump

(according to (7)) on the right.

Thus it is possible to consider a family of equations (depending on the param-
eter ✏) for ✏-dependent initial data, which allows to study the semiclassical
limit of DS II, see for instance [21, 5].

For equation (19) with ✏ = 0.1, we consider Gaussian initial data

 (x, y, 0) = exp(�x
2 � y

2)

on a domain with D = 2. The computed energy jumps at t = 0.2954
(step 3540), whereas the fitting of the Fourier coefficients according to (14)
indicates a singularity at a distance from the real axis smaller than the spatial
resolution at t = 0.2956 (step 3557). Thus the loss of resolution in time and
in space happens at roughly the same time in this example.

The L
1 norm on the left of Fig. 16 indicates a rapid blow-up. Fitting

the norm according to (16) gives a blow-up time t
⇤ = 0.2965 and a blow-up



Blow-up profile
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Figure 14. Solution to the focusing DS II equation for deformed

lump initial data  (x, y, 0) = 2.2/(1 + x
2 + y

2): blow-up profile

at t = 1.983 on the left and the difference with a rescaled lump

(according to (7)) on the right.

Thus it is possible to consider a family of equations (depending on the param-
eter ✏) for ✏-dependent initial data, which allows to study the semiclassical
limit of DS II, see for instance [21, 5].

For equation (19) with ✏ = 0.1, we consider Gaussian initial data

 (x, y, 0) = exp(�x
2 � y

2)

on a domain with D = 2. The computed energy jumps at t = 0.2954
(step 3540), whereas the fitting of the Fourier coefficients according to (14)
indicates a singularity at a distance from the real axis smaller than the spatial
resolution at t = 0.2956 (step 3557). Thus the loss of resolution in time and
in space happens at roughly the same time in this example.

The L
1 norm on the left of Fig. 16 indicates a rapid blow-up. Fitting

the norm according to (16) gives a blow-up time t
⇤ = 0.2965 and a blow-up



Conjecture
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blow-up and being dispersed away (in dependence of whether the perturbed
lump has a larger or smaller L

2 norm than the lump). These experiments
were repeated with much higher resolution on parallel computers in [23].
There it was shown that the Ozawa solution is also unstable against being
dispersed away or a blow-up before the blow-up time of the unperturbed
solution. The mechanism of the latter, however, was not studied in [23].
In [18], this question was addressed in a similar way as blow-up in gener-
alized Korteweg-de Vries (KdV) [16] and Kadomtsev-Petviashvili (KP) [17]
equations. There certain norms of the solution were traced during the time
evolution and matched to a dynamical rescaling (3) which allowed in [16, 17]
to infer the scaling function L(t) near blow-up. Since only serial computers
were available in [18], the necessary resolution could not be reached in order
to decide whether the blow-up is according to the scaling (4) or (6). It could
be shown however that blow-up seems to be possible only in the integrable
focusing DS II equation (1). In general DS II equations (a factor � 2 R
in front of the � in the first line of (1), see [13]), no blow-up was found in
[18]. In [22] the so-called semiclassical limit for DS II equations was studied
numerically. It was shown that blow-up appears only if the initial data are
(locally near the maximum) symmetric with respect to the exchange of the
spatial coordinates x 7! y, i.e., for instance in the radially symmetric case.

In the present article we study the cases with blow-up in [23] and [18] with
a parallized code on GPUs. This allows to get the necessary resolution to
identify the type of blow-up. Concretely we study perturbed lump solutions,
a perturbed Ozawa solution, and Gaussian initial data. The results can be
summarized in the following conjecture:

Conjecture 1.1. Consider initial data  0 2 C
1(R2) \ L

2(R2) for the fo-
cusing DS II equation (1) with a single global maximum of | 0| such that
the solution to DS II has a blow-up in finite time. Then the blow-up is self-
similar according to (3) with a scaling factor L(t) of the form (6) and the
blow-up profile given by the lump, i.e.,

(7)  (x, y, t) =
P (X,Y )

L(t)
+  ̃, P (X,Y ) =

2

1 +X2 + Y 2
, L(t) ⇠ t

⇤ � t,

where  ̃ is bounded for all t.

