Multilevel discrete least squares polynomial
apporixmation

Fabio Nobile

CSQI-MATH, EPFL, Switzerland

Joint work with: R. Tempone, S. Wolfers (KAUST), A-L. Haji Ali (Oxford)
Acknowledgements: L. Tamellini (CNR Pavia), A. Cohen, G. Migliorati (UPMC)

QUIET 2017
“Quantification of Uncertainty: Improving Efficiency and Technology”,
SISSA, Trieste, ltaly, July 18-21, 2017

202
o*%0%% 6 !g”l!

SEDERALE D LAURANNE
e for acvanced modeing scence.

F. Nobile (EPFL) Multilevel least squares QUIET 2017, SISSA 1



.
Outline

° Weighted discrete least squares approximation
© Muiltilevel least squares approximation
© Application to random elliptic PDEs

@ Conclusions

F. Nobile (EPFL) Multilevel least squares



PDEs with random parameters

Consider a differential problem
L(y;ju)=G (*)

depending on a set of random parameters y = (y1,...,yn) € I € RV with
joint probability measure p on T.

We assume that (*) has a unique solution u(y) in some suitable function
space V and we focus on a Quantity of Interest Q : V — R.
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PDEs with random parameters

Consider a differential problem
L(y;ju)=G (*)

depending on a set of random parameters y = (y1,...,yn) € I € RV with
joint probability measure p on T.

We assume that (*) has a unique solution u(y) in some suitable function
space V and we focus on a Quantity of Interest Q : V — R.

Goal: approximate the whole response function

y = f(y) == Q(u(y)) : T = R

by multivariate polynomials.
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PDEs with random parameters

Consider a differential problem
L(y;ju)=G (*)

depending on a set of random parameters y = (y1,...,yn) € I € RV with
joint probability measure p on T.

We assume that (*) has a unique solution u(y) in some suitable function
space V and we focus on a Quantity of Interest Q : V — R.

Goal: approximate the whole response function

y = f(y) = Q(u(y)) : T =R
by multivariate polynomials.

Possibly derive approximated statistics as E[f], Var[f], etc.
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Polynomial approximation on downward closed sets

Assume f € Li(l’). We seek an approximation of f in a finite dimensional
polynomial subspace

VA = span {HnN:1 ya', withp=(p1,...,pn) € /\} J

with A ¢ NV a downward closed index set.

Definition. An index set A is
downward closed if

peEN andg<p = q€A

01 2 3 4 5 6 7
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Weighted discrete least squares approximation

° Weighted discrete least squares approximation
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Weighted discrete least squares approximation

© sample independently M points (y(l), e ,y(M)) e from a
distribution v < j, with density p = %

@ define the weight function w(y) = ﬁ

© weighted discrete least squares approximation on Vj

Awf = argmin|f = vilm, with ||gll3 = o Z NgyV)?
VEV/\ J 1
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Weighted discrete least squares approximation

© sample independently M points (y(l), e ,y(M)) e from a
distribution v < j, with density p = g,%

@ define the weight function w(y) = ﬁ
© weighted discrete least squares approximation on Vj

My f = argmin |f—vm, with |g]l3 = m Z (Y(J))
VEV/\ J 1
Remark: E[|lgll)] = Jr w(y)g(y)*(dy) = Jr g(y)*n(dy) = |lgl,
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Weighted discrete least squares approximation

© sample independently M points (y(1), ..., y(M) e ™ from a
distribution 1/ < 41, with density p = 9

@ define the weight function w(y) = ﬁ
© weighted discrete least squares approximation on Vj

My f = argmin ||f — v|[y, with |g]|3, = m Z (Y(J))
VEV/\ J 1
Remark: E[|lgll)] = Jr w(y)g(y)*(dy) = Jr g(y)*n(dy) = |lgl,

Algebraic system: let {¢j}1@1 be a basis of Vj orthonormal w.r.t. u and
Amf(y) = Z _1 ¢ioj(y). Then ¢ = (cy, .. .,Cw)T satisfies

A ~

Ge =, Gij = (9i,¢))m, fi=(f,¢i)m ®!
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Optimality of discrete least squares approximation

Theorem [Cohen-Migliorati 2017] [Cohen-Davenport-Leviatan 2013]
For arbitrary r > 0 define

