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Model order reduction

Let us consider ODE’s (or semi-discrete PDE’s) as

where
n � 1z 2 Rn

⇢
z(µ)t = L(µ)z(µ) + F (µ, z(µ))
z(µ, 0) = z0(µ)



Model order reduction

Let us consider ODE’s (or semi-discrete PDE’s) as

where

Now we seek the reduced model

n � 1z 2 Rn

z = Ay

y 2 Rk A 2 Rn⇥k
where n � k

⇢
z(µ)t = L(µ)z(µ) + F (µ, z(µ))
z(µ, 0) = z0(µ)



Model order reduction

Differential Geometry

Manifold: A topological space that locally resembles
Euclidean space.

Vector field:

X = {(p, v)|p 2 M, v 2 T
p

M}

We seek a linear approximation to the solution manifold



Model order reduction

By projection, we obtain the reduced system
⇢

Ay(µ)t = L(µ)Ay(µ) + F (µ,Ay(µ))
Ay(µ, 0) = Ay0(µ)

and
A+A = I

⇢
y(µ)t = A+L(µ)Ay(µ) + A+F (µ,Ay(µ))
y(µ, 0) = y0(µ)



Model order reduction

By projection, we obtain the reduced system
⇢

Ay(µ)t = L(µ)Ay(µ) + F (µ,Ay(µ))
Ay(µ, 0) = Ay0(µ)

and

Choosing the linear space - A - is clearly key

Often done by accuracy 
‣POD 
‣Greedy approximation based on error

A+A = I

⇢
y(µ)t = A+L(µ)Ay(µ) + A+F (µ,Ay(µ))
y(µ, 0) = y0(µ)
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water equation
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Reduced model by POD

Consider shallow  
water equation

⇢
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�t +

1
2 |r�|2 + h = 0

u = r�

k=80

k=160

Mode truncation  
instability



Problem ?
Problem - we have destroyed delicate properties

Systems are Hamiltonian
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Problem - we have destroyed delicate properties

Systems are Hamiltonian

Hamiltonian Systems

Systems that are described by a scalar function,

H(q,p, t)

Equations of evolution,
8
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We must develop our reduced basis such that the 
reduced model maintains a Hamiltonian structure



Model order reduction
Basis Generation

Definition: A 2 R2n⇥2k
is a symplectic basis/transformation

if:

AT J2nA = J2k
Or
Definition: A set A of vectors

A = {e1, . . . , en} [ {f1, . . . , fn}

is a symplectic basis if

⌦(ei, ej) = ⌦(fi, fj) = 0, ⌦(fi, ej) = �i,j

⌦(v1, v2) = vT1 J2nv2

Basis Generation

Definition: A 2 R2n⇥2k
is a symplectic basis/transformation

if:

AT J2nA = J2k
Or
Definition: A set A of vectors

A = {e1, . . . , en} [ {f1, . . . , fn}

is a symplectic basis if

⌦(ei, ej) = ⌦(fi, fj) = 0, ⌦(fi, ej) = �i,j

⌦(v1, v2) = vT1 J2nv2

AT J2nA = J2k



Symplectic transformations

Symplectic Transformation
Symplectic Transformation: (P1, ⌦1) and (P2, ⌦2) are
symplectic manifolds. � : P1 ! P2 is symplectic if

⌦1(w, v) = ⌦2(�(w), �(v)), 8w, v 2 P1

Take P1 = R2k and P2 = R2n, symplectic condition of linear
transformation A2n⇥2k takes the form:

zT1 J2kz2 = zT1 AT J2nAz2

, J2k = AT J2nA

Symplectic Transformation:
I A symplectic inverse of a symplectic matrix A is given by

A+
= JT2kAT J2k

I If A is a symplectic matrix then (Peng et al. [2015])
I

(A+
)

T is symplectic
I A+A = I2k

8 / 38



Model order reductionSymplectic Model Reduction

Suppose for a symplectic subspace

z ⇡ Ay, A 2 R2n⇥2k

With substitution
Aẏ = J2nr

z

H(Ay)