The paper is organized as follows: In section 2 we collect some known
analytical facts on the focusing DS II equation. In section 3 we present the
used numerical approaches and test them for the analytically known lump
and for Ozawa’s blow-up solution. In section 4, we study the perturbed
lump, a perturbed Ozawa solution, and Gaussian initial data. We add some
concluding remarks in section 5.



Inverse scattering for DS II
• Dirac system of linear equations (z = x+ iy):

✏@̄ 1 =
1

2
q 2

✏@ 2 =
1

2
q 1

• complex geometrical optics solution, k 2 C:

lim
|z|!1

 
✏
1(z; k, t)e

�kz/✏ = 1

lim
|z|!1

 
✏
2(z; k, t)e

�kz/✏ = 0,

• reflection coe�cient R = R
✏(k; t):

e�kz/✏
 ✏
2(z; k, t) =

1
2R

✏(k; t)z�1 +O(|z|�2), |z| ! 1.



• time dependence

R✏(k; t) = R✏
0(k)e

4it<(k2)/✏, R✏
0(k) := R✏(k; 0).

• Inverse transform

⌫1 = ⌫✏1(k; z, t) := e�kz/✏ 1 and ⌫2 = ⌫✏2(k; z, t) := e�kz/✏ 2

satisfy

✏@̄k⌫1 = 1
2R

✏(k; z, t)⌫2

✏@̄k⌫2 = 1
2R

✏(k; z, t)⌫1

where, writing k = + i� for (,�) 2 R2,

@̄k :=
1

2

✓
@

@
+ i

@

@�

◆
,

asymptotic conditions

lim
|k|!1

⌫✏1(k; z, t) = 1 and lim
|k|!1

⌫✏2(k; z, t) = 0.

• inverse scattering problem

q✏(x, y, t) = 2✏


@ 2

 1

�
= 2✏

@̄  2

 1

= 2
k ⌫2 + ✏@̄ ⌫2

⌫1
.



Eikonal equation

• write q = AeS/✏ ⇥
2@̄f + i@̄S

⇤ ⇥
2@f � i@S

⇤
= A2,

with

lim
|z|!1

✓
f +

i

2
S � kz

◆
= 0, z = x+ iy.

• conjecture

e�f(x,y;k)/✏e�iS(x,y)�3/(2✏) ✏(x+ iy; k)

=
↵0(x, y; k)

2k


2@f(x, y; k)� i@S(x, y)

A(x, y)

�
+ o(1), ✏ # 0



Figure 2. Comparison between the solution to the Dirac system (12)–(13)
with Gaussian potential e�(x2+y2) for k = 1 and ✏ = 1/16 with the WKB ap-
proximation. First row: the modulus of e�kz/✏ 1 (left) and of e�kz/✏ 2 (right).
Second row: the corresponding WKB approximations of Conjecture 1.

Theorem 3. Suppose that u = A2 2 Lp(R2) \W(R2) for some p 2 [1, 2), that S 2 C1(R2),
S�S1 2 W(R2) for some constant S1 2 R, and v = @S 2 W(R2), and let k 6= 0 be a given

complex value. Then there exists ⇢ > 0 such that there is a classical solution f(x, y; k) of

(30)–(31) defined for |z| � ⇢. There is also a corresponding classical solution ↵0(x, y; k) of

(34) in the same domain |z| � ⇢ satisfying ↵0 ! 1 as |z| ! 1.

The proof is given in Section 3.2. This result begs the question of what goes wrong
with the eikonal problem if, given k 6= 0 with |k| su�ciently small, one tries to continue
the solution inwards from z = 1. Here we cannot say much yet; however we can present a
potentially illustrative example. Namely, if A(x, y) = (1+x2+y2)�1 (a Lorentzian potential)
and S(x, y) ⌘ 0, we show in Section 3.3.4 that for |k| > 1

2 , the eikonal problem (30)–(31)
has the explicit global solution

(36) f(x, y; k) = kz +
1

2
arcsin(W ) +

(1�W 2)1/2 � 1

2W
, W :=

z

k(1 + zz)
,

11



Applications
✦ Integrable systems
✦ Orthogonal polynomials
✦ Normal Matrix Models in Random Matrix 

Theory 
✦ Electrical Impedance Tomography (EIT), 

Calderon’s problem
• G. Uhlmann. Electrical impedance tomography and Calderóns problem.

Inverse Problems, 25(12):123011, 2009.

