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POINT PROCESSES IN GENERAL

Let R be a complete separable metric space.

Let Conf(R) be the set of locally finite configuration of points
{ri,r2...} CR:

#{r; € K} < oo for all compact K C R.

For any B C R bounded Borel set and any n > 0, let C,, the set of
configurations {ri,r2...} C R such that #{r; € B} = n.
Let S be the o-algebra of subsets of Conf(R) generated by the Cp ,'s.
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POINT PROCESSES IN GENERAL

Let R be a complete separable metric space.

Let Conf(R) be the set of locally finite configuration of points
{ri,r2...} CR:

#{r; € K} < oo for all compact K C R.

For any B C R bounded Borel set and any n > 0, let C,, the set of
configurations {ri,r2...} C R such that #{r; € B} = n.
Let S be the o-algebra of subsets of Conf(R) generated by the Cp ,'s.

DEFINITION. A point process on R is a probability measure on
(Conf(R),5).
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CORRELATION FUNCTIONS

For any B C R bounded Borel, let

#B : COnf(R) — ZZO
{7‘1,7“27...} — #{’m EB}.

Given a point process on R, #p are random variables (#5'(n) = Cp,»).
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CORRELATION FUNCTIONS

For any B C R bounded Borel, let

#p5: Conf(R) —  Z>o
{7‘1,7“27...} — #{’n EB}.

Given a point process on R, #p are random variables (#5'(n) = Cp,»).

From now on, fix a reference measure dr on R.
DEFINITION. Given a point process on R and let k > 1. If there exists
pr € LE (RF,dr®%), pr > 0 are such that:

> for all B1,...,Bn C R disjoint bounded Borel, and

> for all integers ki,...,km > 1 with k1 + -+ 4+ km = k,

#31! #B,,! :| /
m - i) dry . dr,
o~ kL o~ bl Jotr et P e

then py is called k-point correlation function.

15 September 2020 Giulio Ruzza (UCLouvain) — Multiplicative statistics of the Airy process and the KdV equation 2/27




CORRELATION FUNCTIONS

For any B C R bounded Borel, let

#B : COnf(R) — ZZO
{7‘1,7“27...} — #{’m EB}.

Given a point process on R, #p are random variables (#5'(n) = Cp,»).

From now on, fix a reference measure dr on R.

DEFINITION. Given a point process on R and let k > 1. If there exists
pr € LE (RF,dr®%), pr > 0 are such that:
> for all B1,...,Bn C R disjoint bounded Borel, and
> for all integers ki,...,km > 1 with k1 + -+ 4+ km = k,
#31! #B,,! :| /
o = (r1, .y i) dry .. drg,
Erspy TR ey e ) Rl P

then py is called k-point correlation function.

Under mild analytic assumptions, the correlation functions {px }r>1 uniquely
define a point process [Lenard (1970s)].
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DETERMINANTAL POINT PROCESSES

A point process is called determinantal if it has correlation functions

pr(ra, ..y mi) = det [K (ri,ry)]f 5,
for some correlation kernel K(r1,72).

E.g. eigenvalues of random matrices.
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DETERMINANTAL POINT PROCESSES

A point process is called determinantal if it has correlation functions
pr(r1, ..., i) = det [K(rq, Tj)]ijzl

for some correlation kernel K(r1,72).

E.g. eigenvalues of random matrices.

THEOREM. Let K(r1,72) be the correlation kernel of a determinantal
point process on R. If ¢ : R — R is such that the formula

Ko : f(r) o> /R K(rr)o(r') f(r)dr’

defines a trace-class operator, i.e. [, |o(r)K(r,r)|dr < 400, then

Nk
EITa-¢tra]| =2 ( k.lg) det [K (ri, r))(ry)] oy dra - dr

i>1 k>0 RE

=S (- (/cgk) —: det () (I — Kyp).-

E>0
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AIRY PROCESS

Recall the Airy function

A" (r) = rAi(r)

exo(=3+°/2)

Al = — =373 (1+o(r=*/2)),  rotoo
sin(2|r3/24 2
Ai(r) = %(14»0(7“_3/2)), r——o0
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AIRY PROCESS