We require the residual be orthogonal to A:

A+
(Aẏ � J2nr

z

H(Ay)) = 0

resulting

ẏ = A+J2n(A+
)

T

| {z }
J2k

r
y

˜H(y), ˜H(y) = H(Ay)
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Since A is symplectic, reduced problem is symplectic



Reduced models
Basis Generation

Given set of Snapshots Y = [y(t1), . . . ,y(tN )]

I Nonlinear optimization

minimize
A

||Y �AA+Y ||

subject to AT J2nA = J2k

I SVD based methods for basis generation.
I Complex SVD, using q+ ip.
I Greedy approach.
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Reduced models
Basis Generation

Given set of Snapshots Y = [y(t1), . . . ,y(tN )]

I Nonlinear optimization

minimize
A

||Y �AA+Y ||

subject to AT J2nA = J2k

I SVD based methods for basis generation.
I Complex SVD, using q+ ip.
I Greedy approach.

Greedy Approach for Basis Generation

The Hamiltonian can be used as error estimator.

H(q,p) = U(q) +K(p) = F1(q,p) + F2(q,p)



The greedy method - error
Energy Preservation

Let ẑ(t) := Ay(t) be the approximated solution. Energy loss
associated with model reduction is

�H(t) := |H(z(t)) � H(ẑ(t))|
Now we have

H(ẑ(t)) = H(Ay(t))

= (H � A)(y(t))

=

˜H(y(t))

=

˜H(y0)

= (H � A)(y0)

= H(Ay0)

= H(AA+z0)

meaning

�H(t) = |H(z0) � H(AA+z0)|, t � 0

14 / 38



The greedy method - algorithmThe Greedy Algorithm
Input: �, �

N

= {!1, . . . , !
N

}, z0(!)

1. !⇤  !1

2. e1  z0(!
⇤
)

3. f1  JT2nz0(!⇤
)

4. A [e1, f1]
5. while �H(!) > � for all ! 2 ⌦

N

6. w⇤  argmax
!2⌦N

�H(!)

7. Compute trajectory snapshots
S = {z(t

i

, !⇤
)|i = 1, . . . , M}

8. z

⇤  argmax
s2S

ks�AA+sk
9. Apply symplectic Gram-Schmidt on z

⇤

10. e
k+1  z

⇤/kz⇤k
11. f

k+1  JT2nz⇤
12. A [e1, . . . , e

k+1, f1, . . . , fk+1]

13. end while

Output: Symplectic basis A. 17 / 38



The greedy method - convergence
Convergence of the greedy method

Let S be a subset of Rm and Y
n

, n  m, be a general
n-dimensional subspace of Rm. The Kolmogorov n-width of S
in Rm is given by

d
n

(S, Rm

) := inf

Yn

sup

s2S
inf

y2Yn

ks � yk2

Theorem
Let S be a compact subset of R2n

with exponentially small

Kolmogorov n-width d
k

 c exp(�↵k) with ↵ > log 3. Then there

exists � > 0 such that the symplectic subspaces A2k generated

by the greedy algorithm provide exponential approximation

properties such that

ks � P2k(s)k2  C exp(��k)

for all s 2 S and some C > 0.

13 / 38



Hamiltonian reduced model
Non-Linear Case

Wave equation:
(
q̇ = p

ṗ = c2qxx

Hamiltonian:

H(q, p) =
Z ✓

1

2

p2 +
1

2

c2q2x

◆
dx

Linear Wave-Equation (cont.)