• J.L. Mueller and S. Siltanen. Linear and Nonlinear Inverse Problems with
Practical Applications, SIAM, 2012.

• C. Kenig, J. Sjöstrand, G. Uhlmann. The Calderón problem with partial
data. Annals of Mathematics 165 (2007), 567-591.



The most successful application of EIT
is chest imaging

Medical applications: monitoring
cardiac activity, lung function, and
pulmonary perfusion. Also, elec-
trocardiography (ECG) can be en-
hanced using knowledge about
conductivity distribution.



Reformulation of the d-
bar problem

• functions with simple asymptotics: �1 = e�kz 1, �2 = e�k̄z̄ 2

@̄�1 =
1

2
qek̄z̄�kz�2,

@�2 =
1

2
q̄ekz�k̄z̄�1.

• diagonal form, vanishing functions at infinity: m± = �1 ± �̄2 � 1

@̄m± =
1

2
qek̄z̄�kz(m± + 1)
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Figure 5. Solutions to the system (16) for the potential (38) for k = 1 and ✏ = 1/4, on the
left �1, on the right �2.

this approach is not guaranteed, and often a preconditioner is needed, i.e., an n⇥ n matrix C such that the
GMRES approach for (CA)x = Cb converges. We do not use preconditioners here. The comparison with
the fix point iteration is used to highlight possible advantages of GMRES.

An attractive feature of GMRES is that just the action of the matrix A on a given vector is needed, not
the matrix itself. Thus instead of the n⇥ n matrix A just n-dimensional vectors need to be stored which is
important in terms of memory requirements for the demanding problems studied here (note that the fixed
point iterations has the same memory requirements as the GMRES approach). In our example, equation
(23) is to be solved after an FFT discretisation. We put

(39) b := F


qF�1

✓
1

⇠̄ � 2ik/✏
F {q̄}

◆�

and

(40) AS := ✏2S + F


qF�1

✓
1

⇠̄ � 2ik/✏
F

⇢
q̄

✓
F

�1

✓
S

⇠

◆◆�◆�
.

The matrix b is written as a vector by putting the columns one after the other to form a vector of length
NxNy, and in an analogous way for AS (that is, column major ordering). Note that equation (23) has been
multiplied by ✏2. This has no influence on the convergence of GMRES since the euclidean norm of Ax � b
divided by the euclidean norm of b controls the convergence. However, the absolute residuals which are
limited by machine precision can be chosen similar in this case to what could be imposed for the fixed point
iteration, see the discussion below.

We first study the situation of Fig. 5 with the same choice of the parameters, but this time with GMRES.
The iteration is stopped here once the relative residual drops below 10�14 which gives the same residual as
before. The di↵erence between the solution with a fixed point iteration and the one with GMRES is shown
in Fig. 6 on the left. It is obviously largest for small |⇠| (note that S is in the Schwartz class), but overall of
the order of 10�12 as expected.

The right figure of Fig. 6 shows the residuals�GMRES of GMRES in dependence of the number of iterates
for various values of ✏ and k. It can be seen that for ✏ = 1/4, the approach reaches maximal accuracy for
roughly 15 iterates which has to be compared to the corresponding figure on the right of Fig. 2 for the fix
point iteration. There for ✏ = 1/4 roughly 450 iterations were needed for k = 0 and 40 for k = 1. This shows
that GMRES is much more e�cient in this case.

GMRES also allows to reach much smaller values of ✏ than accessible with the fixed point iteration. We
use Lx = Ly = 3 and Nx = Ny = 210 Fourier modes to study the solution for the potential (38) for ✏ = 1/128
and k = 0. The solutions can be seen in Fig. 7. Both solutions are clearly not radially sysmmetric, but

q = exp(�x2 � 3xy � 5y2)

k = 1, ✏ = 1/4



SPECTRAL APPROACH TO SEMI-CLASSICAL D-BAR PROBLEMS WITH SCHWARTZ CLASS POTENTIALS 11

Figure 8. Solutions to the system (16) for the potential (38) for k = 0 and ✏ = 1/4 on the
left �1, on the right �2.

plateau indicating that further iterations do not improve the accuracy. The residual of the equation is of the
order of 10�12 when the iteration is stopped.