Recall the Airy function

A" (r) = rAi(r)

ol —2.3/2
i?%f%rl@+oﬁfwﬂ% oo
sin(2(r3/24m
S (o), e

Ai(r) =

Ai(r) =

The Airy process is the determinantal point process on R with kernel

Ai(?“l )Ai/(T’Q) - Ai(?“z )Ai/(T’l )

L — T2

KAi(’I‘l,Tz) =

The Airy process characterizes in various instances the generic universal
edge behavior of eigenvalues in random matrices
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TRACY-WIDOM DISTRIBUTION

In the general Theorem on determinantal point processes, take K = K™ and
©s (1) = VX[s,400) () with v € [0,1].  (Note f:roo |KA(r,r)|dr < oo for all s)

Prw(s;7) =B | [J(1 = 7X(s,400) (1)) | = detpzq ooy (I — KA
Jj>1

where A1 is the operator with kernel KAI
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TRACY-WIDOM DISTRIBUTION

In the general Theorem on determinantal point processes, take K = K™ and
©s (1) = VX[s,400) () with v € [0,1].  (Note f:roo |KA(r,r)|dr < oo for all s)

Frw(s;v) ==E H(l — VX[s,+00) (ri))| = detL2(3,+oo)(I - ’YICAi)
Jj=>1

where A1 is the operator with kernel KAI
THEOREM [C. Tracy and H. Widom (1993)].

—+oo
o= ([ -t
S
where y~(s) is the Ablowitz-Segur PII solution:

Yy (s) = syy (s) + 245 (s), N
Y~y (8) ~ /YA (s), s — to0.

The Tracy-Widom distribution Fpyw has then been recognized as a universal
distribution appearing in the study of many strongly correlated systems.
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AIRY MULTIPLICATIVE STATISTICS AND KDV

Now take K = K*! and o, (1) = o(t~%/3(r + 2t ~1/?)) with:
> o =o0(z) in € R\ {z1,...,2r}), for some points z1 < --- < zx,
» 0" (zj£) exist foralln > 0and j =1,...,k,
> 2 <2 = 0(z) <o(2'), o(—00) =0, o(+00) =7 € [0,1],
> [ pat(P) KA (r,r)dr < +00. (Eg. o(z) = O(|2|~3/27%), 2 = —c0, §>0.)

Introduce

Qo’(-’ry t): detL2<R) (I — K“:;,t) , ::7/,
Uo (T, t):= 9%10g Qo (z,t) + Z. .
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AIRY MULTIPLICATIVE STATISTICS AND KDV

Now take K = K*! and o, (1) = o(t~%/3(r + 2t ~1/?)) with:
> o =o0(z) in € R\ {z1,...,2r}), for some points z1 < --- < zx,
» 0" (zj£) exist foralln > 0and j =1,...,k,
> 2 <2 = 0(z) <o(2'), o(—00) =0, o(+00) =7 € [0,1],
> [ pat(P) KA (r,r)dr < +00. (Eg. o(z) = O(|2|~3/27%), 2 = —c0, §>0.)

Introduce

Qo(x,t):=detp2m) (I — K5 ), o/
Uo(x,t):= 02log Qo (, 1) + 57 1

THEOREM (Cafasso-Claeys-R, 2020). For all z € R,¢ > 0, the function
Us = Us(z,t) satisfies the KAV equation;

1
Ote + 2UsOptls + gaiua =0.

See also Quastel-Remenik: KP governs random growth of a one dimensional substrate
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KDV EQUATION

The KdV equation was originally introduced by Boussinesq in 1877, and
considered again by Korteweg and de Vries shortly after, in 1895.

Its original scope was modeling of dispersive waves in shallow water.
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KDV EQUATION

The KdV equation was originally introduced by Boussinesq in 1877, and
considered again by Korteweg and de Vries shortly after, in 1895.

Its original scope was modeling of dispersive waves in shallow water.

In the 1960s it has been recognized as a prototypical example of integrable
PDE.

It then appeared in the most disparate branches of Mathematical Physics:
beyond the original setting of fluid dynamics, let us mention the
Fermi-Pasta-Ulam-Tsingou problem, quantum gravity, enumerative geometry,
and now integrable probability.

15 September 2020 Giulio Ruzza (UCLouvain) — Multiplicative statistics of the Airy process and the KdV equation 7/27




KDV EQUATION

The KdV equation was originally introduced by Boussinesq in 1877, and
considered again by Korteweg and de Vries shortly after, in 1895.

