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Plan of the seminar

- A generalization of the Tracy–Widom distribution appearing in KPZ.

- Three different Riemann–Hilbert approaches.

- A “classical” Riemann–Hilbert problem.

- An operator–valued Riemann–Hilbert problem.

“A Riemann-Hilbert Approach to the Lower Tail of the Kardar-Parisi-Zhang Equation”
with T. Claeys, Comm. in Pure and Applied Math. 2021.

“Airy kernel determinant solutions to the KdV equation and integro-differential Painlevé equations”
with T. Claeys and G. Ruzza, Comm. in Math. Phys. 2021.

“Momenta spacing distributions in anharmonic oscillators and the higher order finite temperature Airy kernel”
with T. Bothner and S. Tarricone, arXiv : 2101.03557.



A deformation of the Tracy–Widom (GUE) distribution

KAi
T (λ, µ) :=

∫ ∞
−∞

σ(T1/3r)Ai(λ+ r)Ai(µ+ r)dr; σ(r) :=
1

1 + exp(−r)
;

Q(s, T) := det
(

Id− χ[−s,∞)KAi
T χ[−s,∞)

)
= 1 +

∞∑
k=0

(−1)k

k!

∫
[−s,∞)k

det
(

KAi
T (λi, λj)

)k

i,j=1
dλ1 · · · dλk.

Applications :

Johansson : MNS matrix model, deformed GUE (2007)

Amir-Corwin-Quastel : Narrow wedge solution of the KPZ equation (2010)

Dean-Le Doussal-Majumdar-Schehr : Fermionic systems at finite temperature
(2015)

Betea-Bouttier : Periodic Schur process (2019)



Applications to the Kardar-Parisi-Zhang equation

∂

∂T
H(T,X) =

1
2
∂2

∂X2
H(T,X) +

1
2

(
∂

∂X
H(T,X)

)2

+ ξ(T,X)

Introduced by Kardar-Parisi-Zhang in 1986, the KPZ equation is a universal model for
stochastic growth phenomena with three main features :

1. Smoothing

2. Slope-dependent growth
speed

3. Space-time uncorrelated
noise

Takeuchi–Sano : “Universal Fluctuations of Growing Interfaces :

Evidence in Turbulent Liquid Crystals” (2018)



The narrow–wedge solution of the KPZ equation

H(T,X) = log Z(T,X)ww�
∂T Z(T,X) =

1
2
∂2

XZ(T,X) + Z(T,X)ξ(T,X) Stochastic heat equation

Theorem (Amir-Corwin-Quastel, 2010) :

Consider the narrow wedge solution of the KPZ equation defined by

H(T,X) = log Z(T,X), T > 0 and X ∈ R,

with Z(T,X) solution of the stochastic heat equation with initial data Z(0,X) = δX=0.
Then

EKPZ

[
e−eH(2T,X)− X2

4T + T
12 +sT1/3

]
= Q(s, T),



The integro-differential Painlevé II equation

Proposition (Amir-Corwin-Quastel, 2010) :

Q(−s, T) = exp

[
−
∫ ∞

s
(r − s)

(∫
R

u2(x, r)σ′(T1/3r)dr
)

dx
]

with u(s, λ) satisfying the boundary value problem

∂2

∂s2
u(s, λ) =

[
s + λ+ 2

∫
R

u2(s, r)σ′(T1/3r)dr
]

u(s, λ), u(s, λ)
s→∞∼ Ai(s + λ).



Q(s,T) as the determinant of an integrable kernel

KAi
T (u, v) :=

∫ ∞
−∞

σ(T1/3r)Ai(u + r)Ai(v + r)dr

can be re-written as an (infinite–dimensional) IIKS integrable kernel

KAi
T (u, v) =

∫
R

[
Ai(u + r)Ai′(v + r)− Ai′(u + r)Ai(v + r)

]
σ′(T1/3r)dr

u− v
.

1) Amir-Corwin-Quastel used a generalization of the Tracy-Widom procedure to
obtain the integro–differential Painlevé II equation (2010).