Figure 9. Solutions to the system (16) for the potential (38) for k = 1 and ✏ = 1/128; on
the left �1, on the right �2.

The numerical parameters are chosen in a way that S and its inverse Fourier transform decrease to optimal
precision. This can be seen on the left of Fig. 10. The function S decreases to the order of the saturation
level which is here at around 10�8 since the maximum of |S| is of the order of 106. The inverse Fourier
transform of S is shown on right of Fig. 10 to decrease to machine precision.

5. Outlook

In this paper it was shown that CGO solutions to system (1) for potentials in the Schwartz class can be
e�ciently constructed via the integral equation (23) with FFT and iterative techniques. This can be done
for a wide range of values of the spectral parameter k and for the semiclassical parameter ✏. The limiting
factor for small ✏ appears to be the conditioning of the matrix A in (40) which becomes worse the smaller ✏
is. We could reach values of ✏ = 1/256, but the achievable accuracy drops to the order of 10�5 in this case.

This behavior is due to the singular character of the semiclassical solution which is discussed in [2]. There
it is conjectured that the main contribution to the solution in this case to the CGO solutions is of the

k = 1, ✏ = 1/128
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Figure 3. Solutions to the system (16) for the potential (38) for k = 0 and ✏ = 1/4, on the
left �1, on the right �2, in the upper row the real parts, in the lower row the imaginary
parts.

Figure 4. Solution to equation (23) for the potential (38) for k = 0 and ✏ = 1/4 on the
left, and its inverse Fourier transform on the right.

k = 0, ✏ = 1/4
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Figure 6. Di↵erence of the solutions to the system (16) for the potential (38) for k = 1
and ✏ = 1/4 obtained with a fixed point iteration and GMRES on the left, and on the right
the residuals �GMRES of the GMRES approach for ✏ = 1/4, ✏ = 1/128 and k = 0, 1.

are essentially constant in the vicinity of the origin. This is similar to the expected behavior for radially
symmetric potentials discussed in [2]. GMRES converges after roughly 110 iterations as can be seen on the
right of Fig. 6 when a plateau reached. The relative residual is of the order of 10�15, the residual of Ax� b
with A, b of (40), (39) is of the order of 10�13.

Figure 7. Solutions to the system (16) for the potential (38) for k = 0 and ✏ = 1/4 on the
left �1, on the right �2.

The parameters for the computation are chosen in a way that both S and F
�1S decrease to the level of

the rounding error as can be seen in Fig. 8. Note that the latter is of the order of 10�10 for the former since
the maximum of |S| is of the order of 104 (in double precision it is in practice impossible to cover more than
14 orders of magnitude).

To study the solution for the potential (38) for ✏ = 1/128 and k = 1, we use Nx = 29 and Ny = 210

Fourier modes and Lx = 2, Ly = 1. The solution can be seen in Fig. 9. Note that the solution �1 has a
maximum of the order of 104, but that the reflection coe�cient being a rapidly decreasing function of the
spectral parameter |k| is of the order of 10�10 in this case. GMRES converges after roughly 90 iterations as
can be seen on the right of Fig. 6. It stops since the last few iterations lead to a residual at a slightly higher

k = 0, ✏ = 1/128



Compact support

• Potential with compact support on a simply connected domain,

assume biholomorphic map to the unit disk

(Hyvönen, Päivärinta, Tamminen 2017)

• use polar coordinates z = rei', k = ei 

✓
@r +

i

r
@'

◆
�1 = q exp (�2ir cos('�  )� i')�2

✓
@r �

i

r
@'

◆
�2 = q̄ exp (2ir cos('�  ) + i')�1
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Figure 4. The coe�cients �j , j = 1, . . . , N� of (40) for the ex-
ample q = 1 on the disk and k = 1 on the left, and the reflection
coe�cient in dependence of k on the right.
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Figure 5. CGO solutions to (1) and (2) for q = 1 on the unit disk
and vanishing elsewhere for k = 1, on the left  1, on the right  2.