IA|
1/2(1 — log 2) 9
Ky i = ——————=, Kpw = su w ;
r T, N 1= SUP (y)j§:1<b(y)
M Ka w
If > “MY then
log M Kr

o P(IG—1|<3)>1—-2M""

o ||f —Myfllz < (14V2) inf ||f — v|i= with prob. >1—2M~"
H vE V) vw

. . 2 2 M-
° E[f —Nifl3z] < Cu inf [If = vz +20flzM ™

A ~ M
where 115, f = Muf - Ly_yj<yy and Cu = (1+ ggfg) = 1
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Sufficient number of points for stability

@ Uniform measure: p = Z/I(H,N:l )
[Chkifa-Cohen-Migliorati-N.-Tempone 2015] When sampling from the same
distribution (v =  and w = 1) then

Il < Kpa < AP

Hence (unweighted) discrete least square is stable and optimally
convergence under the condition

M _ AP
>

adratic proportionalit
logM — k, (qu 'c proport! ity)

& mim
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Sufficient number of points for stability - optimal measure

[Cohen-Migliorati 2017] For arbitrary i, when sampling from the optimal
measure

Al
dv* 5
Zy)=p'ly) = § j — Ky =1
d,u ( ) P y) ‘/\| ¢J y) A,w

weighted discrete least squares stable and optimal with

M > A (linear proportionality)
e — | r | |
logM — K prop y

& miim
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Weighted discrete least squares approximation

Sampling algorithms

@ Sampling algorithms from the optimal distribution are available
(marginalization [Cohen-Migliorati 2017], acceptance rejection
[HajiAli-N.-Tempone-Wolfers, 2017])

However, the optimal distribution depends on A. Not good for
adaptive algorithms
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Sampling algorithms

@ Sampling algorithms from the optimal distribution are available
(marginalization [Cohen-Migliorati 2017], acceptance rejection
[HajiAli-N.-Tempone-Wolfers, 2017])

However, the optimal distribution depends on A. Not good for
adaptive algorithms

@ Alternatively, for uniform measure p (or more generally a product
measure [t = ®J-N:1uj, with p; doubling measure, i.e. 11;(21) = Ly;(1))
one can sample from the arcsin (Chebyshev) distribution.

N

L > C7|/\|

log M — K,

Still linear scaling but with a constant exponentially dependent on M.

Advantage: the sampling measure does not depend on A. Good for

adaptivity.

K/\,W < CN|A|7
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Sampling algorithms

@ Sampling algorithms from the optimal distribution are available
(marginalization [Cohen-Migliorati 2017], acceptance rejection
[HajiAli-N.-Tempone-Wolfers, 2017])

However, the optimal distribution depends on A. Not good for
adaptive algorithms

@ Alternatively, for uniform measure p (or more generally a product
measure [t = ®J-N:1uj, with p; doubling measure, i.e. 11;(21) = Ly;(1))
one can sample from the arcsin (Chebyshev) distribution.

N

L > C7|/\|

log M — K,

Still linear scaling but with a constant exponentially dependent on M.

Advantage: the sampling measure does not depend on A. Good for

adaptivity.

K/\,W < CN’A|7

In both cases, the cost of computing [Ty is linear in |A|

up to logarithmic terms.
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Multilevel least squares approximation
Outline

© Muiltilevel least squares approximation
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Multilevel least squares approximation

In practice f(y) can not be evaluated exactly as it implies the solution of a
PDE.

@ We introduce a sequence of approximations f,,, n, € N with
increasing cost, s.t.
Jim ([ = 113 = 0

(or possibly a stronger norm)

-

@ |
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Multilevel least squares approximation

In practice f(y) can not be evaluated exactly as it implies the solution of a
PDE.

@ We introduce a sequence of approximations f,,, n, € N with
increasing cost, s.t.
Jim ([ = 113 = 0

(or possibly a stronger norm)
o Similarly, we introduce a sequence of nested downward closed sets

Amg CAmy C ... C Ay C ..
such that

lim inf ||[f—v| =0
k=00 vEVp, Z
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Multilevel least squares approximation
In practice f(y) can not be evaluated exactly as it implies the solution of a
PDE.

