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Pants decomposition

Any punctured Riemann surface can be decomposed into pairs of pants.
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Figure: (CMR) Confluence diagram for Painlevé equations: GL’16
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Choice of pants

Construction with a different choice of pairs of pants enables asymptotic
analysis at different asymptotes.

= % = connection constant for Painlevé VI
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A brief history

1. 1977, 1991; B. McCoy, C. Tracy, T. Wu: connection problem for a
special solution of Painlevé III.

2. 2013; A. Its, O. Lisovyy, Y. Tykhyy: Painlevé III connection problem
through the Kyiv formula.

3. 2015; A. Tts, A. Prokhorov: Painlevé III connection problem through
Riemann-Hilbert methods.

4. 2016; A. Its, O. Lisovyy, A. Prokhorov: Connection problem for
Painlevé VI, Painlevé II using Hamiltonian methods.

5. 2019; M. Bertola, D. Korotkin: Symplectic interpretation of the
connection constant for a sphere with simple poles.
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Pictorial summary of the results

_ T (r—i0c0) __ .
= Tro0) connection constant for 1 pt torus
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Disclaimer

Everything works for a torus with any number of punctures**!

1* regular
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Minimal setup

Consider the equation of motion of nonautonomous Calogero-Moser system

(2mi)* diﬁ’iﬁ” = m*e'(2QI"),

which arises as the consistency condition of the following system of
equations

0.Y (z,7) = Az, 7)Y (2,7); 2mid.-Y(2,7) = B(2,7)Y (2, 7).

For the purposes of this talk we will only need the following information

(24+2Q(7)|71)
dQ(r) 9, (07) 0 01(242Q(r)|7)
A(z,7) = 2mi g3 +m 0y (e20(ryry RO )
dr 0.1(2l7) \ e 0
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tau-function and the Hamiltonian

Isomonodromic tau-function Tonr(7) = generator of the Hamiltonian H:
27i0; log Tom (1) := H(7),

where the Hamiltonian of the Calogero-Moser system is the a-cycle contour
integral

2
H(r)= %dzé TrA®(z,7) = (QWi%S_T)) —m?p(2Q(7)|7)+4mim>d; logn(T),

where 7(7) is Dedekind’s eta function

ey = (ALY
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tau-function and the Hamiltonian

Isomonodromic tau-function Tonr(7) = generator of the Hamiltonian H:
27i0; log Tom (1) := H(7),

where the Hamiltonian of the Calogero-Moser system is the a-cycle contour
integral

2

H(t)= %dz% TrA®(z,7) = (QTri%(T)) —m*p(2Q(7)|7)+4mim’d; logn(t),
B T

where 7(7) is Dedekind’s eta function

ey = (A9

Tcm be written as a Fredholm determinant, in terms of the monodromy
data of the system.
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Fredholm determinant advantages

i Allows us to write the transcendent Q(7) explicitly

7 Fredholm determinant = Fourier transform of ¢ = 1 conformal blocks
= Nekrasov-Okounkov functions

0O Connection constant = modular transformation of ¢ = 1 conformal block on
a punctured torus.

O The distribution of the poles of the transcendent = zero locus of the
Fredholm determinant.
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Monodromy data
The Lax matrix A behaves as
Az +1,7) = A(z,7), Az +7,71) = DB A(z, 7)> D73,

In turn, the monodromies around the a,b-cycles, and the puncture at z =0
read

Y(z+1,7) =Y (z,7)Ma, Y(z+7,7) =Ry (2 1) Mg,

Y (e2™z,7) = Y(z,7) Mo,
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1. The monodromy matrices satisfy the constraint
Moy =M"Mg'MsMsg.

2. Explicitly, the monodromies are

271 274
MA —e 7rw¢737 MO ~e 71'zm<737
sin w(2a—m) 677;,//2 sin Tm
i sin 27a sin 27a
MB = ™
__sinm sin w(2a+m) eiv/2
sin 2ma sin 2ma

Note: The parameter
1. m is the parameter in the equation of motion of the Calogero-Moser
system,
2. a,v give the monodromy data,

3. p is a symmetry parameter.

15 /27



Pants decomposition

Cutting the torus along its a-cycle gives us a pair of pants .7 and its
monodromies follow from the relation

MaMoMg'My'Mp =1 = (Ma)Mo(Mg' MaMp) ™" := Mi,, MoM,u:,

My
< >
Cin Cout
My MMMy
(a) 1 point Torus (b) Pair of pants
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Linear system

0.9(z) = —2mi (A_ + $) ®(2),
with
A_ =ao3, Ao =GomosGy', Ay =-A_—Ag=—-Giao3G]".