Figure 6. CGO solutions (19) to (1) and (2) for q = 1 on the unit
disk and vanishing elsewhere for k = 1, on the left �1, on the right
�2.

implies that the solution is resolved to the order of machine precision both in r and
in �.
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The quantity �1 can be seen for these cases on the left of Fig. 9. Visibly the
convergence is linear. For k = 100, just 9 iterations are needed as can be seen on
the right of Fig. 9. For the latter computation, Nr = 200 and N� = 600 were used.
Note that the convergence depends also on the norm ||q||1 which is here equal to
1. If much larger values are to be considered as in [2, 16], it might be necessary to
solve the system (49) without iteration, i.e., as in the previous section by inverting
a large matrix. We do not address this possibility here since it was not necessary
for the studied examples.
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Figure 9. The quantity �1 := ||�(j+1)
1 � �(j)

1 ||1 + ||�(j+1)
2 �

�(j)
2 ||1 in dependence of the number of iterations j for q = 1 on

the unit disk and vanishing elsewhere, on the left for k = 0.1, 1, 10
and on the right for k = 100.

The modulus of the solutions for k = 100 can be seen in Fig. 10. The function
�1 on the left of the figure appears to be roughly equal to 1 in correspondence with
its asymptotic value with correction of order 1/k. The high frequency oscillations
of the solution are hardly visible. These oscillations are much more visible for
function �2 on the right of the same figure with amplitude of order 1/k around the
asymptotic value 0 for the solution.

Figure 10. CGO solutions to (1) and (2) for q = 1 on the unit
disk and vanishing elsewhere for k = 100, on the left for �1, on the
right for �2.

k = 1

k = 100
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Fig. 10. The function �2 on the right on the other hand shows rapid oscillations of
order 1/k around 0.

Figure 13. CGO solutions to (1) and (2) for q = 1 on the unit
disk and vanishing elsewhere for k = 1000, on the left for �1, on
the right for �2.

The reflection coe�cient can be computed for a given value of k via (52). For
the example of the characteristic function of the disk studied here, one gets for
k 2 [1, 100] the left figure of Fig. 14. The reflection coe�cient has an amplitude
decreasing proportional 1/|k|3/2 and an oscillatory singularity at infinity as can be
seen from the plot of Rk

3/2 on the right of the same figure.
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Figure 14. Reflection coe�cient R (4) for q = 1 on the unit disk
and vanishing elsewhere in dependence of k on the left, and kR on
the right.

6. Outlook

In this paper, we have presented spectral approaches for the numerical construc-
tion of CGO solutions for potentials with compact support on a disk. It is straight
forward to generalize these approaches to functions which are piecewise smooth on
annular parts of the disk. By using numerical conformal mapping techniques as in
[9, 36], this carries over to potentials with compact support on domains with more
complicated simply connected boundaries.



Large |k| asymptotics
• Sjöstrand (2018): iterative solution of the d-bar system, initial iterate

�0
1 = 1, �0

2 = 0

�1 �
1

2
@̄�1(qek̄z̄�kz�2) = @̄�1 1

�2 �
1

2
@�1(q̄ekz�k̄z̄�1) = @�1 2

of the form (1�K)� =  

• Hörmander’s solution of the d-bar equation with Carleman estimates in
weighted L2 spaces, h = 1/|k| ⌧ 1.

• Operator K = O(1), but K2 = O(1/|k|). Therefore

(1�K
2)� = (1 +K) ,

convergence as the geometric series.



Theorem

Let q 2 h·i
�2

H
s for some s 2]1, 2] and fix ✏ 2]0, 1].

Then K = O(1) : (h·i✏L2)2 ! (h·i✏L2)2,

K
2 = O(hs�1) : (h·i✏L2)2 ! (h·i✏L2)2.

For h0 > 0 small enough and 0 < h  h0,
1�K : (h·i✏L2)2 ! (h·i✏L2)2 has a uniformly bounded inverse.



Characteristic function of 
a compact domain

Proposition:
Let q be the characteristic function of a strictly convex open set ⌦ b C with
smooth boundary and fix ✏ 2]0, 1]. Then the conclusions of the theorem hold
with s = 3/2. In particular

K
2 = O(h1/2).



Computation of an integral

• Leading order contribution to �2:

f(z, k) =

Z

⌦

1

z � w
ekw�kwL(dw) =

ZZ

⌦

ekw�kw

z � w

dw ^ dw

2i
, (1)

• Stokes formula

1

2ik

Z

@⌦

1

z � w
ekw�kwdw =

ZZ

⌦

ekw�kw

z � w

dw ^ dw

2i
�
(
0 if z 62 ⌦,
⇡
k
ekz�kz, if z 2 ⌦.