@ We introduce a sequence of approximations f,,, n, € N with

increasing cost, s.t.
lim ||f — f,,e||Lz =0
{—s00 H

(or possibly a stronger norm)
@ Similarly, we introduce a sequence of nested downward closed sets

Amg CAmy C ... C Ay C ..

such that

lim inf [[f — vz =0
k—oo veVi,

Correspondmgly, for each /\mk we mtroduce a weighted dlscrete Ieast
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Multilevel least squares approximation

Multilevel formula: given maximum level L € N

Sif =Y (A, — A (o — fory)
k+0<L
L
HMLfe(fnz - fnz_l)
=0
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Multilevel least squares approximation

Multilevel formula: given maximum level L € N

S.f = Z (ﬁMk - ﬁMkfl)(fnﬁ — fney)
k+0<L
L
nMsz(fnz - fnzﬂ)
(=0

@ In the multilevel formula one might consider more general index sets
(k,£) € T C R%. However, one can always recast to k + £ < L by
properly choosing {nys} and {my}.
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Multilevel least squares approximation

Multilevel formula: given maximum level L € N

S.f = Z (ﬁMk - ﬁMk—l)(fnﬁ — fny1)
k+0<L
L
I_IML—Z(fn/ - fnzﬂ)
(=0

@ In the multilevel formula one might consider more general index sets
(k,£) € T C R%. However, one can always recast to k + £ < L by
properly choosing {nys} and {my}.

@ Question: How to properly choose {ng}, {my} and {M,}?
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Multilevel least squares approximation

Multilevel formula: given maximum level L € N

S.f = Z (ﬁMk - ﬁMk—l)(fnﬁ — fny1)
k+0<L
L
I_IML—Z(fnk‘ - fnzﬂ)
(=0

@ In the multilevel formula one might consider more general index sets
(k,£) € T C R%. However, one can always recast to k + £ < L by
properly choosing {ng} and {my}.

@ Question: How to properly choose {ng}, {my} and {M,}?

@ Issue: Since the least squares projection is random, we have to ensure

that it is stable and optimally convergent on all levels. (Need union
bound on failure probabilities) & |
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Tuning of the ML least squares algorithm

@ For the Multilevel algorithm to be effective, we have to rely on certain
“mixed regularity”

o Let (F,|| ||F) — (Lﬁ, || - H’-i) be a normed vector space of “smooth”
functions (e.g. Holder / Sobolev / analytic regularity)
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Tuning of the ML least squares algorithm

@ For the Multilevel algorithm to be effective, we have to rely on certain
“mixed regularity”

o Let (F,|| ||F) — (Lﬁ, || - H’-i) be a normed vector space of “smooth”
functions (e.g. Holder / Sobolev / analytic regularity)

o Assumption 1 (regularity): f,f,, € F forall £ € N
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Tuning of the ML least squares algorithm

@ For the Multilevel algorithm to be effective, we have to rely on certain
“mixed regularity”

o Let (F,|| ||F) — (Lﬁ, || - H’-i) be a normed vector space of “smooth”
functions (e.g. Holder / Sobolev / analytic regularity)

o Assumption 1 (regularity): f,f,, € F forall £ € N
o Assumption 2 (PDE discretization): the sequence {f,,} is s.t.

—Bw —fs
1= follz S ™ = fallr S oy
and for a single y € T, the cost of computing f,,(y) is

Work(fn,) < nj.
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Tuning the ML least squares algorithm

e Assumption 3 (polynomial approximability): the sequence {A, }
is s.t.
dim(Va,,, ) = [Am, | < mg

) B < a
vEI\r}/]\ka | f VHL\/WNm Plfl|g, VFeEF

(Alternatively inf || — vl < m |[f|lr, VfeF)
ve

Am,

@ mm
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Multilevel least squares approximation

Tuning the ML least squares algorithm

We now choose

7-55 b, £=0,...,L (space discr.)
S

m Cex , k=0,...,L (Polynomial approx.
K Pl a,,} (Poly pprox.)
M 2m¢
Mk k Mk k=0,...,L (sample size with r = L)
KL Iog Mk KRl
® .
F. Nobile (EPFL)
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Tuning the ML least squares algorithm

We now choose

14
nyg = Cex , £=0,...,L (space discr.
I p{ —I—ﬁs} (sp )

k
my = Cexp{ }, k=0,...,L (Polynomial approx.)

o+ ap
2

Me o Mic2Mi 0. L (sample size with r = L)

By taking r = L we guarantee that

L
1 1

: — -) < — -y <t

PEK: 6= 1] > 5) < SO PIG 11> 3) 5t
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Tuning the ML least squares algorithm

We now choose

ng = Cexp{ }, £=0,...,L (space discr.)

