On the mean Density of States of some matrices related to the beta ensembles

and an application to the Toda lattice

Guido Mazzuca

SISSA

15" September 2020

Guido Mazzuca On the mean Den:

d to the beta



Overview

@ The periodic Toda lattice

© Connection with Random Matrices

© The Gaussian « and § ensembles

e The Laguerre and Jacobi v and [ ensembles

The talk is based on the following articles:
o G.M., On the mean Density of States of some matrices related to the beta ensembles and an
application to the Toda lattice, arXiv preprint:2008.04604. Submitted to Ann. Henri Poincaré.

e T. Grava, A. Maspero, G. M., and A. Ponno, Adiabatic invariants for the FPUT and Toda
chain in the thermodynamic limit, arXiv preprint:2001.08070, (2020). Accepted in Commun.
Math. Phys.
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Let’s start from the beginning




The periodic Toda lattice

Let’s start from the beginning

The classical Toda chain is the dynamical system described by the following Hamiltonian:
X N
Hr(p,q) = 5 D+ D Velgga—g), Ve(@)=e T +a—1,
j=1 j=1

with periodic boundary conditions pj+n =p;, qj+~N =¢; Vj € Z.
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The periodic Tode

Let’s start from the beginning

The classical Toda chain is the dynamical system described by the following Hamiltonian:
X N
Hr(p,q) = 5 D+ D Velgga—g), Ve(@)=e T +a—1,
j=1 j=1

with periodic boundary conditions pj+n =p;, qj+~N =¢; Vj € Z.
Its equations of motion take the form

_ OHr . OHr

dj—%=pj» pj=—aqj = V(g1 — ;) — V(g —gqj—1), j=1,...,N.
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The periodic Toda lattice

One realize that these equations are equivalent to the Lax pair

L =|[L,B]
where:
b1 al 0 e anN
al b2 as
L(a,b) . bj = —p;
) = ; . s 9i—a; ,
0 a2 b3 . 0 a; = e]fm
aN-—1
anN ... 0 an-1 by
B=Ly—L_.

ido Mazzuca On the mean Densi S of some m



The periodic Toda lattice

One realize that these equations are equivalent to the Lax pair

L=[L,B]
where:
b1 al 0 e anN
al b2 as
L(a,b) . bj = —p;
s = ; . 5 459541 ’
0 a2 b5 . 0 a; =e J 2J+
aN-—1
anN ... 0 an-1 by
B=L,—L_.

This implies that the eigenvalues )\SN) <...< )\%\” are constants of motion, so the system is
integrable.

ido Mazzuca

On the mean De of some m



The periodic Toda lattice

'y short

While we were trying to study some statistical properties of the Toda lattice, we started
wondering “What is the typical distribution of the eigenvalues A1, ..., An?”
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The periodic Toda lattice

'y short

While we were trying to study some statistical properties of the Toda lattice, we started
wondering “What is the typical distribution of the eigenvalues A1, ..., An?”

What does it mean “typical”?
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The periodic Tode

While we were trying to study some statistical properties of the Toda lattice, we started
wondering “What is the typical distribution of the eigenvalues A1, ..., An?”

What does it mean “typical”?
We endow the phase space

N N
M:= {(I%Q)ERN xRY : Ygi=1p; =0} :
j=1 j=1
with the Gibbs measure of the periodic Toda lattice:

: 1 ~BHz (p.0)
dproda 1= m e T 52?7:1 P; 52§\7:1 4 dpdg,
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The periodic Tode

While we were trying to study some statistical properties of the Toda lattice, we started
wondering “What is the typical distribution of the eigenvalues A1, ..., An?”

What does it mean “typical”?
We endow the phase space

N N
M= {(RQ)ERNXRN N ij=0}7
=1 j=1

with the Gibbs measure of the periodic Toda lattice:

L e PHT (P D5 ~ . dpdg,

d/‘LTOda = ZTOda(ﬂ) Zj:l p; 62]‘:1 aj

“Typical” := “Mean value with respect to the Gibbs measure”
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Connection with Random Matrices

The proper question:

Question

What is the mean eigenvalues density (or density of States) dvroas of the random Lax operator L,
whose entries are distributed according to the Gibbs ensemble duroda?
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Connection with Random Matrices

The proper question:

Question

What is the mean eigenvalues density (or density of States) dvroas of the random Lax operator L,
whose entries are distributed according to the Gibbs ensemble duroda?