• analytical continuation and deformation of the integration contour, sta-
tionary phase approximation.



Deformed contour
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�� �+

w�

w+

Figure 1. Real analytic strictly convex boundary of
some domain ⌦ (solid) and the deformed contour
(dashed) for this example. contour

Here �=u(w, k) � 0 in Q2[Q4 with strict inequality in the interior,
while �=u(w, k)  0 in Q3[Q1 with strict inequality in the interior. In
other words, e�iu(w,k) is bounded in Q2[Q4 and exponentially decaying
in the interior. It is exponentially large in the interior of Q3 [ Q1.
Naturally we have a similar description near w�(k).
We deform @⌦ inwards from �+ and outward from �� and so that

the deformed curve � follows the curve given by w = K(µ) where
arg µ = 3⇡/4 in D0 \ Q2 and arg µ = �⇡/4 in D0 \ Q4. (In the µ-
variable, � here coincides with the oriented line ei⇡/4R.) Thus along
this part of �, we have

�(u(K(µ), k)� u(w+(k), k)) = i|k||µ|2/2.

Notice that we have just followed the rule of steepest descent. In �N \

D0, we have�=(u�u(w+(k))) ⇣ |k|. We do the analogous construction



Transcendental function 
near north and south pole
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Figure 6. Di↵erence between the solution �2 for the
characteristic function of the disk and �I2

2 from (
case2case2
6.7) at

the disk for k = 10, 100, 1000 from left to right. Phi2diffcase2

For ' < ⇡/2 or ' > 3⇡/2 there is no contribution due to a residue
in the interior of the disk. But in its complement in C, we get

case3case3 (6.8) �I2
2 =

1

2k
eke

i'
s�k̄e

�i'
/s.

This leads to Fig.
Phi2diffcase3Phi2diffcase3
7 which shows the same behavior as Fig.

Phi2diffcase2Phi2diffcase2
6 for the

interior of the disk.

Figure 7. Di↵erence between the solution �2 for the
characteristic function of the disk and �I2

2 from (
case3case3
6.8) for

the exterior of the disk for k = 10, 100, 1000 from left to
right. Phi2diffcase3

Case II. We now address the case that z is close to the stationary
points w± of the exponent in (

int2int2
6.4), |z�w±| = O(1/

p
|k|). In Section

icic
5 a

quadratic approximation to the exponent was considered. We put w =
w±+ ⇠ and get for |⇠| ⌧ 1 for the exponent w�1/w = ±2i(1� ⇠2/2)+
O(|⇠|3). As the integration path we use the line ⇠ = a±⌘, where ⌘ 2 R
and where a± =

p
w±/(2k) in order to get an integrand exponentially

decaying on the integration path. We consider the function (
lp.14lp.14
5.59)

GG (6.9) G(z) :=

Z
1

�1

e�t
2
/2

z � t
dt.

Note that the function G is not uniquely defined by (
GG
6.9) because of the

pole on the real axis which is also the integration contour. We denote
by Gr(z) the analytical continuation to the whole complex plane of the
function obtained by computing G in standard way for =z > 0, and
Gl(z) for =z < 0.
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Numerically these functions are computed on the parallels to the real
axis going through �i(=z + 3) for Gl and i(=z + 3) for Gr. On these
lines, the integrand is approximated via a truncated Fourier series on a
su�ciently large period, t 2 L[�⇡, ⇡] (we use L = 10 in the following).
We compute in t the standard discrete Fourier transform, i.e., sample
the integrand on tn = L(�⇡ + nh), n = 1, . . . , N , where N 2 N is
the number of collocation points and where h = 2⇡/N . The integral
in (

GG
6.9) is the Fourier coe�cient with index 0 of the discrete Fourier

transform of this function, i.e., simply the sum over n of the integrand
in (

GG
6.9) sampled at the collocation points tn. Since this is one of the

coe�cients of the discrete Fourier transform, the resulting numerical
method is a so-called spectral method. This means the numerical error
in approximating the integrand (which is analytic on the chosen inte-
gration path) decreases exponentially with N . The numerical accuracy
is controlled via the decay of the discrete Fourier coe�cients which can
be computed with a fast Fourier transform. We show both functions
Gl,r in Fig.

figGfigG
8. The di↵erence between the functions on the real axis is

according to (
lp.15lp.15
5.60) equal to 2⇡i exp(�x2/2). The functions satisfy the

symmetry relation

symsym (6.10) Gl(z̄) = Gr(z).