Its original scope was modeling of dispersive waves in shallow water.

In the 1960s it has been recognized as a prototypical example of integrable
PDE.

It then appeared in the most disparate branches of Mathematical Physics:
beyond the original setting of fluid dynamics, let us mention the
Fermi-Pasta-Ulam-Tsingou problem, quantum gravity, enumerative geometry,
and now integrable probability.

Techniques of direct/inverse scattering (based on the Lax pair
representation) allow to study the initial value (¢ = 0) problem for a broad class
of KdV solutions.

The class of KdV solutions introduced here exit the realm of this theory.
In particular, the initial datum blows up at ¢t = 0 for x < 0: in this case we are
closer to results of Its and Sukhanov for the cylindrical KdV equation.
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LAX PAIR REPRESENTATION

THEOREM [P. D. Lax (1968)]. If the function ¥ (z,t;z) (“wave
function”) satisfies the Schrédinger equation

Lip(x,t; 2) = 29(x, t; 2), L =07+ 2u(z, 1),

and simultaneously

Dbl b 2) = Mab(a,ts2), M= —ga‘;f — 2u(, )0, — aula, b),

then the potential u(z,t) of the Schroedinger equation satisfies the KdV
equation

Oru(z, t) + 2u(z, t)Opu(x, t) + %aiu(a:,t) =0.
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INTEGRO-DIFFERENTIAL PAINLEVE 11

THEOREM (Cafasso-Claeys-R, 2020). The wave function Vo (z,t; 2)
associated with the KdV solution uq(z,t) = 93 log Qo (2,t) + £ satisfies
a8 1

Uo(z,t) = 2% Eéwi(x,t;z)da(z),

and has the asymptotic behavior
e—%t23/2+le/2
2 /w214

as z — oo with |arg z| < w — 4§, for any 6 > 0.

Yo (T, 2) ~
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INTEGRO-DIFFERENTIAL PAINLEVE 11

THEOREM (Cafasso-Claeys-R, 2020). The wave function Vo (z,t; 2)
associated with the KdV solution uq(z,t) = 93 log Qo (2,t) + £ satisfies
a8 1

Uo(z,t) = 2% Eéwi(x,t;z)da(z),

and has the asymptotic behavior
e—%t23/2+le/2

2/mzt/4

as z — oo with |arg z| < w — 4§, for any 6 > 0.

Yo (T, 2) ~

Substituting in the Schrédinger equation we quickly get Amir-Corwin-Quastel’s

integro-differential Painlevé II equation;

urteti2) = (= T+ 3 [ W@t ) vo(ontio)
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STEP FUNCTION ¢: PAINLEVE II AND TRACY-WIDOM

When 0(z) = YX[0,4+00)(2) we have
Gat(r) = o3+ 0t %) = X1/, (7).
By definition Qo (x,t) = Frw(—xt'/%;7), so by the Tracy-Widom theorem
U (z,t) = OiFTw(fxt71/3;7) + 2% = 2% — t72/3y,2y (fxt71/3)

and us(z,t) is a self-similar KdV solution.
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STEP FUNCTION ¢: PAINLEVE II AND TRACY-WIDOM

When 0(z) = YX[0,4+00)(2) we have
Pai(r) = a2 (r+at %)) = yx_-1/8 4oy (1)
By definition Qo (x,t) = Frw(—xt'/%;7), so by the Tracy-Widom theorem

_ xr X _ _
uo(2,1) = O Prw(—at™/%9) + = = 2 — 7% (—at ™)

and us(z,t) is a self-similar KdV solution.
Indeed, the integro-differential Pll reduces for o(z) = v¥X[0,+c0)(2) to

r 2

02, (a.6:2) = (= 5 + 202060 ) wr,1:2)

which implies (assuming v # 0) the PII equation
Y (s) = sy(s) +2¢°(s)

where s = —xt /3, y(s) = 412471/ 4p, (—st'/3, t;0).
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PIECEWISE CONSTANT o: COUPLED PAINLEVE II SYSTEM

When o(2) = 320, pteX(zy,00)(2) (e >0, v = g1 + - + i, € [0,1]) the
integro-differential Pl implies

Pyi(s,t) = (s + 21t )ya (s, 1) + 2y1(s,t) Sh_ y2 (s,1),

6§yk(57 t) = (5 + Zth/S)yk (57 t) + 2yk (87 t) ZIZ:1 y[? (57 t),

for the dependent variables y1(s,t),...,yx(s,t), where
ye(s,t) = py/t 0y (—st'? 15 20).