}, k=0,...,L (Polynomial approx.)
a
M 2m9
M o Mk Mk _ o ... L (sample size with r = L)
L~ logMk = KL

By taking r = L we guarantee that
L
1 —L
Pk |Gk =1 > < ;P Ik —1lI>3) St

Remark: This formulation is analogous to the anisotropic sparse approx.

SLf = Z (ﬁMk_ﬁMk_1)(fne_fné—1)7 with ny = Ce my = Cek.
(o-+ap)k+(-+B:) <L L L
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Multilevel least squares approximation

Complexity result

Theorem [HajiAli-N.-Tempone-Wolfers 2017]
Given € > 0, we can chose L € N such that

IIf — SLf”Lﬁ <, with prob. > 1 — C¢lo8!log

Work(S,f) < ¢ *|loge|tlog | log |

with

)= {U/ap if v/Bs < o/ap
v/Bs i v/Bs > a/ap

2 if v/Bs < o/ap
t=93+0/a, ifv/Bs=0/ap
1 if v/Bs > 0 /ap
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Multilevel least squares approximation

Complexity result

Theorem [HajiAli-N.-Tempone-Wolfers 2017]
Given € > 0, we can chose L € N such that

If = Suflliz <e,

Work(S,f) < ¢ *|loge|tlog | log |

with prob. > 1 — Ce'ogllogel

with

)= olap ify/Bs <o/ap
v/Bs ify/Bs > 0/ap
2 if ’7/55 < U/O‘P

t=93+0/a, ifv/Bs=0/ap
1 if v/Bs > o /ap

. . . w—
Analogous result holds in expectation with «, replaced by cv.
F. Nobile (EPFL)

Multilevel least squares
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Sketch of the proof

@ Bound on M,: use that VM, < M < 2m and kL=1/(L+1)

|0ng — KL

2 Ko
My < = mZ log My < (L + 1)e7 o
KL

< (L+1)log(L + 1)e™ 5 (k + 1)
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Sketch of the proof

@ Bound on Mj: use that My < M < 278 and 4, ~ 1/(L+1)

|Ong — KL
2 _ko
M, < —m7 log M < (L+ 1)e+or
KL
< (L+1)log(L + 1)e™ 5 (k + 1)

@ Bound on total work:

5(L+1)|og(L+1)e¢3sz:exp{_/< g ___7 >}(L—€+1)

=0 0~ Qp v+ Bs

hence, distinguish three cases v/3s <,=,> o /ap
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Sketch of the proof

@ Bound on the error in probability:

L
|f— 5Lf||Lg =|f-f+ Z(Id — ﬁML,e)(fe - fe—1)||Lg
¢=0 )
<If —fillez +Z [|1d — ﬁML,eHF—»LfLHfz —fo_1l|F
£=0
< _ LBy _ Lo L (e Bs
Se e te ”+a;eXp{£<o+aP - ’H—ﬁs)}

Again split the three cases /s <,=,> o/, and notice that the first term

LBy .
e 7+ is always negligible as 3, > f;.
-

@ m
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Improved complexity in the case 7/83s > o/«

In the case v/fBs > o/« and 3, > (s the complexity can be improved by

taking
L(Bw — /Bs)}
otap aly+Bs)

mk:Cexp{

@ mm

LLLLLLLLLLLLLLLL
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Improved complexity in the case 7/83s > o/«

In the case v/fBs > o/« and 3, > (s the complexity can be improved by

taking . L5 4

In this case the complexity result becomes
If = Sifllz <e  with prob. > 1 — Ce'o8llo8e]

Work(S,f) < ¢ *|loge| log | log €|

5W BW ap
which always improves the single level rate Ag; = 3& + g—p @

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

with t =1 and
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© Application to random elliptic PDEs
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Application to random elliptic PDEs

Consider
—div(a(y)Vu(y)) =g, inDCR?
u(y) =0, on 9D

with y € I = [~1,1]V and @ linear bounded functional in L?(D) (e.g.
Q(u) = [p u).

g ot
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Application to random elliptic PDEs

Consider
—div(a(y)Vu(y)) =g, inDCR?
u(y) =0, on 9D

with y € I = [~1,1]V and @ linear bounded functional in L?(D) (e.g.
Q(u) = [p u).
Goal: approximate f(y) = Q(u(y)).