The diagonalisation matrix

. — 1 [ r(m+2a) m e 0
t 7 24 m 1 (m — 2a) 0 e% |’

o (1 4+ 2a)0(1 4+ m — 2a)
(1 —2a)T'(1+m+2a)

The matrix Go has a similar expression in terms of the monodromy data.
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Cauchy operators

(in cylindrical coordinates)
My

(Pof) () = f 2T ) du

C;inUC
Cin Cout in=out

My MpM;' Mg

Q> (Pof) (2) = f Y (2)2 (2, w)Y (w) " f(w)duw,

Ci'n.ucout
<> the Cauchy kernel on the torus E(z, w) is
- _61(0) . (01(27’!1}4’@(7‘)7/)) 91(27’11}7@(7‘)7/)))
e =gt ™ T aem - T a@m )
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Fredholm determinant and the Hamiltonian

Theorem (F. Del Monte, H.D, P. Gavrylenko; 2020)

The logarithmic derivative of the Fredholm determinant gives back the

Hamiltonian
O
2mid, log det [Pg Po] = Hown — (2mi)’a® — (2mi)”
Hy 6
+ 27Tii lOg 01 (Q - P)91 (Q I P) )
dr n(r)?

Remember: Hon = 2710, log Tow.
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Derivative w.r.t monodromy data

Starting with the tau-function

_ -1 2imr (a2 41) n(7)
Tou(r) = det [Ps'Po] e 0 Q—p)01(@Q+p)

The nontrivial term in the derivative of Toa w.r.t the monodromy data
comes from the Fredholm determinant.
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Derivative w.r.t monodromy data

Starting with the tau-function

_ —1 2i7r7'((12+%) ’I’](T)
Tou(r) = det [Ps'Po] e 0 Q—p)01(@Q+p)

The nontrivial term in the derivative of Toa w.r.t the monodromy data
comes from the Fredholm determinant.

With dym = dim +do +do,
dalogdet [Py Ps] = Tr (PdmQ) + daalog (01(Q — p)01(Q + )
+
- (Tr mdMGoGal + Tr (ldMGJrG_T_l) ,

where m, a are the monodromy data, P, Q) are the dynamical variables, p is
an arbitrary parameter, Go, G+ are diagonalizing matrices.
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Derivative of the tau-function

The derivative w.r.t the time 7, the parameter m, and the monodromy data
a,v is

dlog Tem = Hrdr — 2miPdp@Q — (TrmdmGoGy ' — Tradm GG .

A similar expression (’dual tau-function’) can be obtained by cutting the
torus along the B-cycle.
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Dual pants

The dual three-point problem has the form
~ ~ A ~
8z(b(z) = (-27TZA — 27”/1_6027r7,z> (P(Z),

with

A_ = 60'3, Avo = éalmo'géo, Z+ = —g_ — ZO = —é;laa3é+,

and
2cos2md = ——— ¢ ¥ sin (n(2a —m) + % sin (r(20 + m)]
COSs zma = N ona e s (7l 2a m (& s (7 za m .
M,
>
Cin

Cin Cout
621”:&173 MBE—Z’VMQHJMEI

(a) Dual pants decomposition (b) Dual trinion
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All in all

» By cutting along the B-cycle we get

dlog Tom = Hedr — 2miPdHQ — (Tr mdﬁéoéal — T‘radﬂé+é;1) .

and the above expression is suitable for 7 — 0 asymptotics.

» By cutting along the A-cycle we get
dlog Tem = Hrdr — 21iPdpQ — (TrmdmGoGy ' — TradmG+GLY)

and it is suitable for 7 — ico asymptotics.
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Connection constant

dlog Y := dlog Tom _ (TrmdmGoGy ' — TradmG+GT')

Tem

_ (Tr Trld/’\/l"éoégl — Tradﬂé_,_é:l) .

Theorem (F. Del Monte, H.D, P. Gavrylenko; In preparation)
The logarithmic derivative of the connection constant
G(l4+m —2a)G(1 —m — 2a)G(1 + 2a)G(1 — 2a)
—dlog Y (M) =d1
0g (M) = dlog <G(1 +20)G(1 — 2a)G(1 + m — 2a)G(1 — m — 2a)
— 2adlogsin(2a + m) + 2adlogsin7(2a + m)

+adlogrv —adlogv.

where m is the monodromy around the puncture, a,v are the A,B-cycle
monodromies, a,v are the dual monodromies around the A,B-cycles.
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Moore Seiberg formalism

Transition functions of vector bundles on any punctured Riemann surface
are determined by the following data

1. Braiding 2. Fusion 3. Modularity
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