The mean Density of States dv of a random matrix T is the non random probability
distribution, provided it exists, defined as

_ ) 1 X
(v, fy o= Jlim B\ (5 20,0000 )1
j=1

for all continuous and bounded functions f, here {do, f) := SR fdo.
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Connection with Random Matrices

N
diToda = m jli[laiﬂle_ﬁ o;—1dadb, a; =05,
by a 0 . an
a1 by a2 :
L(a,b) = 0 as bs 0
: . . an_1
an 0 an-—1 by
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Connection with Random Matrices

N YN o3 2)
dproda := m jl:[lagﬂfle B 1( 3 +aj 525\,:1 bj(SHN:laj_ldadb, a; =0Vj,
b a1 O an
a1 by as
L(a,b) = 0 as bs 0
aN-—1
aN ... 0 an_1 by

So L became a random periodic Jacobi matrix. Moreover one immediately notice that all b;s are
almost normal random variables and the a;s are almost xz distributed.
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Connection with Random Matrices

2
N gy (*’f +a‘%>
. 1—[ 28—-1 =i\ 2
d/'LToda T a; e 625'\]:1 by 611N

1aj_ldadb, a; =20Vyj,

by a1 O an

al bg a2

L(a,b) = 0 az bS 0
aN-—1
anN 0 aN—1 bN

So L became a random periodic Jacobi matrix. Moreover one immediately notice that all b;s are
almost normal random variables and the a;s are almost xz distributed.

Problem: The variables are dependent.
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The Gaussian o and 8 ensembles

Get rid of the dependence

Technical result

The mean density of states dvrodq of the random Lax operator L with the entries distributed
according to durode coincides, in the large N limit, to the mean density of states of ﬁHa where:

N(07 2) X2
1 X2a N(0,2) x2a
H, ~ — ,
X2« N(O7 2)
a =+ 0 and 6 is chosen in such a way that

f re P =B+ g — .
R

H, is a particular kind random Jacobi matrix.
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ssian o and B ensembles

Almost there!

The matrix H, already appeared in the literature and it’s mean spectral measure fiy_(x)dx was
known explicitly thanks to Duy and Shirai.

The mean spectral measure @HQ of a random Jacobi matrix T is the non random probability
distribution, provided it exists, defined as

. ) 1 Y
@1y i, R )]
j=1

for all continuous and bounded functions f, here ¢; = |<U§N), e1y| and U%N), ey v1<VN) are the

orthonormal eigenvectors of H, and {do, f) := SR fdo.
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The Gaussian o and 8 ensembles

How they got the result

Duy and Shirai proved that the mean spectral measure fi;_(x)dz of H, coincides, in the large N
limit, to the one of the Gaussian 3 ensemble in the high temperature regime.

N(0,2)  xpwv-1)
N(072) X2a XB(N—1) N(072) XB(N-2)
. 1 X2a  N(0,2) Xx2a = 1 .- -
X2a N(O:2) - - X8
xs  N(0,2)

The high temperature regime means that limy_.o NS = 2a.
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The Gaussian o and 8 ensembles

How they got the result

Duy and Shirai proved that the mean spectral measure fi;_(x)dz of H, coincides, in the large N
limit, to the one of the Gaussian 3 ensemble in the high temperature regime.

N(0,2)  xpwv-1)
N(07 2) X2a XB(N—1) N(07 2) XB(N-2)
L oxee N©0,2) e .

X2 N(0,2) o xs
xs  N(0,2)

The high temperature regime means that limy_.o NS = 2a.

For fixed k the upper right k& x k block of Hz weakly converge in the high temperature regime to
the one of H,.
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an « and B ensembles

The key identity

Thanks to this result I was able to prove that:

where w,(ll) is the ' moment of the mean density of states of H, and ug) is the one of the mean
spectral measure of Hy,.
The I"" moment of a measure do is defined to be {z'do.
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ssian o and B ensembles

The key identity

Thanks to this result I was able to prove that:

where w,(ll) is the ' moment of the mean density of states of H, and ug) is the one of the mean
spectral measure of Hy,.
The I"" moment of a measure do is defined to be {z'do.

The previous relations is important because it puts us in position to apply the so called moment
matching technique.