Figure 8. Moduli of the function Gl on the left and Gr

on the right. figG

Thus we get for the integral (
int2int2
6.4)

f̄(k, z)

2⇡
⇡
ek(1/w±�w±)

4⇡ik

Z
⇠2

⇠1

e�k⇠
2
/w±

z̄ � w± � ⇠
d⇠

=
ek(1/w±�w±)

4⇡ik

Z
⌘2

⌘1

e�⌘
2
/2

(z̄ � w±)/a± � ⌘
d⌘

.squaresquare (6.11)

Since the integrand is exponentially decaying, we finally arrive for |z̄+
i|  C/|k|, where C is some positive constant, at the approximations
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Figure 2. Di↵erence between the solution �1 for the
characteristic function of the disk and 1 multiplied by k
for k = 10, 100, 1000 from left to right. Phi1

Figure 3. The solution �2 for the characteristic func-
tion of the disk multiplied by k for k = 10, 100, 1000 from
left to right. Phi2

Remark 6.1. In this section we will always show the pointwise di↵er-
ence between the solution to the d-bar system and various asymptotic
formulae for the latter. Note, however, that the asymptotic formulae
have been derived for some weighted L2 norms. Thus the found di↵er-
ences near the maxima in Fig.

Phi2Phi2
3 will contribute much less in the L2

spaces than shown here, where the agreement is already very good.

6.2. Asymptotic formulae. The results of Section
icic
5 imply that �1 =

1 +O(1/|k|) for |k| ! 1, see (
wn.14wn.14
5.82). Thus in leading order of 1/k the

second equation in (
dbarphidbarphi
1.1) has the approximate solution

�̃2 =
1

2⇡

Z

|w|1

ekw�k̄w̄

z̄ � w̄
d2w =

1

4⇡k

Z 2⇡

0

eke
�i'

�k̄e
i'
� ek̄z̄�kz

z̄ � e�i'
e�i'd'

=
1

2⇡
f̄(z, k),Phi2intPhi2int (6.3)

i.e. up to a factor the complex conjugate of the integral in
ic.0ic.0
5.5, see also

(
ic.1ic.1
5.6). We first check how well the function �̃2 of (

Phi2intPhi2int
6.3) approximates �2

for large k. Since the integral (
Phi2intPhi2int
6.3) is singular near the boundary and

highly oscillatory, it is numerically challenging to evaluate. Therefore
we compute it by numerically inverting the @ operator, the same way
as when solving the system (

dbarphidbarphi
1.1). The di↵erence between �2 and �̃2

can be seen in Fig.
Phi2diffPhi2diff
4. It appears to scale as 1/k2 (see also (

wn.12wn.12
5.80)).

The task is thus to compute the function f(z, k) of (
ic.0ic.0
5.5) in (

Phi2intPhi2int
6.3)

to leading order in 1/|k| as in Section
icic
5. We briefly recall the main
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Figure 2. Di↵erence between the solution �1 for the
characteristic function of the disk and 1 multiplied by k
for k = 10, 100, 1000 from left to right. Phi1

Figure 3. The solution �2 for the characteristic func-
tion of the disk multiplied by k for k = 10, 100, 1000 from
left to right. Phi2

Remark 6.1. In this section we will always show the pointwise di↵er-
ence between the solution to the d-bar system and various asymptotic
formulae for the latter. Note, however, that the asymptotic formulae
have been derived for some weighted L2 norms. Thus the found di↵er-
ences near the maxima in Fig.

Phi2Phi2
3 will contribute much less in the L2

spaces than shown here, where the agreement is already very good.
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1 +O(1/|k|) for |k| ! 1, see (
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second equation in (
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for large k. Since the integral (
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6.3) is singular near the boundary and

highly oscillatory, it is numerically challenging to evaluate. Therefore
we compute it by numerically inverting the @ operator, the same way
as when solving the system (
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1.1). The di↵erence between �2 and �̃2

can be seen in Fig.
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5.80)).