I size of original system : 1000
I size of reduced system : 30
I

�H = 5⇥ 10

�4.
I ||y � yr||L2 = 5⇥ 10

�5

Stability by construction
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Hamiltonian reduced modelWave Equation (cont.)
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Symplectic Empirical Interpolation
Symplectic Empirical Interpolation (SEIM)

Nonlinear case:

d

dt
z = Lz + g(z) =) d

dt
y =

˜L + A+
g(Ay)

Let H = H1 + H2 such that r
z

H1 = L and r
z

H2 = g. The
DEIM approximation then is

d

dt
y =

˜Ly + A+J2nU(P TU)

�1P T

g(Ay)| {z }
Ñ(y)

This system is a Hamiltonian system if and only if

˜N(y) = J2kryh(y)

Note that g = r
z

H2 = (A+
)

Tr
y

H2. And if we take U = (A+
)

T

˜N(y) = A+J2n(A+
)

T

(P T

(A+
)

T

)

�1P T

(A+
)

Tr
y

H2 = J2kry

H2(Ay)

21 / 38
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Schrödinger’s equation

Schrödinger Equation

(
q
t

= p
xx

+ ✏(q2 + p2)p,

p
t

= �q
xx

� ✏(q2 + p2)q,

With discrete Hamiltonian:

H�x

(z) = �x
NX

i=1

✓
q
i

q
i�1 � q2

i

�x2
+

p
i

p
i�1 � p2

i

�x2
+

✏

4

(p2
i

+ q2
i

)

2

◆

22 / 38



Schrödinger’s equationSchrödinger Equation (cont.)
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Shallow water equations

⇢
ht +r · (hr�) = 0
�t +

1
2 |r�|2 + h = 0

Let us return to the shallow water equation

u = r�

H(p, q) =
1

2

Z
h2 + h|r�|2 dx

With the Hamiltonian

EPFL

Symplectic model order reduction of Shallow
Waters Equation (SWE)

Nicoló Ripamonti
April 27, 2017

1 S������ W����� E�������
The problem taken in consideration is the one described by the fully nonlinear, non-
rotating shallow waters equation. The unknowns are h, the height of the free surface
with respect to the bottom of the sea, and the scalar potential �. This representation is
less computationally expensive than the one including the velocity vector field but it is
valid under the assumption that a flow which starts irrotational stays so forever.
In terms of equations we have:

8><>:
dh
dt + r · �hr�� ⇤ 0,
d�
dt + 1

2 |r� |2 + h ⇤ 0
(1.1)

which represent the mass and momentum conservation, respectively.
System (1.1) is Hamiltonian, with

H ⇤
1
2

Z
(h2

+ h |r� |2)dx

but (1.1) is not canonical since we have

ht ⇤
�H
��
, �t ⇤

�H
�h
, (1.2)

in place of
ht ⇤

�H
��
, �t ⇤ ��H�h . (1.3)

1

Hence, we can use the same machinery to solve SWE



Shallow water equations
Solved as 

‣Fourier spectral method in space 
‣Filtering for stability 
‣Symplectic time integration
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Figure 2.1: Filter adopted for the full and reduced model and energy dissipation caused
by the filter.

for SWE, defined as

pn+ 1
2 ⇤ pn � h

2
�H
�q

(pn+ 1
2 , qn), (2.2)

qn+1
⇤ qn

+
h
2

 
�H
�p

(pn+ 1
2 , qn) +

�H
�p

(pn+ 1
2 , qn+1)

!
, (2.3)

pn+1
⇤ pn � h

2
�H
�q

(pn+ 1
2 , qn+1), (2.4)

where p and q represent the momenta and velocities of the canonical Hamiltonian
formulation.

In our case we can apply this time integrator but we have to pay attention to the
differences regarding the sign of our Hamiltonian formulation ((1.2) and not (1.3)).

