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beginning 
nearly uniform 

 

AFTERGLOW
early universe

SKELETON
Dark Matter

today 
rich structure COSMIC WEB

galaxies

Cosmic Laboratory



Euclid

LSST DESI 

~1 billion €, 1/3 sky 
10 billion years look-back 
galaxy positions, 
redshifts & shapes

Cosmic Laboratory



dark energy & gravity, 
dark matter, neutrinos, 
early universe

Predict Clustering 
nonlinear dynamics

Extract Information 
non-Gaussian statistics 

Cosmic Laboratory



Good Old Days

one snapshot 
linear, almost Gaussian

CMB:

captured by 2-point statistics



LSS:

SDSS

one snapshot 
linear, almost Gaussian

CMB:

motion picture 
nonlinear, non-Gaussian

Good Old Days -> Future

Euclid



Gaussian: 2-pt correlation  

nonlinear → non-Gaussian 

Higher N-pt correlations 

N≥3 hard to measure

⇠(r) = h�(x)�(x+ r)i
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Traditional Statistics



powerful statistics  

beyond 2pt correlation 

interesting regime  

beyond average 

predictive dynamics 

beyond perturbative

⚡

Statistics Wishlist



powerful statistics  

1-point density PDF 

interesting regime  

large deviations 

predictive dynamics 

spherical collapse 

"

Statistics Compromise



long history 
first: Hubble `34 
many thereafter 

links to moments, 
void probability, kNN 

 

Cosmology from matter/galaxy PDF

with counts and lensing in cells

● Step 1: split lines of sight into quintiles of

redMaGiC galaxy count – underdense to overdense

DES Y1

SDSS

DG+ in prep. / preliminary
cf. arXiv:1507.05090

Leap in predictions 

Leap in observations 

DES & KiDS, Euclid, LSST, DESI  

Retro Statistics: 1-Point



if we only could observe dark matter 

Matter 1-Point Statistics
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same  
variance

�2 = h�2(x)i
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Recapture lost information 
smooth & plot histogram

relative density in cell

probability

…

1-Point Statistics Idea



matter density in symmetric cells 
symmetry statistics ↔ dynamics

}

1-Point Statistics Idea



Large-deviation statistics 

large deviations exponentially unlikely

P ini
r (�L) ⇠ exp


� �2L
2�2

L(r)

�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

-4 -2 0 2 4
δL
σL

1-Point Statistics Idea



linear variance & growth

nonlinear variance

Large-deviation statistics 

most likely path dominates

1-Point Statistics Theory

spherical collapse

Bernardeau 94 
CU++ 16

Pfin
R,z(⇢) ⇠ exp


� �L(⇢)2

2�2
L(z, r(R, ⇢))

�2
L

�2
NL

�
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⇢ = 1 + �NL



r = ⇢1/3R

�L = ⌫
⇣
1� ⇢�1/⌫

⌘
, ⌫ ' 1.6
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large density

Spherical Collapse

⇢
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small density

fixed final radius R mixes scales!

mass conservation
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Spherical Collapse

density mapping

~ cosmology independent



Large-Deviation Statistics
holy trinity: PDF, decay-rate & cumulant generator

PDF

P (⇢)Laplace-1

exp['(�)] =

Z
d⇢P (⇢) exp(�⇢)

=

Z
D[⌧(x)]P [⌧(x)]

⇥ exp(�⇢[⌧(x])cumulant 
generator

'(�)
Legendre

Gärtner-Ellis 

'(�) = sup
⇢
[�⇢� (⇢)]

Gärtner `77 & Ellis `84

decay-rate

exp. 
decay

 (⌧)
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P (⇢) / exp (� (⇢))

validity:  
small  

variance 

�2 = h⇢2ic ! 0
Bernardeau `92/94 

Contraction 
principle 

for any mapping
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 (⇢) = inf
{�L}!⇢

 (�L)



Large-Deviation Statistics
Goal: final density PDF

Knowledge: initial density PDF

1. Contraction principle
 (⇢)�L = �L(⇢)

r = ⇢1/3R
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2. Large deviation principle

'(�) = sup
⇢
[�⇢� R(⇢)]'(�) = sup

⇢
[�⇢� (⇢)]

3. Inverse Laplace P (⇢)

P (⇢) =

Z +i !

" i !

d�

2⇡i
exp

⇥
! �⇢+ 'R (��

2)/�2
⇤

! (! L ) =
! 2

L

2" 2
L (r )
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Matter 1-Point PDF
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Pini (! L ) =

!
! !!

ini (! L )
2"

exp[! ! ini (! L )] ! ini (! L ) =
! 2

L

2#2
L (r )

]



Matter 1-Point PDF

spherical 
collapse
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" 2

L (R)
" 2

NL (R)
#2

L (! )
2" 2

L (r (R, ! ))

P(! ) !

!
! !! (! ) + ! !(! )/ !