This system was first derived by Claeys and Doeraene (2017).
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PIECEWISE CONSTANT o: COUPLED PAINLEVE II SYSTEM

When o(2) = 320, pteX(zy,00)(2) (e >0, v = g1 + - + i, € [0,1]) the
integro-differential Pl implies

Pyi(s,t) = (s + 21t )ya (s, 1) + 2y1(s,t) Sh_ y2 (s,1),

6§yk(57 t) = (5 + Zth/S)yk (57 t) + 2yk (87 t) ZIZ:1 y[? (57 t),

for the dependent variables y1(s,t),...,yx(s,t), where
ye(s,t) = py/t 0y (—st'? 15 20).
This system was first derived by Claeys and Doeraene (2017).

The KdV solution is

k
x — —
Uo’(m7t) = 27t —t 28 E y%(fxt 1/37t)'
(=1
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LOGISTIC 0: NARROW WEDGE SOLUTION TO THE KPZ EQUATION

Another interesting case follows from the remarkable identity (Amir, Corwin,
and Quastel (2011) - Borodin and Gorin (2016))

_ T3 (x(1)—s) 1
Expz {e } = Eai H T TiB(r g
ji1l+e” (ri=s)

It expresses the narrow wedge solution to the Kardar-Parisi-Zhang

stochastic PDE

T(T) = HETOHE {8TH(T,X) = LOXH(T, X) + L (0xH(T, X))* + (T, X),
H(0, X) = log dx—o, (& =space-time white noise)

in terms of a multiplicative Airy statistics.
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LOGISTIC 0: NARROW WEDGE SOLUTION TO THE KPZ EQUATION

Another interesting case follows from the remarkable identity (Amir, Corwin,
and Quastel (2011) - Borodin and Gorin (2016))

_ T3 (x(1)—s) 1
Expz {e } = Eai H T TiB(r g
ji1l+e” (ri=s)

It expresses the narrow wedge solution to the Kardar-Parisi-Zhang

stochastic PDE

T(T) = HETOHE {8TH(T,X) = LOXH(T, X) + L (0xH(T, X))* + (T, X),
H(0, X) = log dx—o, (& =space-time white noise)

in terms of a multiplicative Airy statistics.

The right side of this identity coincides with the of
Fredholm determinant Q. (z,t), provided I/

= 67, s = —xt71/3, T=t">
14 e*

o(z)
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SMALL TIME ASYMPTOTICS FOR uy(x,t)

o (2) = 7X[0,400) ()| < cre~2l?l 2 eR,

Decay properties:
y prop {|0/(z)| < cslz| 2 12| > C.

THEOREM (Cafasso-Claeys-R, 2020). Assuming o satisfies the decay
properties we have the following uniform estimates.

> Vio >0 3M,c > 0 such that for © < —MtY3, 0 <t < to
Uy (z,t) = z/(2t) + O(exp(—c|z|t~/%)).
» e > 0 such that VM > 0 and for |z| < Mt'/3, 0 <t < e:
Uy (2, 8) = 2/ (2t) — 232 (-t + O (1).

> If v =1: Jus(x) such that Ie, M > 0 such that VK > 0 and for
Mt'? <z < K,0<t<e that

Uy (z,8) = vy (z) (1 + Oz /%)).
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INTEGRO-DIFFERENTIAL PAINLEVE V

PROPOSITION (Cafasso-Claeys-R, 2020). Assuming o satisfies the
decay properties and v = 1, the function v, has the asymptotics

1
Vo (x) = 32 + = / (X[0,400) (2) — 0 (2)) dz+ O (xQ) , as © — 0.
R
Moreover, it can be expressed for all x > 0 as
1
vr @) = 3 [ (262 @i2) + 0r60 (532))%) do (2),
R

where ¢o (x; z) solves the Schrodinger equation
8204 (2:2) = (2 — 20, (2)) 6 (3:2).
and satisfies [, ¢z (v;2)do (2) = z/2 and has the asymptotics
z) ~/z/2 Iy (zv/z), as z — oo with |argz| < m — 6, for any § > 0,

where 1o is the modified Bessel function of the first kind.
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SMALL TIME ASYMPTOTICS FOR log Qs (x,t)

THEOREM (Cafasso-Claeys-R, 2020). Assuming o satisfies the decay
properties we have the following uniform estimates.