2) Thomas Bothner found a first operator-valued Lax pair for the equation, using an
operator-valued Riemann-Hilbert problem on the interval [0,∞) (2020).



First approach

(joint collaboration with T. Claeys and G. Ruzza)



A simpler integrable kernel

Proposition :

Q(s, T) = det
(

Id− χ[−s,∞)KAi
T χ[−s,∞)

)
= det(Id− KAi

σ,s,T)

with
KAi
σ,s,T(λ, µ) =

√
σ(T1/3(λ+ s))KAi(λ, µ)

√
σ(T1/3(µ+ s))

Remark :

KAi
σ,s,T(λ, µ) =

f>(λ)h(µ)

λ− µ

f(λ) :=

√
σ(T1/3(λ+ s))

(
−iAi′(λ)

Ai(λ)

)
, h(µ) :=

√
σ(T1/3(µ+ s))

(
−iAi(µ)
Ai′(µ)

)
.ww�

A Riemann–Hilbert problem on the (whole) real line, of size 2× 2, with jumps

J(z) = 1− 2πif(z)h>(z).



The relevant Riemann-Hilbert problem

x := sT−1/6, t := T−1/2

RH problem for Ψ(z) = Ψ(x, t; z)

a)

Ψ+(z) = Ψ−(z)
(

1 1− σ(z)
0 1

)
, z ∈ R,

b)

Ψ(z) =
(

Id + O(z−1)
)

z
σ3
4 A−1e

(
− 2

3 tz3/2+xz1/2
)
σ3


Id, | arg z| < π − δ(

1 0
∓1 1

)
, π − δ < ± arg z < π

Proposition (M.C., T. Claeys, G. Ruzza) :

∂x log Q(x, t) = −
1

2πit

∫
R

(
Ψ−1

+ (z)Ψ′+(z)
)

21
dσ(z).



KdV and Q(x, t)

Theorem (M.C., T. Claeys, G. Ruzza) :

The function
v(x, t) := ∂2

x log Q(x, t) +
x
2t

solves the KdV equation

vt + 2vvx +
1
6

vxxx = 0.

Moreover, it can be expressed as

v(x, t) = −
1
t

∫
R
φ2(r; x, t)dσ(r) +

x
2t

where φ solves the Schrödinger equation

∂2
xφ(z; x, t) = (z− 2v(x, t))φ(z; x, t)

and has asymptotic behavior

φ(z; x, t) ∼ t1/6Ai
(

t2/3z− xt−1/3
)
, z→∞, | arg(z)| < π − δ.



From KdV to the integro–differential PII equation

Corollary (M.C., T. Claeys, G. Ruzza) :

From
∂2

xφ(z; x, t) = (z− 2v(x, t))φ(z; x, t)

and
v(x, t) = −

1
t

∫
R
φ2(r; x, t)dσ(r) +

x
2t

we immediately get

∂2
xφ(z; x, t) =

(
z−

x
t

+
2
t

∫
R
φ2(r; x, t)dσ(r)

)
φ(z; x, t).

and recover the “Tracy–Widom” formula of Amir-Corwin-Quastel.



Remarks

1) These results extend to the case of a general weight σ, possibly with
discontinuities, producing a whole family of unbounded solutions of KdV.

2) For the asymptotics of u(x, t), as t→ 0, see Tom Claeys’ talk.

3) The singular behavior of u(x, t) as t→ 0 gives informations about the asymptotics
of the tails of the narrow wedge solution of KPZ (M.C. - T. Claeys, 2020).



Second approach

(joint collaboration with T. Bothner and S. Tarricone)



A n–parametric family of kernels

ψn(λ, x) :=
λ2n+1

2n + 1
+ xλ,

Ain(x) :=
1

2π

∫
Γ+

eiψn(λ,x)dλ :=
1

2π

∫
Γ−

e−iψn(µ,x)dµ,

KAin
s,T (u, v) :=

∫ ∞
−∞

σ(T̃r)Ain(u+s+r)Ain(v+s+r)dr; σ(r) :=
1

1 + exp(−r)
, T̃ := T1/(2n+1);

Dn(s, T) := det
(

Id− χ[0,∞)KAin
s,T χ[0,∞)

)
(Le Doussal–Majumdar–Schehr, 2019).

