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Model order reduction Lo rouicn oyt

Let us consider ODE's (or semi-discrete PDE’s) as

where
7z € R" n>1
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Model order reduction (”_

Let us consider ODE's (or semi-discrete PDE’s) as

[ 2(n)e = L(w)z(p) + F(p,z())
| z(1,0) = zo (1)
where
7 € R" n>1

Now we seek the reduced model

7z = Ay

where y € RF A ¢ R™¥F n >k



ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

Model order reduction

We seek a linear approximation to the solution manifold
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Model order reduction .(”_

By projection, we obtain the reduced system

= L(p)Ay(p) + F(p, Ay(p))

ATA =1
and

ATL(p)Ay(p) + ATF (p, Ay (p))
y (1, 0) = yo(p)

—
=<
=

|
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Model order reduction (”_

By projection, we obtain the reduced system

{ Ay(p)r = L(p)Ay(p) + F(p, Ay (1))
Ay(p,0) = Ayo(p) ATA T
and
{ y(p)e = ATL(p)Ay(p) + ATF(u, Ay(p))
y(1,0) = yo(u)

Choosing the linear space - A - is clearly key

Often done by accuracy
»POD
» Greedy approximation based on error



)
A known problem il

Consider the wave equation

Upr — C*Upy = 0

Expressed as

Gt = P
Pt = C2Qa:a:

Reduced model by POD
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Consider the wave equation

Upr — C*Upy = 0

Expressed as

Gt = P
Pt = C2Qa:a:

Reduced model by POD



A known problem

Consider shallow
water equation

-V - (hVg¢) =0

hi -
¢t + 2|Vo|> +h =0

u=Vo

(il
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A known problem

ECOLE POLYTECH
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FEDERALE DE LAU SANNE
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Consider shallow
water equation

hi + V- (V) =0
i+ VO +h =0
u=Vo

Reduced model by POD
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A known problem il

k=80

Consider shallow
water equation

R N N

hi +V - (hV¢) = 0
b+ 3|Vel* +h =0

u= Vo

A L

Reduced model by POD



A known problem

EEEEEEEEEEEEEEEEE
EEEEEEEEEEEEEEEEE

Consider shallow
water equation

-V - (hVg¢) =0

hi -
¢t + 2|Vo|> +h =0

u=Vo

Mode truncation

instability

Reduced model by POD
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Systems are Hamiltonian
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Problem - we have destroyed delicate properties
Systems are Hamiltonian

Equations of evolution,

(. dH

=
| L dH
\p— dq

Or by defining y = (q>
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Problem - we have destroyed delicate properties
Systems are Hamiltonian

Equations of evolution,

(. dH

=
| L dH
\p— dq

Or by defining y = (g)

. 0 I,

We must develop our reduced basis such that the
reduced model maintains a Hamiltonian structure
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Model order reduction (”_

Definition: A € R?"*?% js g symplectic basis/transformation
If:
T
A J QnA — J 2k

Definition: A set A of vectors

A:{61,...,6n}u{f17”°7fn}

Is a symplectic basis if
Q(eia 6]) — Q(fu f]) — 07 Q(fu 6]) — 52,]

Q(v1,v2) = v Janvo



)
Symplectic transformations T

Symplectic Transformation:
» A symplectic inverse of a symplectic matrix A is given by

= JL AT Joy, <

» If Ais a symplectic matrix then (Peng et al. [2015])
» (AT)1 is symplectic
» AT A = ng
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Model order reduction (”_

Suppose for a symplectic subspace
e 14y7 A€ RQnXQk

With substitution

We require the residual be orthogonal to A:
AT (A — J2, V. H(Ay)) = 0

resulting

~ ~

y= At Jon(AT) VyH(y), H(y) = H(Ay)
Jok
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Model order reduction (”_

Suppose for a symplectic subspace
e Ay, A€ RQnXQk

With substitution

We require the residual be orthogonal to A:
AT (A — J2, V. H(Ay)) = 0

resulting

~ ~

y= At Jon(AT) VyH(y), H(y) = H(Ay)
Jok

Since A is symplectic, reduced problem is symplectic
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Reduced models Lo rouicn oyt

Given set of Snapshots Y = [y (t1),...,y(tN)]
» Nonlinear optimization

minijlnize Y — AATY

subjectto AT Jo, A = Jo

» SVD based methods for basis generation.
» Complex SVD, using q + ip.
» Greedy approach.