> Vto > 0 IM, ¢ > 0 such that for x < —Mt'/>, 0 < t < to
log Qo (z,t) = O (exp (—c|x|t_1/3)) .
> Je > 0 such that YM > 0 and for |z| < Mt'/?, 0 < t < e:
log Qo (z,t) = log Frw (7%,1/3) +0 (t1/3) .

> If v =1: Jvs(x) such that Je, M > 0 such that VK > 0 and for
Mt*? <z < K,0<t< e that

3
az 1 —1/3 log 2 0
log Qo t:————l(t ) log ¢'(—1
0g Qo (z,1) 15t " glos e + < tloed'(=1)
¥ 1 —1,1/3
+/ (x—z) (vg(x')— @)dx/—i—(?(m ¢/ )
0
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STRATEGY OF THE PROOFS

Its-Izergin-Korepin-Slavnov theory of integrable operators

Riemann-Hilbert problem

— | T

KdV equation Integro-differential PII

Deift-Zhou asymptotic analysis
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ITS-IZERGIN-KOREPIN-SLAVNOV THEORY

An operator K on L?(R) is called integrable if it is of the form
T /
K:f(r)— / %h(,r)f(r/)dr/
R =T

for g,h € L™(R) ® C" satisfying g (r)h(r) = 0.

15 September 2020 Giulio Ruzza (UCLouvain) — Multiplicative statistics of the Airy process and the KdV equation 17/27




ITS-IZERGIN-KOREPIN-SLAVNOV THEORY

An operator K on L?(R) is called integrable if it is of the form
T /
K:f(r)— / %h(,r)f(r/)dr/
R =T

for g, h € L>(R) ® C" satisfying g' (r)h(r) = 0.
Consider the following Riemann-Hilbert problem for a sectionally analytic
matrix Y = Y (r) € Maty, x»(C).

> Y (r) analytic for r € C\ R, and ¥Vr € R Y4 (r) = lime 04 Y (r £ i€).

> Y (r)=Y_(r)(I —27ig(r)h" (r)) forr € R.

» Y(r)=T+0@"") as r — oo uniformly in the C\ R.
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ITS-IZERGIN-KOREPIN-SLAVNOV THEORY

An operator K on L?(R) is called integrable if it is of the form
T /
K:f(r)— / %h(,r)f(r/)dr/
R =T

for g, h € L>(R) ® C" satisfying g' (r)h(r) = 0.
Consider the following Riemann-Hilbert problem for a sectionally analytic
matrix Y = Y (r) € Maty, x»(C).

> Y (r) analytic for r € C\ R, and Vr € R Y1 (r) = limc04 Y (r £ ie).

> Y (r)=Y_(r)(I —27ig(r)h" (r)) forr € R.

» Y(r)=T+0@"") as r — oo uniformly in the C\ R.
THEOREM [A. R. Its, A. G. Izergin, V. E. Korepin, and N. A.
Slavnov (1990)]. Let K be an integrable operator on L*(R). The operator

I — K on L*(R) is invertible if and only if the Riemann-Hilbert problem for
Y is solvable, in which case the resolvent operator is also integrable:

1=Kk £0) > [ BT Yy (Y [(r)h(r)

/
R r—r

FrHdr'.
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APPLICATION OF THE ITS-1ZERGIN-KOREPIN-SLAVNOV THEOREM

The relevant operator Kﬁ;t is of integrable form with

50) = Vo) (i) w0 =veeen ().

where z(r) = t7/3(r 4+ 2t =1/3).
Moreover, the assumptions on o(z) imply that

detLZ(]R) (1 - ’C::ir,t) =E H (1 -9 <t72/3 (Tj N mtil/s))) >0

Jj=1

and so there exists unique the 2 x 2 matrix Y satisfying the RH
characterization of the lts-lzergin-Korepin-Slavnov theorem.
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AIRY MODEL RIEMANN-HILBERT PROBLEM