Moment matching technique(in less then nutshell): if two measures do,do’ on R have the same
moments and these moments grow fast enough, then the two measure are the same.
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The Gaussian o and 8 ensembles

So, since
wd = (9a(ocu£,f))

and u{ are the moments of figr,, (x)dz, one can conclude that the mean density of states of H, is

Wi, = da(ofiy, (2))da.
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The Gaussian o and 8 ensembles

So, since
wd = (9a(ocu£,f))

and u{ are the moments of figr,, (x)dz, one can conclude that the mean density of states of H, is

Wi, = Palafiy, (2))da.
In this way I got also the mean density of state of the periodic Toda lattice:

Avroda = \/75 (apta( \fx \a a+e
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The Gaussian o and 8 ensembles

So, since
wd = (9a(ocu£,f))

and u{ are the moments of figr,, (x)dz, one can conclude that the mean density of states of H, is

Wi, = Palafiy, (2))da.
In this way I got also the mean density of state of the periodic Toda lattice:

dvroda = \/75 a,ua \f.r \a ﬁ+0

What is nice of this result is that we have a connection between the Gaussian 8 ensemble and the
Toda lattice.

The result has been obtained in a non rigorous way and with a different technique by Spohn.
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The Gaussian o and 8 ensembles

Remark

It is worth to mention that the measure with density [y already appeared in the literature as
the orthogonality measure of the associate Hermite polynomials, i.e. the polynomials satisfying

IH,(LQ)(Z‘) = Hr(i)l(ﬂc) + (n+ a)HT(La,)l(a:), H_qi(z,a) =0, Ho(z)=1.

For a = 0 one obtains the classical Hermite polynomials.
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n « and B ensembles
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Figura: Ha/+/a empirical spectral density for different values of the parameters, N = 500, trials: 5000.
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The Gaussian o and 8 ensembles

lim dvy, (vazx)

a—00

lim dvy, (z) =

a—0 V2T

a =600 a=0.01

v 05
10 —_ (fn 4—‘x?)'l —
= simulation

= simulation




aussian o and B8 ensembles

The Gaussian « ensemble

Theorem

Consider the matrix ensemble defined by H,,

N(07 2) X2«
1 X2« N(O’ 2) X2a
Hy ~ — o
x2a  N(0,2)
Let iy (x)dz be its mean spectral measure and dvp, its mean density of states then:

s, = dalafiy, (2))da.

Moreover fiy () is explicitly given by:

2
7 ei% n i 7 (&4 @ a— —ﬁ 13
i, @) = S [f@)] e [5 [e T ar,
0

We notice that fiy_(z) is a parabolic cylinder function.
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The Laguerre and Jacobi a and 8 ensembles

Main ideas:

e Prove that the spectral measure of H, and Hpg in the high temperature regime
(limy e BN — 2a) coincides.

e Use the moment matching technique.
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The Laguerre and Jacobi a and 8 ensembles

Main ideas:

e Prove that the spectral measure of H, and Hpg in the high temperature regime
(limy e BN — 2a) coincides.

e Use the moment matching technique.

Natural question: Can we apply the same reasoning to the other 8 ensembles? Is is possible to
define a Laguerre and Jacobi a ensemble as in the Gaussian one and compute their mean density
of states?
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e and Jac and 3

Laguerre  ensemble

Lgy = Bp~B Bg,y =

.
By E
YN—-1 TN
Bsy € Mat(N x M), M >N,  lim M/N =~¢(0,1)
— 00

In NXB(M7n+1) n = 17...,N
yn\’xﬁ(an) n=17,N—1
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The Laguerre and Jacobi a and 8 ensembles

Laguerre 8 ensemble

Lgy = Bp~B Bg,y =

.
By E
YN—-1 TN
Bsy € Mat(N x M), M >N,  lim M/N =~¢(0,1)
— 00

In NXB(M7n+1) n = 17...,N
yn\’xﬁ(an) n=17,N—1

In the high temperature regime limy_.o, BN = 2a, for any fixed k, the upper left k x k block of
Bgs,, weakly converge to:

X 2«
¥

X2a X 2

~
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The Laguerre and obi a and

Laguerre o ensemble

X 2a
=
1 X2« X 2a
Loy = BayBl ., Bany = 7 T , Ba€Mat(N x M), M > N.
X2« X 2a
2
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The Laguerre and Jacobi a and 8 ensembles

Laguerre o ensemble

X 22
=
1 X2« X 2a
Lon = BanyBl ., Ban 7 T , Ba€Mat(N x M), M > N.
X2« X 2«

=
Theorem

Consider the matrix La,, let 11y, W(J:)da: be its mean spectral measure and dvr, ., its mean
density of states then: -
dvi, , = Oa(ofy, (2))dz.

