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Let D = 0 By making repeated integration by parts, it also holds for z > —e~! and for any k € N,

t2+x)
i(z—1)t

i(z—1)t i(
(3 /341) o [ € 1 > _ / i(t3/3+t)Dk< i(1—x)t (e 1 >>
/[Re 3,5( o] (1 — x(et)) )dt o e e O o (1—x(et)) ) )dt

where we verify by induction that

Dk (e‘(lx)tat(e (1— X(eﬂ))) = {0 if [t] < e

t2+1 Op(P+ 1) e 24+2)7F) if |t >e !

This proves the claim. 0

Note that taking e = 1, Lemma A.20 and Proposition A.16 (applied with ®(¢) = ¢ and & = 1/x) imply
that as * — o0,

Ai(z) = O(x™). (A.21)
In fact, applying the steepest descent method to the integral (A.20), one obtains the well-known asymptotics
C2,3/2
Ai(z) ~ S\/;W as T — +00.
References

[1] S. Agmon. Lectures on Exponential Decay of Solutions of Second-Order Elliptic Equations: Bounds on
Eigenfunctions of N-Body Schrodinger Operations. Number (MN-29). Princeton University Press, 2014.

[2] Y. Ameur, H. Hedenmalm, and N. Makarov. Fluctuations of eigenvalues of random normal matrices.
Duke mathematical journal, 159(1):31-81, 2011.

[3] Y. Ameur, H. Hedenmalm, and N. Makarov. Random normal matrices and Ward identities. Annals of
Probability, 43(3):1157-1201, 2015.

[4] S. Armstrong and S. Serfaty. Local laws and rigidity for Coulomb gases at any temperature. Annals of
Probability, 49(1):46-121, 2021.

[5] R. Bardenet and A. Hardy. Monte Carlo with determinantal point processes. The Annals of Applied
Probability, 30(1):368-417, 2020.

6] R. Bauerschmidt, P. Bourgade, M. Nikula, and H.-T. Yau. The two-dimensional Coulomb plasma:
g
Quasi-free approximation and central limit theorem. arXiv preprint arXiv:1609.08582, 2016.

[7] R. Bauerschmidt, P. Bourgade, M. Nikula, and H.-T. Yau. Local density for two-dimensional one-
component plasma. Communications in Mathematical Physics, 356(1):189-230, 2017.

[8] F. Bekerman and A. Lodhia. Mesoscopic central limit theorem for general S-ensembles. Ann. Inst.
Henri Poincaré Probab. Stat., 54(4):1917-1938, 2018.

9] R. J. Berman. Determinantal Point Processes and Fermions on Polarized Complex Manifolds: Bulk
Universality. In Algebraic and Analytic Microlocal Analysis, pages 341-393. Springer, 2013.

[10] R. J. Berman. Determinantal point processes and fermions on complex manifolds: Large deviations
and bosonization. Communications in Mathematical Physics, 327(1):1-47, 2014.

[11] I. Bloch, J. Dalibard, and W. Zwerger. Many-body physics with ultracold gases. Reviews of modern
physics, 80(3):885, 2008.

74

[September 7, 2021 at 0:56 ]


http://arxiv.org/abs/1609.08582

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[22]

[23]

[24]

[25]

[27]

[28]

[29]

F. Bornemann. On the scaling limit of Determinantal point processes with kernels induced by Sturm-
Liouville operators. Symmetry, Integrability and Geometry: Methods and applications, 12, 2016.

A. Borodin. Determinantal point processes. In The Ozford Handbook of Random Matriz Theory, pages
231-249. Oxford Univ. Press, Oxford, 2011.

P. Calabrese, M. Mintchev, and E. Vicari. Entanglement entropies in free-fermion gases for arbitrary
dimension. EPL (Europhysics letters), 97(2):20009, 2012.

P. Calabrese, M. Mintchev, and E. Vicari. Exact relations between particle fluctuations and entangle-
ment in Fermi gases. EPL (Europhysics letters), 98(2):20003, 2012.

Y. Canzani and B. Hanin. Scaling Limit for the Kernel of the Spectral Projector and Remainder
Estimates in the Pointwise Weyl Law. Analysis € PDE, 8(7):1707-1731, Sept. 2015.

Y. Castin. Basic theory tools for degenerate Fermi gases. In M. Inguscio, W. Ketterle, and C. Salomon,
editors, Ultra-Cold Fermi Gases, Proceedings of the International School of Physics "Enrico Fermi”,
pages 289-349. SIF (Bologna, Italy), 2007.