We can write

g0) =iVaGer e (). 10 =Y 0oy (a8 0,

™
in terms of the 2 x 2 matrix solution &A1 = $Ai(r)

Ai’ (1) 7wAi/(L.d27-)

@Ai(r) _ “\iai(n) —iszi(w2r) for Imr > 0,
_ (A (r) WA (wr)

(iAi(r) iwAi(wr) ) for Imr < 0,

of the following Airy model Riemann-Hilbert problem.
» ®4i(r) is analytic for r € C\ R, and Vr € R 304 (r) = lim, O (r £ fe).
e—
Ai Ai 11
> O (r) = L (1) (O 1>, reR.

> As z — o0,

: 1 2 3 T —3r argr|<m—
@Al(r): (I—F(’)(r))rf(lel)e 2 3/203X{1,1 i | arg 7| <m—8,

), T—6<targr<m.
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AIRY DRESSING
The aforementioned expressions

50) =1/oGe o) (3). nTn = YT

suggest to introduce the 2 X 2 matrix

U(z) := ((1] iZ; ) 730V (r(2)) @ (r(2)), r(z) = t*%2 —at ™3,

which solves the following Riemann-Hilbert problem.

> WU(z) is analytic for z € C\ R, and Vz € R ¥4 (z) = li%lJr U(z +ie).
e—

> \Il+(z):\IL(z)(é 1_”(Z)), 2 €R.

> As z — oo,

S 1 or (4 7 . .
\If(»2)2<hL z +O<22))Z5( i/%)e<gtz3/2+uwm

I arg z|<mw—4,
< L | arg z|
($1 1), T—0<targz<m.
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MATRIX LAX PAIR

The jump of ¥(2) is independent of x,t and so by (almost standard)
methods we obtain the matrix Lax pair

iz+2ig 722p+281q 7gz2féizq72iazr
o w(z) = (" e, e = (, 00 TS v
) = (1w, o = (T ®

where we denote UV (z,t) = (1(;((? L;)) :1;‘((;”’;)))
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MATRIX LAX PAIR

The jump of ¥(2) is independent of x,t and so by (almost standard)
methods we obtain the matrix Lax pair

iz+2ig 7gzp+281q 7gz2féizq72iazr
o w(z) = (" e, e = (, 00 TS v
) = (1w, o = (T ®

where we denote UV (z,t) = (l(;((xx’ L;)) :1;‘((;”’;)))

The gauge transformation

satisfies the matrix Lax pair

az\f/(z) _ ( 0 —z+2u) \f/(z), 8&%(2’) _ (jéagu %22_%zu_%u2_%3£u) @(2)7

-1 0

in terms of‘ u(x,t) := Opp(z,t). ‘
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KORTEWEG-DE VRIES EQUATION

In particular can be written as

G (0:6() ~0.0 ()
e (—wz) 5 (2) )

with the wave function v satisfying

20(z) = (2 — 2u)(z),  W(z) ~ °
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KORTEWEG-DE VRIES EQUATION

In particular can be written as
$() = (azw (2) —0u0 (z)) 7

with the wave function v satisfying

ef%tz3/2+zzl/2

p(2) = (z = 2u)(2),  P(z) ~ N

As in Lax’s theorem, an elementary computation shows that the
compatibility of the Lax pair implies the KdV equation

1
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KORTEWEG-DE VRIES EQUATION

In particular can be written as

G (002 —0.0(2)
v (—wz) b (2) )

with the wave function v satisfying

ef%tz3/2+zzl/2

p(2) = (z = 2u)(2),  P(z) ~ N

As in Lax’s theorem, an elementary computation shows that the
compatibility of the Lax pair implies the KdV equation

1
Ut + QUUI + S Uzgx = 0.

6
The proof of the KdV equation is complete if we show that

63 IOgQU(Qf,t) + % - xp(xvt)v Qo(x7t) = deth(]R) (I - Ké;t) .
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INTEGRAL IDENTITIES

PROPOSITION 1. 9, log Qs = 1 [, (¢¥(2)th2=(2) — ¥ (2)¥2(2))do (2).

