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Let D = ∂t
( ·

t2+x

)
By making repeated integration by parts, it also holds for x ≥ −ε−1 and for any k ∈ N,

∫

R

ei(t3/3+t)∂t

(
ei(x−1)t

t2 + 1

(
1− χ(εt)

))
dt =

∫

R

ei(t3/3+t)Dk
(

ei(1−x)t∂t

(
ei(x−1)t

t2 + 1

(
1− χ(εt)

)))
dt

where we verify by induction that

Dk
(

ei(1−x)t∂t

(
ei(x−1)t

t2 + 1

(
1− χ(εt)

)))
=

{
0 if |t| ≤ ε−1

Ok
(
(t2 + 1)−1(ε−2 + x)−k

)
if |t| ≥ ε−1

.

This proves the claim. !

Note that taking ε = 1, Lemma A.20 and Proposition A.16 (applied with Φ(t) = t and ! = 1/x) imply
that as x→ +∞,

Ai(x) = O(x−∞). (A.21)

In fact, applying the steepest descent method to the integral (A.20), one obtains the well-known asymptotics

Ai(x) ∼ e− 2
3 x3/2

2
√
πx1/4 as x→ +∞.
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