L. Charles and B. Estienne. Entanglement entropy and Berezin-Toeplitz operators. Communications
in Mathematical Physics, Oct. 2018.

S. Chatterjee. Rigidity of the three-dimensional hierarchical Coulomb gas. Probability Theory and
Related Fields, 175(3):1123-1176, 2019.

J. Chazarain. Spectre d’un hamiltonien quantique et mécanique classique. Communications in Partial
Differential Equations, 5(6):595—644, 1980.

T. Claeys, B. Fahs, G. Lambert, and C. Webb. How much can the eigenvalues of a random Hermitian
matrix fluctuate? Duke Mathematical Journal, 170(9):2085-2235, 2021.

F. D. Cunden, F. Mezzadri, and N. O’Connell. Free fermions and the classical compact groups. Journal
of Statistical Physics, 171(5):768-801, 2018.

D. S. Dean, P. Le Doussal, S. N. Majumdar, and G. Schehr. Finite-temperature free fermions and the
Kardar-Parisi-Zhang equation at finite time. Physical review letters, 114(11):110402, 2015.

D. S. Dean, P. Le Doussal, S. N. Majumdar, and G. Schehr. Universal ground-state properties of free
fermions in a d-dimensional trap. EPL (Europhysics Letters), 112(6):60001, 2015.

D. S. Dean, P. Le Doussal, S. N. Majumdar, and G. Schehr. Noninteracting fermions at finite temper-
ature in a d-dimensional trap: Universal correlations. Physical Review A, 94(6):063622, 2016.

D. S. Dean, P. Le Doussal, S. N. Majumdar, and G. Schehr. Wigner function of noninteracting trapped
fermions. Physical Review A, 97(6):063614, 2018.

D. S. Dean, P. Le Doussal, S. N. Majumdar, and G. Schehr. Noninteracting fermions in a trap and
random matrix theory. Journal of Physics A: Mathematical and Theoretical, 52(14):144006, 2019.

D. S. Dean, P. Le Doussal, S. N. Majumdar, and G. Schehr. Impurities in systems of noninteracting
trapped fermions SciPost Phys. 10, 082, 2021.

P. Deift. Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Approach, volume 3.
American Mathematical Soc., 1999.

75

[September 7, 2021 at 0:56 ]



[30]

[31]

[32]

[33]
[34]

[35]

[36]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

M. Dimassi and J. Sjostrand. Spectral Asymptotics in the Semi-Classical Limit. Number 268. Cambridge
university press, 1999.

V. Eisler. Universality in the full counting statistics of trapped fermions. Physical review letters,
111(8):080402, 2013.

L. Erd6s and H.-T. Yau. Universality of local spectral statistics of random matrices. Bulletin of the
American Mathematical Society, 49(3):377-414, 2012.

L. C. Evans. Partial differential equations. Graduate studies in mathematics, 19(2), 1998.

M. Fenzl and G. Lambert. Precise deviations for disk counting statistics of invariant determinantal
processes. International Mathematics Research Notices, rnaad4l, 2021.

P. J. Forrester. Exact results for two-dimensional Coulomb systems. Phys. Rep. 301(1-3), 235-270
(1998).

P. J. Forrester. Random matrices, log-gases and the Calogero-Sutherland model. In Quantum Many-
Body Problems and Representation Theory, volume 1 of MSJ Mem., pages 97-181. Math. Soc. Japan,
Tokyo, 1998.

P. J. Forrester. Log-Gases and Random Matrices, volume 34 of London Mathematical Society Mono-
graphs Series. Princeton University Press, Princeton, NJ, 2010.

S. Fournais and S. Mikkelsen. An optimal semiclassical bound on commutators of spectral projections
with position and momentum operators. Letters in Mathematical Physics, 110(12):3343-3373, 2020.

Y. V. Fyodorov and P. L. Doussal. Statistics of extremes in eigenvalue-counting staircases. Physical
Review Letters, 124(21):210602, May 2020.

S. Ganguly and S. Sarkar. Ground states and hyperuniformity of the hierarchical Coulomb gas in all
dimensions. Probability Theory and Related Fields, 177(3):621-675, 2020.

S. Giorgini, L. P. Pitaevskii, and S. Stringari. Theory of ultracold atomic Fermi gases. Reviews of
Modern Physics, 80(4):1215, 2008.