2"
exp[" ! (! )]

saddle approximation
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Matter 1-Point PDF
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accurate PDF from first principles, not lognormal

sims: Quijote



! m 
0.26  0.31 0.21

1-Point PDF Cosmology

sims: J. Shin
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massive neutrinos M#: partial clustering 
fixed σ8

1-Point PDF Cosmology
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also here!



CU, Pajer ++ 18sims: Oriana (LasDamas)

1-Point PDF Cosmology

Friedrich, CU ++ 19

prim. non-Gaussianity fNL: extra tilt

fNL
equi!" 400

fNL! 0

fNL
loc!# 100

! 1.5 ! 1.0 ! 0.5 0.0 0.5 1.0 1.5
10! 5

10! 4

0.001

0.010

0.100

1

ln ��

�� "ln ��#, z$1, R$15 Mpc%h

also here!



Quijote simulations 

15.000x fiducial cosmo 

500x derivative cosmo 

σ8, Ωm, Ωb, h, ns, Mν, w0 

>1 million PDFs 

F. Villaescusa-Navarro ++ (incl CU) 19

Fisher for Complements
CU, Friedrich ++ 19



Fisher matrix

Fisher for Complements

10 authors
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Figure 9. (Upper panel) Measured dark matter PDF in spheres of radius
R = 10 Mpc/h for redshiftsz = 0 , 1 for the Þducial model without
massive neutrinos andM ! = 0 .2 eV, as indicated in the legend. Both
simulations have been run using initial conditions generated from the Zel-
dovich approximation. (Lower panel) The fractional difference of the PDF
for massive neutrinos withm! = 0 .1eV (red),m! = 0 .2eV (blue) and
m! = 0 .4eV (green) and the Þducial model (with equal! 8) as a function
of density at redshiftz = 0 and radiiR = 10 , 15, 20 Mpc/h (top to bot-
tom). The points with error bars indicate measurements of the mean and
standard deviation from 500 individual realisations.[! Add Dashed lines
computed from mapping the variance measured variance with the neutrino
abundance]

5 FISHER FORECAST FOR ! LCDM COSMOLOGY

In the following, we quantify the information content of the matter
PDF on the full set of LCDM cosmological parameters and the total
neutrino mass using a Fisher matrix formalism.

After brießy reviewing the basis of the Fisher analysis in Sec-
tion 5, we discuss the covariance matrix in Section5.3 and the
derivatives with respect to cosmological parameters in Section5.4.
In Section5.5, we determine a suitable combination of smoothing
radii R and redshiftsz for the matter density PDF, and establish
the complementarity between the matter PDF and the matter power
spectrum on mildly nonlinear scales. The Þnal constraints on the
full set of ! LCDM parameters are presented in Section5.5.4.

5.1 Basics for the Fisher analysis

The Fisher matrix on a set of cosmological parameters,"#, given a
(combination of) statistics"S is deÞned as

Fij =
!

" ,#

$S"

$#i
C! 1

"#
$S#

$#j
, (19)

whereSi is the elementi of the statistic"S andC is the covariance
matrix, deÞned as

C"# = ! (S" " øS" )(S# " øS# )#, øS" = !S" #. (20)

We multiply the inverse of the covariance matrix measured in the
simulation by the ratio of the considered volume to the simulation
box volumeV/Vsim and the Kaufman-Hartlap factor (Kaufman
1967; Hartlap et al.2006), h = ( Nsim " 2" NS )/ (Nsim " 1), to cor-
rect for a potential bias for the inverse of the maximum-likelihood
estimator of the covariance depending on the ratio of the length of
the data vectorNS to the number of simulationsNsim . Since in our
case the number of simulations for covariance estimation is very
large, this factor will be close to unity throughout.

The Fisher matrix allows to determine the error contours on a
set of cosmological parameters under the assumption that the like-
lihood is Gaussian. The inverse of the Fisher matrix gives the pa-
rameter covariance. The error on the parameter#i , marginalised
over all other parameters, is given by

%#i !
"

(F ! 1)ii . (21)

The Fisher analysis relies on three ingredients,

(i) the summary statistics entering the data vector,
(ii) their covariance matrix, and
(iii) their derivatives with respect to cosmological parameters.