For the first half step for the integration of depth (2.2)(p in the Störmer Verlet scheme)
if we define:

• AM :⇤ W�1
2 iKmW2 2 Rn⇥n for m ⇤ 1, 2

• BM :⇤ diag(W�1
2 iKmW2���n

�x
) 2 Rn⇥n for m ⇤ 1, 2

then (2.2) could be solved in the following simplified form (linear system)

hhhn+ 1
2

�x
⇤ *
,
�t
2

2X

m⇤1
AmBT

m + I+- hhhn
�x

where I 2 Rn⇥n is the identity matrix.
For (2.3) we cannot apply a similar procedure and we have to solve a nonlinear set
of equations. The Newton-Rahpson solver is implemented and the exact Jacobian is

4
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4

For reduced model 

‣POD using RK4 since symplectic structure is lost 
‣Symplectic ROM integrated same way
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Shallow water equations

Reduced model 
k=80

Full model - n=1024



Shallow water equations
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Figure 3.2: (a) L2 error between the full solution and the reduced (POD and Cotangent
Lift) for t 2 [0, 10]s (b) Hamiltonian function for t 2 [0, 10]s.
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Figure 3.3: Behaviour of the singular values for the snapshot matrix of the Cotangent
Lift.
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Beyond Hamiltonian systems

Let us consider a more general problem with dissipation 
in which case the simple Hamiltonian structure vanishes 
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local error on long-time Integration
I Integrating a non-conservative system with a symplectic

integrator ) no guarantee of energy conservation
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Let us consider a more general problem with dissipation 
in which case the simple Hamiltonian structure vanishes 

We shall consider an alternative 



Beyond Hamiltonian systems

We consider a more general problem

We express the system as 

Structure-Preserving Model-Reduction of Dissipative Hamiltonian Systems 5

where p and q are the canonical coordinates z = (qT , pT )T , is an example of
such numerical integrators. More information on the construction and appli-
cation of symplectic integrators can be found in [11].

2.2 Dissipative Hamiltonian Systems and Hamiltonian Extensions

Many systems in engineering and science appear as a perturbation of a Hamil-
tonian system, where the perturbation can be regarded as dissipation. In these
systems, the energy tends to decrease over time, and thus, the conservation
law in Theorem 1 does not hold. Therefore, it is common to take the conserva-
tion of energy as a fundamental principle and consider the dissipative system
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ż = J
2n

KT f(t),

z(0) = z
0

,
(7)

where f is the solution to the Volterra integral equation [6]

f(t) +

Z
t

0

�(t� s) · f(s) ds = Kz. (8)

Here � : R+ ! R2n⇥2n is a bounded matrix valued function with respect to the
Frobenius norm and is called the general susceptibility. Note that the integral
term in (8) accounts to the accumulation of the dissipation, whereas �(s) = 0
implies (7) is equivalent to (1). Furthermore, under suitable assumptions on
K, both (1) and (7) are well-posed [10].

Example 1 Consider the dynamics of the damped harmonic oscillator

q̈ + rq̇ + kq = 0 (9)
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4 Numerical Results

In the following we illustrate the performance of the method through the
reduced order model of the dissipative wave equation and a port-Hamiltonian
model for a dissipative circuit.

4.1 Dissipative wave equation

Consider the dissipative linear wave equation
8
>>><

>>>:

q
t

(t, x) = p(t, x),

p
t

(t, x) = c2q
xx

(t, x)� r(x)p(t, x),

q(0, x) = q
0

(x),

p(0, x) = 0.

(38)

where x belongs to a one-dimensional torus of length L and r : [0, 1] ! [0, 1]
is a positive semi-definite real valued function.

We discretize the torus into N
�x

equidistant points and define �x =
L/N

�x

, x
i

= i�x, q
i

= q(t, x
i

) and p
i

= p(t, x
i

) for i = 1, . . . , N
�x

. The
discretization of r corresponds to a diagonal and semi-positive definite matrix
r
�

. Furthermore, we discretize (38) using a standard central finite di↵erences
schemes to obtain

ż = J
2n

KTKz �Rz, (39)

where z = (q
1

, . . . , q
N

�x

, p
1

, . . . , p
N

�x

) and K and R are given as

KTK =

✓
I 0
0 c2DT

x

D
x

◆
, R =

✓
0 0
0 r

�

◆
, (40)

with DT

x

D
x

= D
xx

as the central finite di↵erences matrix operator. Writing
(39) in a TDD formulation yields

ż = J
2n

KT f(t), f(t) +R

Z
t

0

f(s) ds = Kz. (41)

Since R is not time dependent, it commutes with the integration operator.
The Hamiltonian extension of (41), then takes the form (14a)-(14c).