G. Gouraud, P. Le Doussal and G. Schehr Hole probability for noninteracting fermions in a d-
dimensional trap arXiv preprint arXiv:2104.08574, 2021.

A. Guionnet. Asymptotics of Random Matrices and Related Models: The Uses of Dyson-Schwinger
Equations, volume 130 of CBMS Regional Conference Series in Mathematics. American Mathematical
Society, Providence, RI, 2019.

B. Hanin and S. Zelditch. Interface Asymptotics of Eigenspace Wigner distributions for the Harmonic
Oscillator. Communications in Partial Differential Equations, 45(11):1589-1620, 2020.

H. Hedenmalm and A. Wennman. Off-spectral analysis of Bergman kernels. Communications in Math-
ematical Physics, 373(3):1049-1083, 2020.

B. Helffer. Spectral Theory and Its Applications, volume 139. Cambridge University Press, 2013.

B. Helffer and J. Sjostrand. Multiple wells in the semi-classical limit I. Communications in Partial
Differential Equations, 9(4):337-408, 1984.

76

[September 7, 2021 at 0:56 ]


http://arxiv.org/abs/2104.08574

[48]

[49]
[50]

[51]
[52]
[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

B. Helffer and J. Sjostrand. Equation de Schrédinger Avec Champ Magnétique et Equation de Harper.
Schrodinger Operators (Springer), 118-197, 1989.

L. Héormander. The Analysis of Linear Partial Differential Operators. 1. Springer, Berlin, 2003.

J. B. Hough, M. Krishnapur, Y. Peres, and B. Virdg. Determinantal processes and independence.
Probability surveys, 3:206-229, 2006.

V. Tvrii. 100 years of Weyl’s law. Bulletin of Mathematical Sciences, 6(3):379-452, Oct. 2016.
V. Ivrii. Pointwise Spectral Asymptotics out of the Diagonal. arXiv preprint arXiv:2107.04807, 2021.

K. Johansson. On fluctuations of eigenvalues of random Hermitian matrices. Duke Mathematical
Journal, 91(1):151-204, 1998.

K. Johansson. Random matrices and determinantal processes. In Mathematical Statistical Physics, Les
Houches Summer School, pages 1-55. Elsevier B. V., Amsterdam, 2006.

M. Kac. Toeplitz matrices, translation kernels and a related problem in probability theory. Duke
Mathematical Journal, 21(3):501-509, 1954.

G. E. Karadzhov. Semi-Classical Asymptotic of Spectral Function for Some Schrédinger Operators.
Mathematische Nachrichten, 128(1):103-114, 1986.

B. Keeler. A logarithmic improvement in the two-point Weyl law for manifolds without conjugate
points. arXiv preprint arXiv:1905.05136, 2019.

B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar and G. Schehr. Non-interacting fermions in
hard-edge potentials, J. Stat. Mech. 123103, 2018.

G. Lambert. Limit theorems for biorthogonal ensembles and related combinatorial identities. Advances
in Mathematics, 329:590-648, 2018.

G. Lambert. Mesoscopic fluctuations for unitary invariant ensembles. FElectronic Journal of Probability,
23:Paper No. 7, 33, 2018.

T. Leblé and S. Serfaty. Large deviation principle for empirical fields of Log and Riesz gases. Inventiones
mathematicae, 210(3):645-757, 2017.

T. Leblé and S. Serfaty. Fluctuations of two dimensional Coulomb gases. Geometric and Functional
Analysis, 28(2):443-508, 2018.

H. Leschke, A. V. Sobolev, and W. Spitzer. Scaling of Rényi entanglement entropies of the free Fermi-gas
ground state: A rigorous proof. Physical review letters, 112(16):160403, 2014.

D. S. Lubinsky. Some recent methods for establishing universality limits. Nonlinear Analysis. Theory,
Methods & Applications. An International Multidisciplinary Journal, 71(12):e2750—2765, 2009.

E. Lytvynov. Fermion and boson random point processes as particle distributions of infinite free Fermi
and Bose gases of finite density. Reviews in Mathematical Physics, 14(10):1073-1098, 2002.

