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TASEP & Tracy-Widom

————————————————————————— time r~alL

h(r,~) = height function at time = and position ~.
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TASEP & Tracy-Widom

7777777777777777777777777 time r~alL

h(r,v) = height function at time = and position ~.

» [Johansson, 1999] For some constants c1, c2, 3, c4,

2/3 _ 2/3 2
lim P h(L7,c1L*/°v) — (caTL + ¢c3(TL)*/?) <z = FQ( T )
ca(TL)/3

L—oo T1/3 At

where F; is the g = 2 Tracy-Widom distribution.
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Tracy-Widom distribution, a different view

Limiting one-point distribution of TASEP with step i.c.:

Ficea(o,1,7) i= Fa s 4
KPZ\Z, 7, T) = I'2 173 47473 )
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Tracy-Widom distribution, a different view
Limiting one-point distribution of TASEP with step i.c.:
2
— x 24
Fxpz(z,7,T) = F (m + W) )

> [Forrester, 1992] Fpz = det (I — A_,A,), where Ay : L2(0,00) — L2(0, 00)

acts with kernel
1 —Zw+ Lwtuw
Ay (u,v) =Ay(u+z+v), Ay(u):=— e 3 2 dw
2mi JA
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Tracy-Widom distribution, a different view

Limiting one-point distribution of TASEP with step i.c.:

Fea(em) = B (s + o
KPZ\Z, 7, T) = I'2 173 47473 )

> [Forrester, 1992] Fpz = det (I — A_,A,), where Ay : L2(0,00) — L2(0, 00)
acts with kernel

1 T w34 Y a2 y
Ay (u,v) =Ay(u+z+v), Ay(u):=— e~ FwiHFuwituwgy,
2mi JA
> [Bertola & Cafasso, 2010’s] Fixpz = det (I — ), where F : L2(A) — L2(A) acts
with kernel
— 27 ™
1 a@(u)Tb(v 3 3
F(“v U) = T ( ) ( ) \ ’
UX) u—v \ 7 A
d(w) = e 3GU TR —awas gy, ST
- T8 : - A=AyfUA_
b(u) = e%(gu%r%“z*z”)”bo(u), X -
A ,/ \\
’ \
7 AY
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Tracy-Widom distribution, a different view

Limiting one-point distribution of TASEP with step i.c.:

2

. T
Fxpz(z,v,7) = % (71/3 + 47-4/3) ’

> [Forrester, 1992] Fpz = det (I — A_,A,), where Ay : L2(0,00) — L2(0, 00)
acts with kernel

Ay(u,v) = Ay(u+z+v), Ay(u):=

PR SPEs S PP )
e FW +2w +uudw

2mi JA
> [Bertola & Cafasso, 2010’s] Fixpz = det (I — ), where F : L2(A) — L2(A) acts
with kernel
— 27 ™
1 a(uw)Tb(v 3 3
F(U,U)ZT() () \ ’
UX) u—v \ 7 A
T 3, A \ ’ +
d(u) — —%(3143+ 511,2_.%11,)03 o (u)7 \\ /,
o T : o A=Ay UA_
b(u) = e%(§“$+%“271”)03b0(u), X -
A ,/ \\
’ \
7 AY

> [Tracy & Widom, 1993; Quastel & Remenik, 2019] %FKPZ := u(z,~, 7) solves
the KP equation,

12u~y~ + (12ur + 12uus + Ugge)z = 0.
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Three distinguished regimes when time and period go to co
> Super-relaxation time scale: time > period, random walk (one particle)

» Sub-relaxation time scale: time <« period, standard TASEP

» Relaxation time scale: intermediate regime, all particles critically correlated:

o According to KPZ, spatial correlations = ¢2/3
o So for relaxation time scale, t2/® = period
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Periodic TASEP - three regimes

Three distinguished regimes when time and period go to co
> Super-relaxation time scale: time > period, random walk (one particle)

» Sub-relaxation time scale: time <« period, standard TASEP

» Relaxation time scale: intermediate regime, all particles critically correlated:

o According to KPZ, spatial correlations = ¢2/3
o So for relaxation time scale, t2/® = period

> For what follows, we assume periodic step IC.
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The Periodic TASEP

> [Baik & Liu, 2018; also Prolhac, 2016] In relaxation time scale,

. h(cis,cat) — cgs — cat 1/3
< = 5
Lh—>mooP ( C5L1/2 ST F(T x5, T)
with
Flair ) = %emm(g)w@(s)w(g) det(I — Kg) -
’ 2mi&

where K¢ = K¢ (x,v, 7) is a discrete trace class operator and A1, Az, B are
explicit parameter-free polylogs.
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The Periodic TASEP