The initial condition used is given by

q
i

(0) = h(10⇥ |x
i

� 1

2
|), p

i

= 0, i = 1, . . . , N, (42)

where h(s) is the cubic spline function

h(s) =

8
>>>><

>>>>:

1� 3

2
s2 +

3

4
s3, 0  s  1,

1

4
(2� s)3, 1 < s  2,

0, s > 2.

(43)
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ẋ = J2nKT f(t)

f(t) +

Z t

0
�(t� s) · f(s) ds = Kz.

with � � 0

12 Babak Maboudi Afkham, Jan S. Hesthaven

4 Numerical Results

In the following we illustrate the performance of the method through the
reduced order model of the dissipative wave equation and a port-Hamiltonian
model for a dissipative circuit.

4.1 Dissipative wave equation

Consider the dissipative linear wave equation
8
>>><

>>>:

q
t

(t, x) = p(t, x),

p
t

(t, x) = c2q
xx

(t, x)� r(x)p(t, x),

q(0, x) = q
0

(x),

p(0, x) = 0.

(38)

where x belongs to a one-dimensional torus of length L and r : [0, 1] ! [0, 1]
is a positive semi-definite real valued function.

We discretize the torus into N
�x

equidistant points and define �x =
L/N

�x

, x
i

= i�x, q
i

= q(t, x
i

) and p
i

= p(t, x
i

) for i = 1, . . . , N
�x

. The
discretization of r corresponds to a diagonal and semi-positive definite matrix
r
�

. Furthermore, we discretize (38) using a standard central finite di↵erences
schemes to obtain
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Beyond Hamiltonian systems
A TDD Hamiltonian system can be extended to a closed one 
(Figotin et al, 2006)

8
<

:

ż = J2nKT

f(t)
�

t

(t, x) = ✓(t, x)
✓

t

(t, x) = �

xx

(t, x) +
p
2�0(x)

p
�f(t)

f(t) +
p
2
p
��(t, 0) = Kz(t)
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an isometric injection I : R2n ! R2n ⇥H2n where the solution z to (7) is the
projection of x onto R2n, and x is the solution to

ẋ = J
2n

�H
ex

�x
. (11)

Here H
ex

: R2n ⇥ H2n ! R is an extended quadratic Hamiltonian function
and J

2n

is the symplectic operator defined on R2n ⇥H2n respectively.

Theorem 2 Suppose that K is full rank and �(t) is symmetric. Then there
is a quadratic extension to (7) of the form (11), if

Im(⇠�̂(⇠)) � 0, 8⇠ = ! + i⌘, ⌘ � 0, (12)

where �̂ is the Fourier-Laplace transform of �

�̂(⇠) =

Z 1

0

ei⇠t�(t) dt. (13)

Proof. Here we prove the theorem for the case where � is a constant symmetric
matrix, where condition (12) corresponds to � being positive semi-definite.
We refer the reader to [10] for the proof of the general case. Consider the
Hamiltonian system

ż(t) = J
2n

KT f(t), (14a)

@
t

�(t, x) = ✓(t, x), (14b)

@
t

✓(t, x) = @2

x

�(t, x) +
p
2�

0

(x) ·p�f(t), (14c)

together with the initial condition

z(0) = z
0

, �(0, ·) = 0, ✓(0, ·) = 0. (15)

Here ✓ and � are vector valued functions in H2n, �
0

(s) is the Dirac’s delta
function,

p
� is the matrix square root of � and f is the solution to the

equation
f(t) +

p
2 ·p��(t, 0) = Kz(t). (16)

To show that the Hamiltonian system (14a)-(14b) is an extension to (7) in the
sense discussed above, it is enough to show that the solution f to equation
(16) also satisfies (8). Equations (14b) and (14c) are equations for a vibrating
string, and can be solved analytically