6 SEpRaL
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Application to random elliptic PDEs

Consider
—div(a(y)Vu(y)) =g, inDcCR?
{u(y) =0, on 0D

with y € I = [~1,1]V and @ linear bounded functional in L?(D) (e.g.
Q(u) = [p u).
Goal: approximate f(y) = Q(u(y)).
Assumptions:

© 0> amin < a(x,y) < amax, Y(x,y) € D xT.

e g and D sufficiently smooth.

6 SEpRaL
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Application to random elliptic PDEs

Proposition

Let u, be a finite element approximation of order r > 1 with maximal
element diameter h = n~! and f,(y) = Q(un(y).

e Ifae C"(D xT), then

hr+1

I = fall 2y S |f = fallcraqry S h

o lfac C¥(DxT)={v:DxT —=R:|0.0v|copxr) < o0,
V|rl1 < r, |s|1 < s}, then

||f_fHCP(r)Nhr+1 VPZO,...,S

& mm

LLLLLLLLLLLLLLLL
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ML least squares complexity — mixed regularity

Consider the coefficient

a(x,y) = 1+ [Ixll5 + [lyll3 € CH(D) ® CS7HY(T)

@ smoother space: F = CS~11(I)
@ Spacial approximation: continuous finite elements of degree r
@ €rror:
If = flls, = O D) = [If = fillena = Bu=Bi=r+1
o cost: Work(f,) = n? with optimal solver = ~=4d
@ Polynomial approximation: Vj,, = P,,= polynomial space of total

degree m
o error: ||[f —Mp, f|lie = O(mMm™*), = ap=S5s
e cost: dim(Vi,) = (mEN) <mV, = o=s
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Application to random elliptic PDEs

ML least squares complexity — mixed regularity

o Complexity of Single Level
_d _N 1
Workg; = O (e ~1" s loge )
o Complexity of Multi Level

d

Worky, = O (e* max{rTl’g}(Iog e_l)t)

with
: if 245 >4,
t=143+:%, if =1
2, if -4 < &
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Application to random elliptic PDEs

107 107 7
108 ; 10 f
L3 - 5 1
z 100 1 z 10 E
& 10t A & 10 M
& L —SL W . e 3 <
210 E . R log(en)) A Z 10 - 2log(e ) o
— ML . [ — ML i
102E - ¢ llog(e ) 4 102 - e Hog(e 1)t E
— Adaptive ML e [ — Adaptive ML N -]
ot b—rvvn v v Bl ol v i RN
107 1074 1073 1072 10! 10-° 1071 1072 1072 1071
Max Error Max Error
10° 2 ; ; 10° S ;
107 P 1 107F .
@ 105 E o 10%F E
2107 F ] 2107 5 1
7 7
= = x
—g 100 — SL7 E _;1:6 e SL, i s
B g T sl 1 E gl Plog(e™) ]
— ML — ML <
102 | =m0 € dlog(eh)? 4 102k --- € 2log(e!)? R
— Adaptive ML —— Adaptive ML AN
ot i i 10! I I N
10° 1wt 10 10?2 10t 10t 1073 102 10t
Max Error Max Error
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ndom elliptic PDEs
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Conclusions

@ We have derived a MultiLevel discrete least squares method for polynomial
approximation of an output quantity of interest of a random PDE.
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of polynomial approximations, obtained by weighted discrete least squares and
sequences of spatial discretizations of the underlying PDE.
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Conclusions

@ We have derived a MultiLevel discrete least squares method for polynomial
approximation of an output quantity of interest of a random PDE.

@ The method uses the classical “Combination technique” and sparsifies sequences
of polynomial approximations, obtained by weighted discrete least squares and
sequences of spatial discretizations of the underlying PDE.

@ In particular, we have proposed a way to select the number of sample points on
each level, to guarantee the overall stability and accuracy of the ML formula with
high probability.
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Conclusions

@ We have derived a MultiLevel discrete least squares method for polynomial
approximation of an output quantity of interest of a random PDE.

@ The method uses the classical “Combination technique” and sparsifies sequences
of polynomial approximations, obtained by weighted discrete least squares and
sequences of spatial discretizations of the underlying PDE.

@ In particular, we have proposed a way to select the number of sample points on
each level, to guarantee the overall stability and accuracy of the ML formula with
high probability.

@ Currently working on adaptive algorithms for infinite dimensional problems.
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Conclusions

Thank you for your attention!
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