<z

=z π

2n + 1
2nπ

2n + 1Γ+

Γ−



The main result

Theorem (T. Bothner, M.C., S. Tarricone)

Dn(s, T) = exp

[
−
∫ ∞

s
(t − s)

(∫
R

u2(t|x)σ′(T̃x)dx
)

dt
]
,

where u(s|x) ≡ u(s|x; n, T) solves the n-th member of the integro-differential Painlevé II
hierarchy and it is such that

u(s|x) ∼ Ain(s + x)

as s→ +∞, pointwise in x ∈ R.

i) n = 1 : Amir–Corwin–Quastel (2010).

ii) n = 2 : Krajenbrink (2020).



KAin
s,T and an operator–valued Flashka-Newell Lax pair

Lemma :

KAin
s,T (u, v) =

i
2π

∫
R

[∫
Γ+

∫
Γ−

eiψn(λ,u+s+r)−iψn(µ,v+s+r) dµdλ
λ− µ

]
dσ(T̃r)

The path to the Flashka–Newell Riemann-Hilbert Problem

Let Σ := Γ+ ∪ Γ−. Using a conjugation by Fourier transform (Bertola, M.C., 2012)
prove that

Dn(s, T) = det(1− Cn,s,T),

where Cn,s,T is an operator on L2(Σ) of integrable (IIKS) type.



The relevant integrable kernel

k1(λ|z) :=
1

2π
e

i
2ψn(λ,2s+2z)χΓ+

(λ), k2(λ|z) :=
1

2π
e−

i
2ψn(λ,0)χΓ− (λ),

m1(λ|z) := e−
i
2ψn(λ,2s+2z)χΓ− (λ), m2(λ|z) := e

i
2ψn(λ,0)χΓ+

(λ).

Cn,s,T(λ, µ) =

∫
R

(
k1(λ|z)m1(µ|z) + k2(λ|z)m2(µ|z)

)
σ′(T̃z)dz

λ− µ
.

Notations :

a) Hp :=

p⊕
j=1

L2
(
R, σ′(T̃z)dz

)
.

b) I(Hp) the space of Hilbert-Schmidt integral operators on Hp

with kernel in L2(R2, σ′(T̃z)dz⊗ σ′(T̃z)dz;Cp×p).

c) (Mi(ζ)⊗ Kj(ζ)) ∈ I(H1) a Σ 3 λ-family of rank 1 integral operators with kernels

(Mi(λ)⊗ Kj(λ))(x, y) = mi(λ|x)kj(λ|y).



The operator-valued RH problem

X(λ) = X(λ; n, s, T) ∈ I(H2) such that

(1) X(λ) = I2 + X0(λ) and X0(λ) ∈ I(H2) with kernel X0(λ|x, y) analytic in
C \ Σ.

(2) X(λ) admits continuous boundary values X±(λ) ∈ I(H2) on Σ, which
satisfy

X+(λ) = X−(λ)

I 2πi
(

M1(λ)⊗ K2(λ)
)

0 I

 , λ ∈ Γ−.

X+(λ) = X−(λ)

 I 0

2πi
(

M2(λ)⊗ K1(λ)
)

I

 , λ ∈ Γ+.

(3) X(λ) ∼ I2 for |λ| → ∞ with a particular condition on the operator norm of
X0.



The associated Lax pair

M(λ) :=

(
M1(λ)
M2(λ)

)
; M1/2 operators on H1 of multiplication by m1/2(λ|x).