O. Macchi. The coincidence approach to stochastic point processes. Advances in Appl. Probability,
7:83-122, 1975.

7

[September 7, 2021 at 0:56 ]


http://arxiv.org/abs/2107.04807
http://arxiv.org/abs/1905.05136

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]
[79]

[30]

[81]

[32]

[83]

[84]

[85]

L. Pastur. Limiting laws of linear eigenvalue statistics for Hermitian matrix models. Journal of Math-
ematical Physics, 47(10):103303, 22, 2006.

M. Reed and B. Simon. Methods in Mathematical Physics, Vol. IV: Analysis of Operators. New York:
Academic Press, 1978.

B. Rider and B. Virdag. The noise in the circular law and the Gaussian free field. International
Mathematics Research Notices, 2007, 2007.

D. Robert and B. Helffer. Comportement semi-classique du spectre des hamiltoniens quantiques ellip-
tiques. In Annales de l’institut Fourier, volume 31, pages 169-223, 1981.

N. Rougerie, S. Serfaty, and J. Yngvason. Quantum Hall phases and plasma analogy in rotating trapped
Bose gases. Journal of Statistical Physics, 154(1):2-50, 2014.

J. Safarov, Y. Safarov, and D. Vassilev. The Asymptotic Distribution of Eigenvalues of Partial Differ-
ential Operators, volume 155. American Mathematical Soc., 1997.

A. Scardicchio, C. E. Zachary, and S. Torquato. Statistical properties of determinantal point processes
in high-dimensional Euclidean spaces. Phys. Rev. E (3), 79(4):041108, 19, 20009.

S. Serfaty. Systems of points with Coulomb interactions. In Proceedings of the International Congress
of Mathematics, pages 935-977. World Scientific, 2019.

S. Serfaty. Gaussian fluctuations and free energy expansion for 2D and 3D Coulomb gases at any
temperature. arXiv preprint arXiv:2005.11704, 2020.

T. Shirai and Y. Takahashi. Random point fields associated with certain Fredholm determinants. I.
Fermion, Poisson and boson point processes. Journal of Functional Analysis, 205(2):414-463, 2003.

T. Shirai and Y. Takahashi. Random point fields associated with certain Fredholm determinants. II.
Fermion shifts and their ergodic and Gibbs properties. Annals of Probability, 31(3):1533-1564, 2003.

B. Simon. Trace Ideals and Their Applications. Number 120. American Mathematical Soc., 2005.

N. R. Smith, D. S. Dean, P. Le Doussal, S. N. Majumdar, and G. Schehr. Noninteracting trapped
Fermions in double-well potentials: inverted parabola kernel. Phys. Rev. A 101, 053602, 2020.

N. R. Smith, P. Le Doussal, S. N. Majumdar, and G. Schehr. Full counting statistics for interacting
trapped fermions arXiv preprint arXiv:2106.05014, 2021.

A. V. Sobolev. Pseudo-Differential Operators with Discontinuous Symbols: Widom’s Conjecture, volume
222. American Mathematical Soc., 2013.

A. Soshnikov. The central limit theorem for local linear statistics in classical compact groups and
related combinatorial identities. Annals of Probability, 28(3):1353-1370, 2000.

A. Soshnikov. Determinantal random point fields. Rossiiskaya Akademiya Nauk. Moskovskoe Matem-
aticheskoe Obshchestvo. Uspekhi Matematicheskikh Nauk, 55(5(335)):107-160, 2000.

A. Soshnikov. Gaussian limit for determinantal random point fields. Annals of Probability, 30(1):171—
187, 2002.

E. M. Stein. Singular Integrals and Differentiability Properties of Functions (PMS-30), Volume 30.
Princeton university press, 2016.

78

[September 7, 2021 at 0:56 ]


http://arxiv.org/abs/2003.11704
http://arxiv.org/abs/2106.05014

[86] T. Tao. Topics in Random Matriz Theory, volume 132 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, 2012.

[87] S. Torquato. Hyperuniformity and its generalizations. Physical Review FE, 94(2):022122, 2016.

[88] S. Torquato, A. Scardicchio, and C. E. Zachary. Point processes in arbitrary dimension from fermionic
gases, random matrix theory, and number theory. Journal of Statistical Mechanics: Theory and Exper-
iment, 2008(11):P11019, 2008.

[89] H. Widom. On a class of integral operators on a half-space with discontinuous symbol. Journal of
functional analysis, 88(1):166-193, 1990.

[90] H. Widom. Asymptotic Ezpansions for Pseudodifferential Operators on Bounded Domains, volume
1152. Springer, 2006.

79

[September 7, 2021 at 0:56 ]