Moreover 7y, (z) is explicity given by:

1 rre *

Tla+1)T (1+2 +a) [ (a0~ 21 2e) ’2

ﬁLaﬁ,Y(x) = T = Oa
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The Laguerre and Jacobi a and 8 ensembles

Remark

The measure with density BLg ., (z) already appeared in the literature, indeed H. D. Trinh and K.
D. Trinh proved that it is the mean spectral measure of the Laguerre 8 ensemble in the high
temperature regime. Moreover this measure is the orthogonality measure of the so called associate
Laguerre polynomials of type II, i.e. the polynomials satisfying

(o]
at+S+1l-x

Lo(&?):l, L1($)= Oc-i—]_

I

—aL27(z) = (n+ 1+ )L, — (2n + % ta+ 1> L (z) + (n ta+ %) L ().
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The Laguerre and Jacobi a and 8 ensembles

Jacobi § ensemble

Js = DgD}, Ds =
tN—-1 SN
tn = Qn(l _p'n)> Sn =/ pn(l - qnfl)

qn~Beta(’B(N2_n),B(N2_n) +a+b+2) (g0 = 0)

pn~Beta(w+a+l,m+b+l)

2
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The Laguerre and Jacobi a and 8 ensembles

Jacobi § ensemble

t1 S2
Js = DgD}, Dg =

tN—-1 SN

tn = Qn(l _p'n)> Sn =/ pn(l - qnfl)
o~ Bt (2L 5=

pn~Beta(w+a+l,w+b+l)

+a+b+2) (g0 = 0)

In the high temperature regime limy_. BN = 2¢, for any fixed k

gn — Beta (a,a+a+b+2)
pn — Beta(a+a+1,a+b+1)
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The Laguerre and Jacobi a and 8 ensembles

Jacobi o ensemble

J. = D, DT s

o
IN-1 SN
tn =/ Qn(l _pn)7 Sp = pn(l - QTLfl)
gn ~ Beta(a,a+a+b+2) (g =0),
pn ~Beta(a+a+1,a+b+1)
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The Laguerre and Jacobi a and 8 ensembles

Jacobi o ensemble

Theorem

Consider the matrix Ja, let fr; (x)dz be its mean spectral measure and dv, its mean density of
states then:

Ts, = Galofiy, (2))de.
Moreover, for a,b > —1 and a ¢ N, 7i; (z) is explicity given by:

Mo+ 1)I'a+a+b+2) z%(1 — x)°

ny () = 0<z <1,
70 (@) I'(a+a+ D)I(a+b+1) U(z) + iV (z) 2
where
_Tla+1I'(a+1) )
U(z) .—mgFl(a, a—a—b—1,—a;z),
V() = —mal'(a+a+b+2) a _x)bﬂx(“_l.

“sin(ra)T(1 + a + b)T(a + 2)
oFi(l—a,a+a+b+2,2+a;7),
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guerre and Jacobi a and 8 ensembles

Remark

The measure with density fi;_ (z) already appeared in the literature, indeed H. D. Trinh and K.
D. Trinh proved that it is the mean spectral measure of the Jacobi 8 ensemble in the high

temperature regime. Moreover this measure is the orthogonality measure of the so called associate
Jacobi polynomials of type III, i.e. the polynomials satisfying

w0 (x) = N En 1 IS5 (@) + (En + 1n) T (@) + v/ Enm1pn I

where
fo(a) = g2ty
€n(a) = 2n1;2:2i;+2 221;:j:f2—i17 n>0 a=0,ab>-1
M () = 2n+2Zig+b+1 2nZ;§I¢f+b’ n>0
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> and Jacobi a and 8 ensemble:

a=1,2=258b=10 a=10,a=258,b=10

30
30

25
25

20
20
15 15
10 10
0s os
00 00

02 04 06 08 10
a=50,a=258,b=10 =100, 2=25.8, b=10

8

6
7
5 6
s

4
4

3
3

2
2

1
1
o o




The Laguerre and Jacobi a and 8 ensembles

Parameter limit

_ Tga-
lim dv, , (22) = — V2 AHVD?) g

ot AV o e =

—_— 21
lim dvy, (z) = R R—Y
a—w w4/l — (22 — 1)2

a =600, y=0.3 a=600,a=1.5,b=2

— (Way=x=1-y7)* — 2m/1-@x-12)
= simulation 175 = simulation




The Laguerre and Jacobi a and 8 ensembles

Thank you for the attention!

—— theoretical
numeric

Figura: A hat, a snake eating an elephant and Toda’s DOS look the same!
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