�(t, x) =

p
2

2

Z
t�|x|

0

p
�f(s) ds, ✓(t, x) =

p
2

2
·p�f(t� |x|). (17)

Then, we recover (8) by substituting (17) into (16). The extended Hamiltonian
H

ex

for the system (14a)-(14b) takes the quadratic from

H
ex

(z,�, ✓) =
1

2

�kKz � �(t, 0)k2
2

+ k✓(t)k2H2n + k@
x

�(t)k2H2n

�
(18)

with the expression 

and the extended Hamiltonian
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Strings carry the dissipation



Beyond Hamiltonian systemsThe Reduced Dissipative Hamiltonian Method

Given a symplectic basis A:

y = Ax, ˜f = Af, ˜� = A�, ˜✓ = A✓

The RDH system reads

ẏ(t) = J2k ˜LT
˜f(t)

@t ˜�(t, x) = ˜✓(t, x)

@t˜✓(t, x) = @2
x
˜�(t, x) +

p
2�0(x) ·

p
�̃ ˜f(t)

Where ˜L = ATLA and KTK = LTL.

z = Ay
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as the central finite di↵erences matrix operator. Writing
(39) in a TDD formulation yields
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Since R is not time dependent, it commutes with the integration operator.
The Hamiltonian extension of (41), then takes the form (14a)-(14c).
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Fig. 1: (a) The solution to the original dissipative wave equation (38), (b)
The decay of the singular values for the POD, the PSD, and the RDH meth-
ods, (c) The L2-error for the di↵erent methods, (d) Evolution of error in the
Hamiltonian for di↵erent methods, (e) Energy preservation of the Hamiltonian
extension for the original and the reduced system. “FM” and “RM” refer to the
full model and the reduced model, respectively. (f) The L2-error between the
solution to the reduced system and the full system in a near-zero dissipation
regime.

and z
bd

is the term corresponding to the Dirichlet boundary condition. Note
that the extended Hamiltonian H

ex

takes the form
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(48)
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Extension to non-linear Sine-Gordon equation

The Dissipative Wave Equation

qt = p,

pt = qxx � sin(q)� r(x)p,

500 1000 1500 2000 2500

s

50

100

150

200

250

300

350

400

450

500

x

The Dissipative Wave Equation (cont.)

0 2 4 6 8 10

t

10�5

10�4

10�3

10�2

10�1

ke
k L

2

POD 20

POD 40

PSD 20

PSD 40

PSD 60

RDH 20

RDH 40

RDH 60

0 2 4 6 8 10

t

10�12

10�10

10�8

10�6

10�4

10�2

|H
(z
)
�
H
(A

y
)|

POD 20

POD 40

POD 60

PSD 20

PSD 40

RDH 20

RDH 40

error conservation of energy

0 2 4 6 8 10
t

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

en
er
gy

wave FM

hidden strings FM

total FM

wave RM

hidden strings RM

total RM

Energy in the extended system



Beyond Hamiltonian systemsPort-Hamiltonian Systems

14 From modeling to port-Hamiltonian systems

Dstorage dissipation
eS

fS

eR

fR

eP fP

Figure 2.2: Port-Hamiltonian system.

routing elements are neither energy-storing or energy-dissipating but
only redirect the power flow in the overall system.

For the port-Hamiltonian formulation (see also Golo et al. (2003))
the energy-storing elements will be grouped into a single object de-
noted by S (’storage’), and similarly the energy-dissipating elements
are grouped into a single object denoted by R (’resistive’). Finally, the
interconnection of all the energy-routing elements can be considered
as one energy-routing structure4 denoted by D (to be formalized by
the geometric notion of a Dirac structure).

The essence of port-Hamiltonian systems modeling is thus rep-
resented in Fig. 2.2. The energy-storing elements S and the energy-
dissipating (resistive) elements R are linked to a central interconnec-
tion (energy-routing) structure D. This linking takes place via pairs
(f, e) of equally dimensioned vectors of flow and effort variables. A
pair (f, e) of vectors of flow and effort variables is called a port, and
the total set of variables f, e is called the set of port variables. We refer
to Appendix B for the physical meaning of efforts and flows in various
physical domains.

