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Overview

3’0. Aeaclwm gwmel:r; in 1 Sew'.c

§'l. Al)sl:ro.ct varie,:::cs: Uu mm,,& ol curves

§1. Embedded variekies: the exm?e.. of gok \:oints
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Avceeraic Geonetry

V] touched wpon boday

has intevestin

EnomeraTve GeomeTRY © _
interseckions with

ombruct modubs spaces omd attach

invariants to them: we will see
$1 bhe modul Space o} curves, and
§Z the Milbedt scheme n} roi.n{:s.
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Sreme Theory
Diererentiat equaTions
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ComsivaTorICs
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ALGESRAIC GEOHETKY STUDIES ALGEBRAIC VARIETIES
AFFINE: 2ero Poci of rneanomi.ngs f1l"'v)(r € C[Xh_.,x,.]
W V({'tl—lfr] < A“’ = g(ﬂ-p—-“n)[ﬁ-iCC}

PROJECTIVE : zevo enci cf ;W'ﬁyﬂlﬂ’vs ru?anovm'.nes f_‘,...,}:’€ C[X.,xh__,z..]

~ V(fo—h) = PP =@ 0) /¢

POLYNOMIALS ARE EASY, THEIR VANISHING Loci ARE NoT !
J'S fi =1 ~— LINEAR ALGEBRA O EVERYTHING ELSE

n=1, deg § s ~» SO BY RADICALS s NOT s0 €asy !
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ALGEBRA =

Foejnom'ue ri,ngs C[x“_,xn]

GEOMETRY

a.ffine spaces An

v (V]
ideals T sobvaniebies” V(I)= {Flf(l’)“r fe 1 }
c C[x) : A

< ,x -z, > C C[Ii,xz."l]




§ 4. ABSTRACT VARIETIES

YOU ARE NOT FORCED TO REMEMBER THE EMBEDDING OF
n n
vour vaRiETY W A" [P, or. ANY AMBIENT SPACE.

FORGET ALL EMBEDDINGS : Sl:vdj o} “aks‘;mclz v«ielzies“

We will now see the ¢xa.m,>ee. o][ curves

(ie. dim = 1, Jim‘R= 2.)
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we have Riemann su.rfaces

2y

9= #hﬂfu, the mi%uc C™ iweniamt.
Hmever, in the aejelamic / meew.

world, theve are many non - isomorphic

skructures om Zs.

2
con it aaited o P s yz: x(x-1)(x-1)

this is one ‘modubus’ /t
( Wctu )



How maNY MobuLi oF curves ¢ (g 2 2)

zy o N Tl
But whal ir the dimemscon o)(
3

:3) :
He J(Mmé o/f co'mfecx Abwckunes  on Z; ¢

Riemm's answer (185%) : 33 ~3




TobAY WE KNOW THERE 15 A VARIETY OF MODULI

M
3 Smoou\. Ffojechug Ccurve
& oJI genvs g (>,z)
: SN =3
Jt-m M J j

W

Riemann did not know this and Jel: “he mmrvtetl dim 'M‘é f



RieMANN MODULI COUNT B

NUMBER THEORY
£
(1) Fix C of genvs Jzz, and fix d > zg-z. iool:. ik
:3 = 12 PT 1wl d |

d l;
= 13-2.4-),.1 Riemann-Hurwitz  FormuLa
ﬂ’ S
(2) = FF MooULI OF PAIRS ( G .C 2) |]>1 RIEMANN EXISTENCE
2 THEOREM

(1) ) d:
= -2nd - “dim .M; + F moovr of C bic P



(3) CE’ [Pi is debermined L; 2 A'nJ.chnJcnt seckions ( ) s,teT(L)
§w L oa olearu J }im bundle on C RIEHANN-RO(H THEOREM 5“;5

J"""C\—(L) E J+1-3 (using J)Z;-z)
Se  H moouLr oF (i.-}anbi is }*L('L‘”‘ﬂ

(4)  Conclude: zg-uzi Z5im 'MS“ v g+ 1(141-3)

irg g .Mg“ = 33-3 %



.Mu'u 3«;%&%, 'H\eu are noJ.uﬂ: sfmu:es of ”MAEkED CURVES 5

G/Mg

- M <—~ Deuiene-Munrorp
n gon

COMPACTIFICATION

>

J.i.m = 3%—3+n

SOME SINGULAR CURVES MUST BE ALLOWED
IN ORDER TO GET A COMPACT SPACE

) -
% € ]T/\23 Co interseckion numbers J & € @
b moke sense ! )—'\3.“




T, C — Il—c COTANGENT LINE BUNDLES (IS ( ¢ hn)

1 | ™ g -alld e H(A, Q)

.}_« 2. »
gin GROHOV Witten potenTIAL OF A POINT
1 Y’} "
F = Z Z nl Z ( S ll’ n ) DESCENDENT INTEGRAL
¥ F1%n \_/
»F
Wirren's Conzecture 1 = ~  OBEYS THE KdV equations (infinite series of
(Kowtsevicn's Tueoren v
) Jiﬂ»tunhne zqunfions)l MJ, F 5a!:is}i¢s “Le STRING EQUATION

~1991 ] e 5 F
[Skiaty <, gy




& 2. Emeeodep varieTIES

Fix ambient space Az. Look ot subvariebies V< Az, dim V= o Ti\j

Ve Az «— Jc C["'S]. G[":S:]/I {inil’e dim € - veckor space.