As discussed inVillaescusa-Navarro et al.(2019) the Quijote sim-
ulations are designed to numerically evaluate those three pieces
for different summary statistics including matter power spectra and
matter density PDFs. There are 15.000 simulations at Þducial cos-
mology available to estimate covariances, along with 500 simula-
tions each for increasing/decreasing every single LCDM parameter.
To assess the impact of massive neutrinos, there are 500 simula-
tions run from Zeldovich approximation initial conditions for Þdu-
cial cosmology, and neutrino massesM ! = 0 .1, 0.2, 0.4eV. For the
Fisher analysis, we assume a total cosmic volume of (4 Gpc/h )3,
which is easily accessible by Euclid and about four times the size
of the simulation.[$ Comment on that choice]

MNRAS 000, 000Ð000 (0000)

derivatives w.r.t. cosmo

covariance 

summary stats: PDF bins

marginalised errors

10 authors
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Figure 9. (Upper panel) Measured dark matter PDF in spheres of radius
R = 10 Mpc/h for redshiftsz = 0 , 1 for the Þducial model without
massive neutrinos andM ! = 0 .2 eV, as indicated in the legend. Both
simulations have been run using initial conditions generated from the Zel-
dovich approximation. (Lower panel) The fractional difference of the PDF
for massive neutrinos withm! = 0 .1eV (red),m! = 0 .2eV (blue) and
m! = 0 .4eV (green) and the Þducial model (with equal! 8) as a function
of density at redshiftz = 0 and radiiR = 10 , 15, 20 Mpc/h (top to bot-
tom). The points with error bars indicate measurements of the mean and
standard deviation from 500 individual realisations.[! Add Dashed lines
computed from mapping the variance measured variance with the neutrino
abundance]
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PDF on the full set of LCDM cosmological parameters and the total
neutrino mass using a Fisher matrix formalism.

After brießy reviewing the basis of the Fisher analysis in Sec-
tion 5, we discuss the covariance matrix in Section5.3 and the
derivatives with respect to cosmological parameters in Section5.4.
In Section5.5, we determine a suitable combination of smoothing
radii R and redshiftsz for the matter density PDF, and establish
the complementarity between the matter PDF and the matter power
spectrum on mildly nonlinear scales. The Þnal constraints on the
full set of ! LCDM parameters are presented in Section5.5.4.
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simulation by the ratio of the considered volume to the simulation
box volumeV/Vsim and the Kaufman-Hartlap factor (Kaufman
1967; Hartlap et al.2006), h = ( Nsim " 2" NS )/ (Nsim " 1), to cor-
rect for a potential bias for the inverse of the maximum-likelihood
estimator of the covariance depending on the ratio of the length of
the data vectorNS to the number of simulationsNsim . Since in our
case the number of simulations for covariance estimation is very
large, this factor will be close to unity throughout.

The Fisher matrix allows to determine the error contours on a
set of cosmological parameters under the assumption that the like-
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over all other parameters, is given by
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(i) the summary statistics entering the data vector,
(ii) their covariance matrix, and
(iii) their derivatives with respect to cosmological parameters.

As discussed inVillaescusa-Navarro et al.(2019) the Quijote sim-
ulations are designed to numerically evaluate those three pieces
for different summary statistics including matter power spectra and
matter density PDFs. There are 15.000 simulations at Þducial cos-
mology available to estimate covariances, along with 500 simula-
tions each for increasing/decreasing every single LCDM parameter.
To assess the impact of massive neutrinos, there are 500 simula-
tions run from Zeldovich approximation initial conditions for Þdu-
cial cosmology, and neutrino massesM ! = 0 .1, 0.2, 0.4eV. For the
Fisher analysis, we assume a total cosmic volume of (4 Gpc/h )3,
which is easily accessible by Euclid and about four times the size
of the simulation.[$ Comment on that choice]
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Fisher for Complements

Covariance: PDF bin correlation 

determined by density-dependent clustering
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width: clustering amplitude ! 8

R !Mpc"h#
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z=0, 0.5, 1
Vtot = 6 (Gpc/h )3

P(k), kmax =0.2h/ Mpc
PDF, R=10,15 Mpc/h
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Planck base mnu plikHM TT lowl lowE
z=0,0.5,1,Vtot = 6 (Gpc/h )3:
P(k), kmax =0.2h/ Mpc
PDF, R = 10, 15, 20 Mpc/h
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prim. non-Gaussianity fNL: extra tilt

fNL
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sims: Oriana (LasDamas)
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Friedrich, CU ++ 19
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extensions 

Matter 1-Point Statistics



P(! (x), ! !(x + r ))
P(! )P(! !)

= 1 + " (r )b(! )b(! !)

bR (! ) =
! ! !

R (r )|! R " # 1
"R (r )

average density at separation r

Gaussian ICs + spherical collapse

! 1
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Density-Split Clustering

separation 
independent
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local primordial non-Gaussianity 
analogue of 
scale-dependent  
halo & void bias

Density-Split Clustering
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Powerful statistics 

non-Gaussian, beyond PT 

robust & accurate predictions 

Cosmology & fundamental physics  

Ωm, σ8, Mν, fNL 

Cosmo with 1-pt Statistics

CU, Friedrich ++ 19 Friedrich, CU ++ 19

Reality: no 3D matter field (see Oliver’s talk) 

weak lensing: projected matter 

galaxy clustering: bias & stochasticity 

DE: w0,a, MG: Ωrc, fR0 Cataneo, CU, Arnold, AG++ 21