> [Baik & Liu, 2018; also Prolhac, 2016] In relaxation time scale,

. h(cis,cat) — cgs — cat 1/3
< = 5
Lh—>mooP ( C5L1/2 ST F(T x5, T)
with
Flair ) = %emm(g)w@(s)w(g) det(I — Kg) -
’ 2mi&

where K¢ = K¢ (x,v, 7) is a discrete trace class operator and A1, Az, B are
explicit parameter-free polylogs.
»> What can we say about F(z;~,7)?
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

Frpz(ziv, 7) = det(I — A_yAy), A: L*(0,00) — L?(0,00),
with

1 T w34 Y w2,
Ay(u,v) = Ay(u+x+v), Ay(u):= i em W AT tuw gy,
T JA_
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

Fipz(@;v,7) = det(I — A_yAy), A : L2(0,00) — L?(0, 00),
with ) 5 R
Ay, 0) = Ay(ut ot o), Ay() = o | " BT ruw g,
T _
For pTASEP with periodic step i.c.,
dg

F(z;y,7) = }‘{gh E(&z,7)det(I - T_'*TW)E’

where T : L2(0, c0) — L?(0, c0), with
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

Frpz(ziv, 7) = det(I — A_yAy), A: L*(0,00) — L?(0,00),
with

1 T wB4Y w2t uw
Ay(u,v) = Ay(u+x+v), Ay(u):= — e FWItgwituw g,
2mi JA_

For pTASEP with periodic step i.c.,

i) = §  BEende-T,T) %
—e 2mi&
€l
where T : L2(0, c0) — L?(0, c0), with
e—Qw)

—w

Tl Lw?
e 3 w +2w +uw

> T (u) = Ty(utatv), Tow)i=
weS_
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

Frpz(ziv, 7) = det(I — A_yAy), A: L*(0,00) — L?(0,00),
with
1 —Twd+Zwtuw
Ay(u,v) = Ay(u+x+v), Ay(u):= — e 3 2 dw
27t JA_
For pTASEP with periodic step i.c.,
dg

F(z;y,7) = }‘{gk E(&z,7)det(I - ’[[‘_»ﬂl‘w)m7

where T : L2(0, c0) — L?(0, c0), with

—Q(w) T, 3,7, 3
> T\ (u,v) =Ty (ut+z+v), Ty(u):= Z ¢ e~ 5wt Fultuw
—w
wEeES_
> S_(¢) = S— is a specific discretization of A_,
_={u= 6_52/2}
for which for u € S— .
Tyt (u) = %(u)
Ty-1(u) =T~ (u)
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

Frpz(ziv, 7) = det(I — A_yAy), A: L*(0,00) — L?(0,00),
with
1 —Twd+Zwtuw
Ay(u,v) = Ay(u+x+v), Ay(u):= — e 3 2 dw
27t JA_
For pTASEP with periodic step i.c.,
dg

F(z;y,7) = }‘{gr E(&z,7)det(I - ’[[‘_»ﬂl‘w)m7

where T : L2(0, c0) — L?(0, c0), with

—Q(w) T, 3,7, 3
> T\ (u,v) =Ty (ut+z+v), Ty(u):= Z ¢ e~ 5wt Fultuw
—w
wEeES_
> S_(¢) = S— is a specific discretization of A_,
_={u= 6_52/2}
for which for u € S— .
Tyt (u) = %(u)
Ty-1(u) =T~ (u)

» Spacing between consecutive points ~ u !

Guilherme Silva PTASEP



TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

Frpz(ziv, 7) = det(I — A_yAy), A: L*(0,00) — L?(0,00),
with ) s ,
T w3 w2y
Ay(u,v) = Ay(u+z+v), Ay(u):= — Fwitgwituwy
27t JA_

w

For pTASEP with periodic step i.c.,

d.
F(a;y, ) =}l{ E(&;x,f)det(llfir_ﬂrw)i,
—e 2mi&
€]
where T : L2(0, c0) — L?(0, c0), with

—Q(w o
€ ( )6—%w3+§wz+uw

> T (u0) = Tyuta o), To(w)i= Y

weS_ —w

> S_(¢) = S— is a specific discretization of A_,

_i={u= 6_52/2}

for which for u € S— .
Tr1(u) =€ 1Tv(u)
Ty—1(u) = T (u)

» Spacing between consecutive points ~ u !
> @ is a polylog function (independent of z, v, )
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

1 a(u)Tb(v)

Fipz = det (]I _ IE<‘| i
27i u — v

L2(A)) , with F(u,v) :=

and

1er,3,42

. -1 u2—zu)og -
a(u) :=e 23 2 3dg(u)

- 11,31 2,2_ -
b(u) ::eQ(gu tou Iu)g3b0(u)
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

RS @(u)Tb(v)

27i u — v

Fpyz = det (11 - IE<‘|L2(A)> , with F(u, v) =
and

_l(zj“3+l

d(u) = e 3 u—ww)os g )