Reduced models

Given set of Snapshots Y = [y (t1),...,y(tN)]
» Nonlinear optimization

minijlnize Y — AATY

subjectto AT Jo, A = Jo

» SVD based methods for basis generation.
» Complex SVD, using q + ip.

@dy appr@
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Reduced models

Given set of Snapshots Y = [y (t1),...,y(tN)]
» Nonlinear optimization

minijlnize Y — AATY

subjectto AT Jo, A = Jo

» SVD based methods for basis generation.
» Complex SVD, using q + ip.
Greedy appr@

The Hamiltonian can be used as error estimator.

H(q,p) =U(q) + K(p) = Fi(q,p) + F2(q, p)

(i
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The greedy method - error il

Let 2(¢) := Ay(t) be the approximated solution. Energy loss
associated with model reduction is

AH(t) := [H(z(t)) — H(z(1))]

Now we have

meaning



The greedy method - algorithm

Input: o0, 'y = {wl, Ce ,UJN}, Zo(w)

N oo RsD =

Wh=0o O ©

Ww* < wiq

el < zo(w™)

fl %JQnZO(w*)

A« les, f1]

while AH(w) > d forallw € Qn

w* < argmax AH (w)
wedN
Compute trajectory snapshots

S ={z(t;,w)i=1,..., M}

z* < argmax ||ls — AATs]||
sES

Apply symplectic Gram-Schmidt on z*

ekl < 2 /|27
fk—|-1 %J%ﬂnz*
A+ [617“'76k+17f17°"7fk—|-1]

. end while

I
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The greedy method - convergence G

Let S be a subset of R™ and Y,,, n < m, be a general
n-dimensional subspace of R"*. The Kolmogorov n-width of .S
in R™ Is given by

d,(S,R™) := inf sup inf ||s —
n ) in: SEE;&L”S Y2

Theorem

Let S be a compact subset of R** with exponentially small
Kolmogorov n-width dy, < cexp(—ak) with a > log 3. Then there
exists 5 > 0 such that the symplectic subspaces A,;, generated
by the greedy algorithm provide exponential approximation
properties such that

Is = Por(s)l[2 < C exp(—fk)

for all s € S and some C > 0.



Hamiltonian reduced model

Wave equation:

q=2p
pzczqq:x

Hamiltonian:

H(q,p) =

1 1
/(§p2 + 562%23) dx

Stability by construction

-0.5

1.5

(gl

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

» size of original system : 1000
» size of reduced system : 30

» AH =5 x 104

> |ly = yrllL, =5 x 1077

0.5
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Hamiltonian reduced model
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singularvalues

e—e POD
& cotangent lift
s—a complex SVD

b oreedy

1.2
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Symplectic Empirical Interpolation LI

Nonlinear case:

d d .
—z = L —v=L+ATg(A
dtZ z+g(z) = dty 4 g(Ay)

Let H = H, + Hy suchthat V,H; = Land V,Hy = ¢g. The
(D)EIM approximation then is
d

Y = Ly + AT I, U(PTU) ™ P g(Ay)

-~

N(y)
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Symplectic Empirical Interpolation -

Nonlinear case:

d p X
=1 — v =L+ Ate(A
e z + g(2) Y + AT g(Ay)

Let H = H, + Hy suchthat V,H; = Land V,Hy = ¢g. The
(D)EIM approximation then is
d

oY = Ly + AT I, U(PTU) ™ P g(Ay)

-~

N(y)

This system is a Hamiltonian system if and only if

~

N(Y) — JQkVyh(Y)
Note that g = V. Hy = (AT)TV,H,. And if we take U = (AT)T

~

N(y) = AT Jon (AN (PT(AT)) T P (AT 'V Hy = I,V Hy(Ay)
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Schrodinger’s equation il