PROPOSITION 2. [, ¢*(2)do(z) = £ — td.p.

15 September 2020 Giulio Ruzza (UCLouvain) — Multiplicative statistics of the Airy process and the KdV equation 23/27




INTEGRAL IDENTITIES

PROPOSITION 1. 9, log Qs = 1 [, (¢¥(2)th2=(2) — ¥ (2)¥2(2))do (2).

PROPOSITION 2. [, ¢*(2)do(z) = £ — td.p.

Taking one more x—derivative in Prop. 1 and simplifying the RHS with the aid
of the Schrédinger equation for ¥ we obtain

0210£Qs = — [ V(o2

which shows that 92 log Q. (x,t) + 57 = Ozp(x,t), and so this proves the KdV
equation.

The integro-differential Pll equation follows directly from these integral
identities.
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PROOF OF PROPOSITION 1

PROPOSITION 1. 9;log Qo = 7 fR 2 g2 (2) — Y2 (2)02(2))do(2).
The Jacobi variational formula gives

Oy 1OgQU(w>t) O detLQ(R)(1 - ICLPT f) = ((1 - Ké; f)7 Oz ’Cgi f)>

[ L (r2)r ()
R
where we bear in mind that o may have singularities and we have denoted

g(r) Yy (r) YT (ra)h' (ra)

TE — T2

Let(ri,m2) =

the kernel of the resolvent operator of IC@; .-

Further algebraic manipulations complete the proof.
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PROOF OF PROPOSITION 2

PROPOSITION 2. [, ¢*(2)do(z) = £ — td.p.

It follows from a simple residue computation of the integral

/ w(e) (§ 7 ) iz = / CA S A S SLC
R\{z1,..., T R\{z1,..., Zk}
k
= — res BZ‘I/\IF1 — res 82\11\1171
z2=00 ; z=z(ry)

by taking the (2, 1)-entry.
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SMALL TIME ASYMPTOTICS OF u,: THE THREE REGIMES

t
e=—Mt1/3 | T , w=Mt/3
\ PII !
\ 1
\ e — t72/32 (7%71/3) +0(@1) )
\\ II
\ 1
singular \ /' integro-differential PV
ezl N '
% + O (e t1/3) N ) e (z) (1 + 0O (x_1t1/3>)
\\ //
\ /
RS -= T
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ASYMPTOTIC ANALYSIS OF THE RH PROBLEMS

When 2 < —Mt'/?, jump of Y is close to I = | U(z) ~ & (r(2)) |
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ASYMPTOTIC ANALYSIS OF THE RH PROBLEMS

When 2 < —Mt'/?, jump of Y is close to I = | U(z) ~ & (r(2)) |

When || < Mt'/3, we perform a rescaling of variables

2/3

w= 2t = 0(2) = o (wt™ ) = Yx[o,100) (W) = VX0, 400) ()

and so for w # 0 the jump of W(2) is close to that of Wo—yy, | (2); near
w = 0 we construct a local parametrix in terms of elementary functions, and so

(z) ~ Womry

[o,+x)(2) for large 2.
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ASYMPTOTIC ANALYSIS OF THE RH PROBLEMS

When 2 < —Mt'/?, jump of Y is close to I = | U(z) ~ & (r(2)) |

When || < Mt'/3, we perform a rescaling of variables

2/3

w= 2t = 0(2) = o (wt™ ) = Yx[o,100) (W) = VX0, 400) ()

and so for w # 0 the jump of W(2) is close to that of Wo—yy, | (2); near
w = 0 we construct a local parametrix in terms of elementary functions, and so

(z) ~ Womry

[o,+x)(2) for large 2.

When 2 > Mt'/? we have to consider a model RH problem (for v = 1)
which is the formal reduction (z,t) = (£,0) of the RH problem for W.

> ®(z) is analytic for z € C\ R, and Vz € R 304 (z) = 1i151+<1>(z =+ ie).
e—

> By (2) = D (2) (é 1*1”@)), ZeR.

> As z — oo,

1 73 (_1 _11) 1/2 I |arg z|<m—&
P (7 of:= % i £z o3 s s
(Z) ( + (Z)) ? 2\/77- ¢ . ( 1 O), 7r75<:l:argz<7r.

Fi1
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Thank you!