The task is thus to compute the function f(z, k) of (
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5.5) in (

Phi2intPhi2int
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to leading order in 1/|k| as in Section
icic
5. We briefly recall the main
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Figure 10. Di↵erence between the solution �2 for the
characteristic function of the disk and �II

2 from (
square2square2
6.12) for

the interior of the disk for k = 10, 100, 1000 from left to
right (C = 4). Phi2diffstaintC4

Figure 11. Di↵erence between the solution �2 for the
characteristic function of the disk and �III

2,e from (
square2square2
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reflection coe�cient (
eq:r-defeq:r-def
1.8) which plays here the role of the Fourier trans-

form for linear equations and is the angle in terms of action-angle vari-
ables.
The analysis in Section

icic
5 has shown that the function �1 is given in

leading order by the expresssion (
wn.14wn.14
5.82). In the case of the unit disk we

are interested in here, this takes the form

Phi1tPhi1t (6.14) �̃1 = 1 +
z̄

4k

for |k| ! 1 (�1 = �̃1 +O(|k|�3/2
|k|)). In the exterior of the disk, the

function is holomorphic and tends to 1 at infinity. Since it is continuous
at the disk, we have �̃1 = 1 + 1

4kz for |z| > 1.

We show in Fig.
Phi1diffPhi1diff
12 the di↵erence between �1 and �̃1. This di↵erence

is largest near the rim of the disk, but appears to be of order 1/k2.
The reflection coe�cient is given via R̄(k) = 2 limz!1 z̄�2, i.e.,

RintRint (6.15) R̄ =
2

⇡

Z

|z|1

ekw�k̄w̄�1d
2w ⇡

2

⇡
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⇣
1 +

w̄

4k

⌘
d2w.

The reflection coe�cient is real in this case. Note that the error term
in (

wn.14wn.14
5.82) can contribute in the oscillatory integral (

RintRint
6.15) in the order

we would like to study. If we conjecture that this is not the case, then
the integral (

RintRint
6.15) can be computed once more with a stationary phase
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Reflection coefficient

• Proposition (Sjöstrand 2021):

�1 = 1 +
z̄

4k
+O(|k|�2)

R̄ =
2

⇡

Z

|z|1
ekw�k̄w̄�1d

2w ⇡
2

⇡

Z

|z|1
ekw�k̄w̄

⇣
1 +

w̄

4k

⌘
d2w. (1)

R ⇡ Rasym :=
1

p
⇡k3

✓
sin(2k � ⇡/4)�

5

16k
cos(2k � ⇡/4)

◆
. (2)
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Figure 12. Di↵erence between the solution �1 for the
characteristic function of the disk and 1 + z̄

4k multiplied
by k2 for k = 10, 100, 1000 from left to right. Phi1diff

approximation (of higher order), which allows us to study higher order
terms. After some calculation we get

RintspRintsp (6.16) R ⇡ Rasym :=
1

p
⇡k3

✓
sin(2k � ⇡/4)�

5

16k
cos(2k � ⇡/4)

◆
.

We show the reflection coe�cient in Fig.
figreffigref
13 on the left in blue. The

asymptotic formula for the coe�cient shown in the same figure in red
agrees so well with the coe�cient even for values of k of the order 10
that we show on the right of the same figure the di↵erence between R
and the asymptotic formula (

RintspRintsp
6.16) multiplied with k7/2. This indicates

that the corrections to formula (
RintspRintsp
6.16) are of the order k�7/2, but that

this asymptotic regime is only reached for larger values of k than shown.
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Figure 13. Reflection coe�cient for the characteristic
function of the disk, on the left R in blue and Rasym from
(
RintspRintsp
6.16) in red, both multiplied with k3/2, on the right the
di↵erence between both multiplied with k7/2. figref

An error term of the order of |k|�7/2 implies that for k = 1000,
which can be reached numerically at least with an accuracy of the or-
der of 10�11 as discussed in

KS
[17], will be of the order 10�11. This means

that the asymptotic formula for the reflection coe�cient is applicable
already for values of the spectral parameter k where the numerical



Outlook
✦ conformal transformations of compact 

domains with analytic boundary to the circle
✦ d-bar problems for potentials with algebraic 

decay, hybrid approaches
✦ DS solution for the disk
✦ focusing DS, exceptional points
✦ blow-up in DS I solutions
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