Fix THIS DIMENSION To BE n 3 o —j

z

“HILBERT SCHEME OF POINTS"

Mbn{ﬁl) e iI c (f[z.j] l Ji"‘n: Clxy)/T = n } HAS A VARIETY

STRUCTURE !

2

eg 1o Cal/T 20 & T-(xay-b), 0 KA (A) = A

w )
(x—a.,la—l:) s (a,b)



St2 ither 3 (x-a,4-b)-(x-c,4y-d)
Sy Rt

oint € ”3\ ?\vs an {n&kesimAa
or Clx9)/T = Clxa)fixiy) E Zar.&:n f

2, 2 :\‘1
ML(A)=}(F,'1)IP¢1}/SZ 1L A=xP (cl.l'.m:[_l)

= gcnmeknc situations FAT POINT5

E-E.

3 DISTINCT 2 DisTWCT
POINTS POINTS C[z'ﬂ]/(ﬂ"‘ ) Cl=y) /(":"5132)



Now }orje': obot V¢ Az. l.ool: ak PARTITIONS of n:

Z:1+1, 2=2+0

e T k.

3=4+141, =2+4, 3 =34+0

S

T AFAEA31 =344 L =2+2, 4L =234+, =y+o0
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o 'GJ« e c&nm joolt rvt Coor'dina.fes "'x,j” an Uzc nunj A?rm

and, .. LOOK AT THE STAIRCASE |

IDEAL

#Imxes

THe sTARcASE DEFINES A MonomiaL wear 1 € Hith

(K




Ao {PARTITWNS o n} e, {T ¢ Hlb (A) | T monomine iveat }

Deer racr :

)((H.'H,"(}\z)) = l §T e HIL'(A') ] I HONOHIRL} \

= r{"—) = number a)( l;arl:il:i.uns o')(' n

S 32 ompute 7SSO () L - p) t"
rw' /Al nyoe n2o



7;] 3 ufa.na’. (1-t1 )-1(1-t2)-1 (1-{;3)-1 (1_th)-1 .....
Yoo geb: (rof+t vk ot s o )(ant s bt s Yaab ok s ) (arb st ve) o
Sny you want the coeﬁiu‘u\k of {Iu:

e, LINK WITH
i 7 143 e ConeINATORICS ...
|1 144 1+1+1 1+i+1+1 | |3 343 [ R 11
(Tt s+t )(1{»{'.4{: = )(“t;t +...)(1+E+l: +)
iy iamiet S ]
2+2 L+0
)
oo clhiil SUSY TONEURA

= S :
Pavhl:iuns of 4 Z F(“)t = —|—|— (l-tk) 1

e k21




SO' we Iruwe Frovecl.:

Z/,(t) .Y @ e TT a-ty?
A nyoe

k21

L LINK WITH

k.2
NUMBER THEORY : E: Tr (|-t ) g is o MODULAR FORM (cusp Sinrm o; weijlnt 12)
BT k21

R s
REPRESENTATION THEORY : @ H (Hi\L A, @) irredueible r:rvcscn[:n.,:iun of
nso
e HEISENBERG ALGEBRA

CURVE COUNTING ON K3 SURFACES

NAKASIMA VARIETIES, SYMPLECTIC GEOMETRY




ONE CAN COMPUTE ZAJ IN TERMS OF (HiGHER DIM) PARTITIONS

e.g. : enumerakion ef PLANE PARTITIONS [(—7 wonomial AJenLes in 3 vAﬁ,gLEu)

STRING THEORY, /

BPS STATES eq

COUNTS ‘

n=95

3
I = ( % uquzu ] 3:"2"3:"3)

X [ MacMahon f\mclzio'\]

Chenn, ZZJA;(E) = I7 (L

MacManon k21




'H.cwevef, thece s no such formoﬁa. for Z

A «'.Jf d> 1.

I" _{““:) even f"" d =2,3 the exiskence of o closed
50rmvﬂa. }or Fl“)’ or ))z(n) = ,{reanc rarl:a'.l’.u'.ons o} n}l

remains o m‘uslery.



Thank yow fn yowr attewlion |