Fig. 2.2 shows three ports: the port (fS , eS) linking to energy-
storage, the port (fR, eR) corresponding to energy-dissipation, and the
external port (fP , eP ), by which the system interacts with its environ-
ment (including controller action). The scalar quantities eTSfS , eTRfR,
and eTP fP denote the instantaneous powers transmitted through the
links (the ’bonds’ in bond graph terminology).

4Called generalized junction structure in bond graph terminology Breedveld (1984);
Golo et al. (2003).

Linear port-Hamiltonian systems

ẋ = (J2n �R)QTQx+ u
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Dissipative Circuit

u = I R1 L1,�1

C1, q1 C2, q2 Cn, qn

Rn Ln,�n

Rn+1

We have
Q = diag(C�1

1 , L�1
1 , . . . , C�n

n , L�n
n )

R = diag(0, R1, . . . , 0, Rn +Rn+1)

J2n =

0

BBB@

0 1 0

�1 0 1

0 �1 0

. . .

1

CCCA

Give rise to the port Hamiltonian system

ẋ = (J2n �R)QTQx+ u
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With a change of coordinate/variables we re-write as a
dissipative Hamiltonian system:

˙x̃ = J2n ˜QT
˜Qx̃� ˜Rx+ ũ

which corresponds to the TDD system

˙x̃ = J2n ˜QT f(t) + ũ, f(t) + ˜R

Z t

0
f(t) = ˜Qx̃.
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Euler/Navier-Stokes equations

Navier Stokes formulation

July 12, 2017

1 Euler/Navier Stokes equation

1.1 Velocity formulation

The momentum equation of Navier Stokes equations, using velocity components and pres-
sure, can be written in three di↵erent ways:

• Divergence form
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To complete the set of equations we consider the solenoidal ( or continuity ) equation
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The pressure is related to the velocity by the Poisson pressure equation, which is obtained
by applying the divergence operator to the momentum equation and then exploiting the
solenoidal equation to cancel some terms. For instance in the divergence form we have
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In the following section, I will briefly describe the discretization ( in time and space ) proposed
by [1] for the skew symmetric form in order to have an energy conserving scheme for the
Euler equation and to have the natural decay of kinetic energy for the Navier Stokes equation
due only to the viscosity term.
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Let us finally consider the Euler/Navier-Stokes equations

Developing a ROM directly for this is unstable
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There is a generalized Hamiltonian structure for the Euler 
equations - but it is complicated
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This conserves energy - also at discrete level
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Euler equation and to have the natural decay of kinetic energy for the Navier Stokes equation
due only to the viscosity term.
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Developing a ROM directly for this is unstable

There is a generalized Hamiltonian structure for the Euler 
equations - but it is complicated

We use the skew-symmetric form
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which is exactly what we desired at the end of the previous section.
In [1] the divergence and gradient operators are discretized using asymmetric finite dif-

ferences. Centered schemes are avoided because they cause an odd-even decoupling between
pressure and velocity and this tends to produce an unstable solution. For the numerical
solution I tested finite di↵erences operator of 3rd,5th and 7th order. The time integration is
done by using Gauss collocation methods of 2nd (implicit midpoint) and 4th order in time,
which are known to conserve quadratic invariants. The results, in terms of energy, are shown
in Figure 1
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Figure 1: Comparison between simulations of the Navier Stokes model using the described
skew symmetric, divergence and convective form. As expected the last two formulations are
not energy conservative and dissipate/increase the energy of the system. The skew symmetric
formulation (focus on the right figure) presents a small deviation with respect to the energy
of the initial condition.