Lzudsd

(u) i~ e? u —J:u)cr3b0(u>

For pTASEP with periodic step i.c.,

d
Py = § B dan w2

where H : £2(S) — (2(S), with
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TASEP and Periodic TASEP (with Baik and Liu, on arxiv)

I dt(]l | ) with F(u, v) = — &) Tb(v)
= de — s ,V) = — ————————
Kpz L2(A) " 2mi u — v
and
1 3
a(u) = e~ 3(Fu +32Lu 7Tu)03a0(u)
W gulo
B(w) e (Fut Gl EOLET A

For pTASEP with periodic step i.c.,

) = : _ )%
Py = § B dan w2
where H : £2(S) — (2(S), with
o T
H(u,v) = M, u,v €S, u#v,
u—v

and
Flu) = e*%<%u3+%u2*w>f’%(u)

G(u) = e3 (T4 308 e0Ta gy
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[IKS-integrable operators

fw)dw) 2(S), Fluw) =L a@(w)Th(v)
v

H(u,v) = -
u—v 2 u —

on L2(A),
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[IKS-integrable operators

on 2(S), F(u,v) =

()" g(v) on L2(A).
v

H(u,v) = ! - iiﬁ‘(u)Ti(v)

2 u —

> Both are IIKS-integrable operators
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[IKS-integrable operators

1 d(w)Th(v)

on £%(S), F(u,v) = —
2w u—v

() g(v) on L2(0),
v

H(u,v) = !
w—

> Both are IIKS-integrable operators
> Canonical way to associate RHP
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[IKS-integrable operators

1 d(w)Th(v)

on £%(S), F(u,v) = —
2w u—v

() g(v) on L2(0),
v

H(u,v) = ! -

> Both are IIKS-integrable operators
> Canonical way to associate RHP
For pTASEP the RHP is discrete:
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[IKS-integrable operators

H(u,v) = on 62(S), F(u,v) =

Fw)" 5() @) oy
u—v v

2 u —
> Both are IIKS-integrable operators
> Canonical way to associate RHP
For pTASEP the RHP is discrete:
> X :C\S — C?*2 s analytic
> X has simple poles at each w € C, with ELS%X = 211_% X(2)Rx(z),, where

0 e VEFQ() Ly g
Rx(2) = (ev(z)Q(z)iXS_ 0 T, Viz) = ,Z + 22 + 22z

> As z — oo, X
X(z)=T+ 71 +0(z72).
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[IKS-integrable operators

H(u,v) = on 62(S), F(u,v) =

Fw)" 5() @) oy
u—v v

2 u —
> Both are IIKS-integrable operators
> Canonical way to associate RHP
For pTASEP the RHP is discrete:
> X :C\S — C?*2 s analytic
> X has simple poles at each w € C, with ELS%X = 211_% X(2)Rx(z),, where

0 e VEFQ() Ly g
Rx(2) = (ev(z)Q(z)iXS_ 0 T, Viz) = ,Z + 22 + 22z

> As z — oo, X
X(z)=T+ 71 +0(z72).

As usual, 9z log det(I — H) = (X1)11
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RHP of interest

With V(s) = —%us + %uZ + zu
»> For pTASEP
R(u) = e~ 3V (W93 R (u)ed V(W3

with Ro independent of z,~, 7

Guilherme Silva
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with Jy independent of z,~, 7
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RHP of interest
With V(s) = —%us + %uQ + zu
»> For pTASEP
R(u) = e~ 3V (W93 R (u)ed V(W3
with Ro independent of z,~, 7
Theorem (Baik, Liu & S., arxiv)
The functions
ui (23, s T) = Ozx log dEt(H = A—’YA'Y)?

take the form u = pq where p, q satisfy
> Coupled mKdV system

3pr + Prza + 6prpz =0
3rr + regs + 6rpry =0

» For TASEP

J(u) = em2V(Wes Jo(u)e%‘/(“)‘73

with Jy independent of z,~, 7

Ug(x, s T) = Ozx log dEt(H = T—’YTW)

» Coupled heat equations

Py + Pew +2p%r =0
Ty —Taz —2r2p =0

Guilherme Silva
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RHP of interest

With V(s) = —%us + %uQ + zu
> For pTASEP » For TASEP
R(u) = ef%v(“)UBRo(u)e%V(u)US

with Ro independent of «,~, with Jo independent of z,~, 7

Theorem (Baik, Liu & S., arxiv)
The functions

uy(x,7,T) = Ozz logdet(I — A_,A),
take the form u = pq where p, q satisfy

> Coupled mKdV system
{3PT + Prxax + 6prps =0

» Coupled heat equations

Py + Pza +2p%r =0
3TT+Trzz+GTpTz:0 Ty—sz—2r2p:0
» KP equation

12U~y + (12ur + 120Uz + Uzza )z = 0

J(u) = em2V(Wes Jo(u)e%‘/(“)‘73

Ug(x, s T) = Ozx log dEt(H = T—’YTW)
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Integrable PDE’s - comments