Schrodinger Equation

[ Gt = Puw + €(¢® + PP,
\ Pt = —Qrx — €(q2 +p2)Q7
With discrete Hamiltonian:

9

N

2 2
q;9;—1 — (q; PiPi—1 — D; €
Hax(z) = Az ) ( B =1(p?+q?>2)

1=1



Schrodinger’s equation

|ul
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Shallow water equations L

Let us return to the shallow water equation

{ht——v-(hV@:O u=Vo
af ——%\V¢\2+h:()

With the Hamiltonian

H(p,q) = %/hQ h|V | da
oH oH
ht — %/ th — 6_h/

Hence, we can use the same machinery to solve SWE



)
Shallow water equations il

Solved as

» Fourier spectral method in space
» Filtering for stability
» Symplectic time integration

n+y _ o, n _ Eé_H n+s n

prr=pt -5 5g P )

qn+1 — qn + g (5H(pn+2,q )‘|‘ _(Pn+2 n+1) )
n+1 h OH n+2 n+1),

= e
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Shallow water equations il

Solved as

» Fourier spectral method in space
» Filtering for stability
» Symplectic time integration

hOH

n+i _ oty l y

prr=pt -3 5g P )

7" =q" + g (—(P”+2,q )+ —(p’”z 7"
n+1 h OH n+2 n+1)

P EP s
For reduced model

» POD using RK4 since symplectic structure is lost
» Symplectic ROM integrated same way
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POD - k=80

Depth

Depth
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POD - k=80

Depth

Depth




Depth
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Shallow water equations il

Depth

Depth

Depth
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Shallow water equations

(i

EEEEEEEEEEEEEEE QUE
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Reduced model
k=80

Full model - n=1024
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leflz,

Shallow water equations L
10° \ \
Cotangent lift 44 |- —— Full model
e PO —— Cotangent lift
100 - | ——POD
1077 | S g e e
10710 | I
36 |
—15 | | | | | | | | |
N 2 4 6 8 10 0 2 4 6 8 10



Shallow water equations
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ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

leflz,

10°

1009

107°

10~1

10—15

== Cotangent lift 44
e POD

—— Full model
—— Cotangent lift
——POD

| H(z)-H(Ay) |

N 1
— 10
= —
30
1N—>5 e () ! ‘ ‘ ‘
4_LU — 50 6 8
t 60 ||
1078 | (R
S—
10—11 - |
—14 l l 1 1
1077 2 4 6 8 10



Beyond Hamiltonian systems LT

Let us consider a more general problem with dissipation
In which case the simple Hamiltonian structure vanishes
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Let us consider a more general problem with dissipation
In which case the simple Hamiltonian structure vanishes

Existing model reduction techniques:

» Integrating a non-conservative system =- accumulation of
ocal error on long-time Integration

» Integrating a non-conservative system with a symplectic
iIntegrator = no guarantee of energy conservation




)
Beyond Hamiltonian systems il

Let us consider a more general problem with dissipation
In which case the simple Hamiltonian structure vanishes

Existing model reduction techniques:

» Integrating a non-conservative system =- accumulation of
ocal error on long-time Integration

» Integrating a non-conservative system with a symplectic
iIntegrator = no guarantee of energy conservation

We shall consider an alternative
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Beyond Hamiltonian systems il

We consider a more general problem
(=T, K' Kz — Rz,
We express the system as

f= D KTF(O). 0+ [ (=) f(s) ds = K
0 x = 0

Often called the time-dissipative-dispersive model (TDD)
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Beyond Hamiltonian systems il

We consider a more general problem
(=T, K' Kz — Rz,
We express the system as

f= D KTF(O). 0+ [ (=) f(s) ds = K
0 x = 0

Often called the time-dissipative-dispersive model (TDD)

If susceptibility is zero, original Hamiltonian problem recovered

Hence, the Volterra integral accounts for history effects
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Beyond Hamiltonian systems -

A TDD Hamiltonian system can be extended to a closed one
(Figotin et al, 2006)

{ 5= Jopn K1 f(t)