2.3 Model reduction

Suppose that each of the velocity component and the pressure term are reduced using sepa-
rated basis, i.e.
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Euler/Navier-Stokes equations
To solve full model 

‣Asymmetric 7th order finite difference method 
‣Gauss collocation method (2nd and 4th order) 

To integrate reduced model 

‣Gauss collocation method (2nd and 4th order) 
‣Nonlinearity addressed by EIM
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The double jet problem

pressure) with respect to their reduced basis. This allows a substantial reduction in terms
of computational time without a further loss in accuracy if compared to the reduced model
where the nonlinearity is computed each time by going back and forward from the full space.

2 Test cases

The method has been tested with three di↵erent test cases where a certain given vorticity
field is provided as initial condition. For each of them periodic boundary conditions have
been implemented, on a numeric grid of 100 ⇥ 100 points. The time integration is done
using implicit midpoint and the spatial derivatives are discretized using 7th order asymmetric
stencil for the full model. For now the reduction involves only time and no other parameters.
A light filter is used to reduce the obscillations of the numerical solution for both the reduced
and full model.

2.1 Double Jet Flow

The initial condition for the double jet flow case is
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The solution of the full model is presented in Figure 1, the kinetic energy of full and reduced
models in Figure 2 and the computational time in Table 1
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Figure 7: Solution for reduced systems. From the top to the bottom: 5, 8, 12, 18, 25 and 35
basis
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Figure 7: Solution for reduced systems. From the top to the bottom: 5, 8, 12, 18, 25 and 35
basis
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Figure 7: Solution for reduced systems. From the top to the bottom: 5, 8, 12, 18, 25 and 35
basis
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Figure 2: Comparison of the kinetic energy of the system for the full and reduced model
using di↵erent basis.

# basis Reduced model (quadratic expansion) % Full
5 1.18s 0.05%
8 1.38s 0.06%
12 1.99s 0.08%
18 3.91s 0.16%
25 8.44s 0.34%
35 16.69s 0.67%
Full 2480.13s 100%

Table 1: Comparison in terms of computational time between full and reduced models. The
time to store the data is not been taken into account.

2.2 Moving vortices

The initial condition for two moving vortices is
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of the full model is presented in Figure 3, the kinetic energy of full and reduced models in
Figure 4 and the computational time in Table 2
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Double vortex problem
2.3 Merging vortices

The initial condition for two moving vortices is
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4

⇡, � = 0.1 and d = 0.65. The solution of the full model is presented in Figure
5, the kinetic energy of full and reduced models in Figure 6 and the computational time in
Table 3.

Figure 5: Vorticity solution for the full model at t = 0, 4, 10.4 and 20 seconds.
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Figure 6: Comparison of the kinetic energy of the system for the full and reduced model
using di↵erent basis.
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Figure 3: Vorticity solution for the full model at t = 0, 20, 52 and 100 seconds.
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Figure 4: Comparison of the kinetic energy of the system for the full and reduced model
using di↵erent basis.

# basis Reduced model (quadratic expansion) % Full
5 0.93s 0.04%
8 1.15s 0.05%
12 1.67s 0.07%
18 3.30s 0.14%
25 6.22s 0.27%
35 14.06s 0.62%
Full 2280.94s 100%

Table 2: Comparison in terms of computational time between full and reduced models.
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Figure 3: Vorticity solution for the full model at t = 0, 20, 52 and 100 seconds.
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Figure 8: Solution for reduced systems. From the top to the bottom: 5, 8, 12, 18, 25 and 35
basis
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Figure 8: Solution for reduced systems. From the top to the bottom: 5, 8, 12, 18, 25 and 35
basis
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Figure 8: Solution for reduced systems. From the top to the bottom: 5, 8, 12, 18, 25 and 35
basis
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A brief summary
Status
‣Reduced order models for time-dependent problems  

   should not only be constructed for accuracy. 
‣The Hamiltonian approach offer some tools 
‣Greedy approach to construct basis 
‣Preservation of structure and invariants ensure stability 
‣Extension to linearly dissipative problems 

‣Extension to problems with several invariants 
‣More general dissipative models 
‣Generalizations to conservation laws

Ongoing