» For TASEP, equations follow from PlII
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Integrable PDE’s - comments

» For TASEP, equations follow from PlII

> For pTASEP with general i.c., we also obtain KP equation
o After some little work, relevant kernel on L2 (0, oo) takes the form

i 3 3 - 2772 et o)
T*(u,0) = 3 To(u, v)e™ € H1IFIE —nDF(ura)es (vren
€
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Integrable PDE’s - comments

» For TASEP, equations follow from PlII

> For pTASEP with general i.c., we also obtain KP equation
o After some little work, relevant kernel on L2 (0, oo) takes the form
T (u,0) = 3 To(u, )™ € FT)H1(E =0+ (utm) e+ (v he)n
&m
o Key differential identities
0T = 8, T'° + 8, T'°, (%Tic = T — ByuT'C  9rTC = Dy T'C + Oy T
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Integrable PDE’s - comments

» For TASEP, equations follow from PlI

> For pTASEP with general i.c., we also obtain KP equation
o After some little work, relevant kernel on L2 (0, oo) takes the form
T (u, v) = Z T (u, v)67(53+n3>+7<52—'r72>+(u+w)s+<v+c>n
&m
o Key differential identities
0:T = 8, T + 8,T'°, 8,T'° = 0y T — 0y T'® 9T = By T' + Doy T'®

» For pTASEP, parameter £ should appear in boundary conditions
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Integrable PDE’s - comments

» For TASEP, equations follow from PlI

> For pTASEP with general i.c., we also obtain KP equation
o After some little work, relevant kernel on L2 (0, oo) takes the form

T (u,v) = 3 To(u, )™ € FT)H1(E =0+ (utm) e+ (v he)n
&n
o Key differential identities
0T = 0T 4+ 8y T, 94T = 9y T — 8o T 9T = Dy T'° + Qv T'€

» For pTASEP, parameter £ should appear in boundary conditions

> For pTASEP, existence of solution for every ¢ is still lacking
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Integrable PDE’s - comments

» For TASEP, equations follow from PlI

> For pTASEP with general i.c., we also obtain KP equation
o After some little work, relevant kernel on L2 (0, oo) takes the form

T (u, v) = ZTo(u, v)67(53+n3>+7<52—'r72>+(u+w)s+<v+c>n
&n
o Key differential identities
0:T = 8, T + 8,T'°, 8,T'° = 0y T — 0y T'® 9T = By T' + Doy T'®

» For pTASEP, parameter £ should appear in boundary conditions
> For pTASEP, existence of solution for every ¢ is still lacking

> For pTASEP with flat i.c., we connect to KdV equation

Guilherme Silva PTASEP



Asymptotic results [Baik, Liu & S., arxiv]

The different representations
det(I — K¢) = det(I — H) = det(I — T—,T)

are useful for different purposes.
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Asymptotic results [Baik, Liu & S., arxiv]

The different representations
det(I — K¢) = det(I — H) = det(I — T—,T)

are useful for different purposes. We obtain
> Long time asymptotics: Gaussian convergence

lim F(—r ot T2 L /w —v?/2¢g
im —T xT /%, = e
o V2 V)TV Y
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Asymptotic results [Baik, Liu & S., arxiv]

The different representations
det(I — K¢) = det(I — H) = det(I — T—,T)

are useful for different purposes. We obtain
> Long time asymptotics: Gaussian convergence

TN Gy L /m —v?/2,
im —T xT 7T, = e

o V2 V)TV Y
» Small time asymptotics: degeneration to TASEP (for v = 0)

lim F (Tl/3x; T,y = O) = Fy(z)

T—0
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Asymptotic results [Baik, Liu & S., arxiv]

The different representations
det(I — K¢) = det(I — H) = det(I — T—,T)

are useful for different purposes. We obtain
> Long time asymptotics: Gaussian convergence

TN Gy L /m —v?/2,
im —T xT 7T, = e

o V2 V)TV Y
» Small time asymptotics: degeneration to TASEP (for v = 0)

. /3. _0) —
lgnOF(T x,T,'y—()) = Fy(z)

> Large tail behavior:

1—F(z;7,7)

1/3
——————=140("*"), z—o o
1 — Fxpz(z; 7,7)
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Time to wrap up

» We connected the limiting one-point distributions to integrable systems

» For multipoint distributions of both TASEP and pTASEP (with step i.c.), we recently
generalized these results (work in progress with Baik and Prokhorov)

» Some asymptotic results are obtained, with distinct methods

> Other asymptotic questions may be within reach (in progress)
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Thank you!
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