¢i(t,x) = 0(t, x)
01(t, ) = Qua(l, z) + ﬂé@(w)ﬂf(t)

with the expression F(t) +V2/xd(t,0) = Kz(t)

and the extended Hamiltonian

Hex(2,¢,0) = 5 (1Kz — ¢(t,0)[12 + [10() 320 + 1026 ()] 520 )

1
2



)
Beyond Hamiltonian systems -

A TDD Hamiltonian system can be extended to a closed one
(Figotin et al, 2006)

5= Jopn K1 f(t)
¢i(t,x) = 0(t, x)
Ht(t7 .Cl?) — ¢:13£13(t7 CC) + \/550(33)\/%]?(75)

with the expression F(t) +V2/xd(t,0) = Kz(t)
and the extended Hamiltonian

Hex(2,¢,0) = 5 (1 Kz — ¢(t,0)[12 + 0()[|320 + [10:6(t) 17420 )

1
2

Strings carry the dissipation
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Beyond Hamiltonian systems il

Given a symplectic basis A:

~

z=Ay, f=Af, ¢=A¢, 0 = Af
The RDH system reads

() = Jor L' £ (1)
8tq5(t, r) = é(t, T)

~

Dif(t, x) = D2(t,) + V200 () - /X (1

Where L = ATLAand KTK = LTL.
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Beyond Hamiltonian systems -

Consider first the damped wave equation

(g (t,x) = p(t, ),
pe(t, ) = *qua(t, x) — r(z)p(t, ),
(0, ) = qo(x), 1
. p(0,2) = 0. 0s
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Beyond Hamiltonian systems

el 2

energy

10—1_
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1079
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Beyond Hamiltonian systems LT

Extension to non-linear Sine-Gordon equation

lell 2

dt = P,
Pt — Qexx — Sin(Q) — T(ZIZ‘)p,

10_1' 10—2_

POD 20 —— POD 20
—— POD 40 —_— POD 40
10723 K PSD 20 — 1074 \ —— POD 60
~ PSD 40 > PSD 20
( S —— PSD 60 RIS AL < —— PSD 40
i \ RDH 20 T RDH 20
10774 RDH 40 | —— RDH 40
—— RDH 60 10781
N
—4 _\/\M/\/\/\/\,\,J\/\N\/\/\J gl
. T 0]
1075 T T T T ! 10712 T T T T 1
0 2 4 6 8 10 0 2 4 6 8 10

error conservation of energy
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Beyond Hamiltonian systems ik

€s €R
D dissipation
fs IR

ep| | /P

Linear port-Hamiltonian systems

i = (Jop — R)Q' Qx + u
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Beyond Hamiltonian systems TR
u=1 Ry Ly, ¢ R, L., ¢
1~ C1, ¢ Ca,q2 AN < Ch,an Rt
We have
Q) =diag(C; e L)

R = diag(0 Rl,.. 0 R, + Rn11)

(0 1 0 \
-1 0 1

Jm=10 -1 0

\ )

Give rise to the port Hamiltonian system

& = (Jon — R)Q" Qz + u



Beyond Hamiltonian systems LT

With a change of coordinate/variables we re-write as a
dissipative Hamiltonian system:

7 = J2nQ' Q% — Rr + @

which corresponds to the TDD system

t ~
P = 5,QfO i, fO+R [ £ =03



Beyond Hamiltonian systems
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Let us finally consider the Euler/Navier-Stokes equations

Opthe + OpyUgl + Op,p = VAU,
Op. Uy = 0

Developing a ROM directly for this is unstable
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Let us finally consider the Euler/Navier-Stokes equations

Opthe + OpyUgl + Op,p = VAU,
Op. Uy = 0

Developing a ROM directly for this is unstable

There is a generalized Hamiltonian structure for the Euler
equations - but it is complicated
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Euler/Navier-Stokes equations -

Let us finally consider the Euler/Navier-Stokes equations

Opthe + OpyUgl + Op,p = VAU,
Op. Uy = 0

Developing a ROM directly for this is unstable

There is a generalized Hamiltonian structure for the Euler
equations - but it is complicated