Proposition (T. Bothner, M.C., S. Tarricone) :

N(λ) := X(λ)M(λ) satisfies the following Lax pair :
∂N
∂λ

(λ) = A(λ)N(λ), A(λ) =
2n∑

k=0

Akλ
2n−k + Â2n

∂N
∂s

(λ) = B(λ)N(λ), B(λ) = λB0 + B1

,

where

B1(x, y) =

(
0 −iU(x, y)

iV(x, y) 0

)
, B0(x, y) =

δ(x− y)

σ′(T̃y)

(
−i 0
0 0

)

A0(x, y) =
δ(x− y)

2σ′(T̃y)

(
−i 0
0 i

)
, Â2n(x, y) =

δ(x− y)

σ′(T̃y)

(
−i(s + x) 0

0 0

)
.

Moreover, ∂2
s log Dn(s, T) = −TrH1 (UV)



The integro–differential Painlevé II hierarchy

The compatibility condition gives, for u(s|x) := U(x, x), the n-th member of the
integro-differential Painlevé II hierarchy :

(s + x)u(s|x) = −
(
(Lu

+Lu
−)nu

)
(s|x)

Given a function R2 3 (s, x) 7→ f (s|x), we define

(Lu
+f )(s|x) := i(Dsf )(s|x)− i

〈
(D−1

s {u, f})(s|x, ·), u
〉
− 2i

(
D−1

s 〈u, f 〉
)
u(s|x),

(Lu
−f )(s|x) := i(Dsf )(s|x) + i

〈
(D−1

s [u, f ])(s|x, ·), u
〉
,

where
[α, β] := α⊗ β − β ⊗ α is intended as rank two integral operator with kernel

[α, β](s|x, y) = α(s|x)β(s|y)− β(s|x)α(s|y),

{α, β} := α⊗ β + β ⊗ α the same but with kernel

{α, β}(s|x, y) = α(s|x)β(s|y) + β(s|x)α(s|y),

〈·, ·〉 indicates

〈f , g〉 :=

∫
R

f (s|x)g(s|x)σ′(T̃x)dx.



First equations of the hierarchy

The first members of the hierarchy read as

n = 1 : (s + x)u = u′′ − 2u〈u, u〉,

n = 2 : −(s + x)u = u′′′′ − 4u′′〈u, u〉 − 8u′〈u′, u〉 − 6u〈u, u′′〉

− 2u〈u′, u′〉+ 6u〈u, u〉2,

n = 3 : (s + x)u = u′′′′′′ − 6u′′′′〈u, u〉 − 8u〈u′′′′, u〉 − 24u′′′〈u′, u〉
− 19u′〈u, u′′′〉 − 13u〈u′′′, u′〉 − 31u′′〈u′′, u〉
− 11u〈u′′, u′′〉 − 25u′′〈u′, u′〉 − 45u′〈u′′, u′〉

+ 15u′′〈u, u〉2 + 55u〈u, u〉〈u′′, u〉+ 60u′〈u′, u〉〈u, u〉

+ 25u〈u′, u′〉〈u, u〉+ 55u〈u′, u〉2 − 20u〈u, u〉3.

Here ′ states for the derivation w.r.t. the real parameter s.



An integro–differential modified KdV hierarchy

t1 = sT
1

2n+1 , t2n+1 :=
T

2n + 1
.

Proposition (T. Bothner, M.C., S. Tarricone)

v(t1, t2n+1|x) :=
1

T
1

2n+1
u
(

s| x

T
1

2n+1

)
is a solution of the integro–differential modified KdV hierarchy

∂v
∂t2n+1

(t1, t2n+1|x) =

(
(Lv
−L

v
+)n ∂v

∂t1

)
(t1, t2n+1|x).

n = 1 :
∂v
∂t3

= −∂
3v
∂t3

1
+ 3

∂v
∂t1

< v, v > +3v
〈
∂v
∂t1

, v
〉
,

where now
〈f , g〉 :=

∫
R

f (s|x)g(s|x)σ′(x)dx.



Remarks

1) Also the results obtained in this setting extend to more general weights σ.

2) Can one describe the monodromy manifold associated to the equation?