We use the skew-symmetric form
Oty + — (8 UG + ugﬁxﬁua) + 0,.p = VAu,

This conserves energy - also at discrete level



Euler/Navier-Stokes equations

Let us finally consider the Euler/Navier-Stokes equations

Ofthe + Oz, Ugllq + O p = vAu,

I

EEEEEEEEEEEEEEEEE
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0.75

0. U,
0.7

Developing a ROM directlyof%r

nergy

There is a generalized Hgmﬁ'tﬁo
equations - but it is complicaie
"

We use the skew-symmetriofg

0.45
Oty + — (8 UG,

[

[

—— Skew symmetric

—— Divergence

Convective

0.4

This conserves energy - also &t dlscre?te Ievel4

t s
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Euler/Navier-Stokes equations -

To solve full model

» Asymmetric 7th order finite difference method
» Gauss collocation method (2nd and 4th order)

To integrate reduced model

» Gauss collocation method (2nd and 4th order)
» Nonlinearity addressed by EIM
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Euler/Navier-Stokes equations -




Euler/Navier-Stokes equations o e

The double jet problem

0 =0.05 and p = .

Full model. N=100x100. T=0, 4, 10, 20
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Euler/Navier-Stokes equations il

0 =0.05 and p = .



Euler/Navier-Stokes equations

N=12
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Euler/Navier-Stokes equations -

Energy conservation

34.265

—5 basis
—8 basis

12 basis |1
—18 basis
—25 basis

35 basis |1
—Full

34.26

34.255

3425 |
W< 34.245
3424
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Euler/Navier-Stokes equations -

Energy conservation Cost
34.265
—5 basis
—8 basis
34.26 - 12 basis |
— 18 basis
— 25 basis
34.255 | 35 basis |-
— Ful # basis | Reduced model (quadratic expansion) | % Full
5 1.18s 0.05%
el 8 1.38s 0.06%
12 1.99s 0.08%
Wi 34.245 | 18 3.91s 0.16%
25 8.44s 0.34%
34.24 | 35 16.69s 0.67%
Full 2480.13s 100%
34.235
34.225 ' '

0 5 10 15 20
t

Speedup ~ 1000
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Euler/Navier-Stokes equations il

Double vortex problem

_ (z—7m—d)?+4(y—0.57)" _ (z—7+d)24+4(y—0.57)
W = —OeE 4 B2 + «e 4732

o = iw, 8 =0.1 and d = 0.65

Full model. N=100x100. T=0, 20, 50, 100
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Euler/Navier-Stokes equations il

_ (z—7—d)?+4(y—0.57)> _ (z—7+d)24+4(y—0.57)
W = —OeE 4 B2 + «e 4732

o = iw, 8 =0.1 and d = 0.65




Euler/Navier-Stokes equations

N=12
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Euler/Navier-Stokes equations -

Energy conservation

0.1431
0.143 r
0.1429 r
0.1428 + —b5 basis |-
—8 basis
12 basis
wi< 0.1427 + —18 basis |-
—25 basis
35 basis
0.1426 —Full
0.1425
0.1424 +
0.1423 ' ' ' |
0 20 40 60 80 100
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Euler/Navier-Stokes equations -

Energy conservation Cost
0.1431
0.143 F
0.1429 | . # basis | Reduced model (quadratic expansion) | % Full
D 0.93s 0.04%
0.1428 | —5basis |- 8 1.15s 0.05%
—8 basis 12 1.67s 0.07%
1 0.1427 —EE:E 1 18 3.305 0.14%
e 9 basis 25 6.22s 0.27%
35 basis 35 14.06s 0.62%
14200 — Full 2280.94s 100%
0.1425 |
0.1424 |
0.1423 ' ' ' '
0 20 40 60 80 100

Speedup ~ 1000
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A brief summary -

Status

» Reduced order models for time-dependent problems
should not only be constructed for accuracy.

» The Hamiltonian approach offer some tools

» Greedy approach to construct basis

» Preservation of structure and invariants ensure stability

» Extension to linearly dissipative problems

Ongoing

» Extension to problems with several invariants
» More general dissipative models
» Generalizations to conservation laws



