
IDEALS, CURVES AND BOXES

Andrea Ricolfi

Junior Math Days
5December 2022



OVERVIEW

SO. Algebraic Geometry in 1 slide

&1. Abstract varieties: the example of curves for

32. Embedded varieties: the example of fat points



ALGEBRAI GEOMETRY

U touched upon today
has interesting ↓

=NUMERATIVE GEOMETRY
intersections with

-> MATHEMATICAL PHYSICS

↑ -> STRING THEORY

-> DIFFERENTIAL EQUATIONS
construct moduli spaces and

attach

->. NUMBER THEORY
invariants to them: we will see

->. COMBINATORICS
31 the moduli

space of curves, and · REPRESENTATION THEORY

&2 the Hilbert scheme of points. · MOTIVIC THEORIES

·DG ALGEBRAS

[...]



ALGEBRAI GEOMETRY STUDIES ALGEBRAI VARIETIES

AFFINE: zero loci of polynomials (c. ....frtDEx2...<n]

- V((a-,fr)<(A =3(aa.-an)(a c D3
PROJECTIVE: zero loci of homogeneous polynomials (c. ....Frt DEC0,2...<n]

- V(Fs.-,[r)al =(XY -0)/C*

#oLSAMEEASYLTHIEIM,YOtNISHINELocAdotorEVENTpresent



ALGEBRA= GEOMETRY

&·Dioor-wisesubramation= 9PIfCIO.
EI

(x- a)CK(x) I
affine spaces (A

(x)+ x - 1)cR(x1.x2) *A

(x-a,x - x)c((x,x2,33] Has-aC A



S1. ABSTRACT VARIETIES

↑OU ARE NOT FORCED TO REMEMBER THE EMBEDDING OF

YOUR VARIETY IN AY, HY, OR... ANY AMBIENT SPACE.

FORGET ALL EMBEDDINGS: study of "abstract varieties"

We will now see the example of curves

(i.e. dim =1, dimp = 2 (



g= #hotes, the unique C* invariant.

*doveRiemannsurfaces flowever, in the algebraic/hotomimet

world, there are many non-isomorphic
structures on Eg.

⑳
can be embedded in as yoFxckcalingin

g
=1

sponameter (



HOW MANY MODULl OF CURVES? (g?2)

has only 1 diffeomorphism type.

= But what is the dimension of
the family of complex structures on Eg?

tanswer (1857): 3g-3



TODAY WE KNOW THERE IS A VARIETY OF MODUL

Mg

#
smooth projective curve

=(of genus g(x,2)

dim Mg =

3g
- 3

Riemann did not know this and yet "he computed dim Mg".



RIEMANN MODULI COUNT LINK WITH

NUMBER THEORY

L

(2) Fix (of genus g22, and fix d >2g-2. Look at NRS

C b:= I3zt15: 15'1skd 3)
dirIf
&. t+ cd RIEMANN-HURWITZ FORMULA

I"-

(2) b = #MODUL OF PAIRS (C, c IT RIEMANN EXISTENCE

THEOREM

(1)

=>cg-2+nd="dim Mg" +#MODUL OF CE,p



(3) (IF is determined by 2 independent sections (up to scaling) s. tcT(L

for (a degreed line bundle on C. RIEMANN-ROCH THEOREM says

dim,T(L) =d+1-g (using d(2g - 2)

So #MODUL OF (1,1* is g
+ 2(d + 1 - g) - 1

(4) Conclude:ag-2+2d="dim Mg"+g + 2(d + 1 - g) - 1

i.e. "dim Mg"= 3g
- 3 #.



More generally, there are moduli
spaces of "MARKED CURVES

"

eMg,n<Mg,n E DELIONE-MUMFORD

COMPACTIFICATION

IP= ↑ dim = 3g-3+ n

SOME SINGULAR CURVES MUST BE ALLOWED

IN ORDER TO GET A

SPACE

1ofemotionnumberso



T*Lo I. COTANGENT LINE BUNDLES (1-i )

1)to
↳

4: ==(1:) H(Mgn.
"GROMOV-WITTEN POTENTIAL OF A POINT

"

F=zzza)"Lan "DESCENDENT INTEGRAL

*SorEEEEEEEEEErOKERSHEFNEOvtiorto



32. EMBEDDED VARIETIES

#RentFiatEYERGEErotiteEYEOFREMOVErcorTeArabia
e.g.n

=1: D(x,y) /l = D <-> 1 = (xa,y-6), so Hild"((AY) =A*

(x-ay - 1) =c6)



n =2: either
LAU

*-> (x- a,y - b).(x - c,y - d)

or D(x3]/5 = Dkny/igN PointPe/A plus infinitesiais

m
Hild" (AAY = 3<p.9314+93/S, HA xI* (dim=4)

n =3:4 geometric situations "FAT POINTS"I
L

⑩ ②
3 DISTINCT 2 DISTINCT

POINTS POINTS D(x,y)/(y,s X(x,y)/(xy,y



Now forget about VcAA". Look at PARTITIONS of M.

#
EErNENETre



...
Take a closes look: put coordinates "cc,y" in the Young diagram

and
...

LOOK AT THE STAIRCASE!

IDEAL IDEAL·

I=lxgY YI= <y,
↑EDEFINES A MONOMIAL IDEAL IC Hilb

boxes
(IAY

(x,y) (xixy,y
*

s i
s



↳> SPARTITIONS OF MY FEs3Ic Hill" (AY I I MONOMIAL IDEALY

*IPEEREFCrNlI aNorthritis
Yet's compute I,lt) = Ex (Hilb"((Y) +" = Ep(m)



Try to expand (1-t"( "(1 - +3)"(1 - 73)"(1- 7'57.....

You get: (1 + + + + + t3 + t"+ t5+...((1 + t+ t"+ t3 +...)(1 + t3+t+...)(1 + t"+ 5 ...).....

Say you want the coefficient of t
LINK WITH

1+ 1+1+ 1

o COMBINATORICS...

#state
as

a
#
1+ t+ t(...)(2 + E3 + t3

+

3+...((z + t4 + 73+4...)...
-

2+2 4 + 0

the 5
-

recover

partitions of Iran'sOnrEi1-tir



So we have proved:

I,(t) =zx(HilbY((Y) +3 =Tx1 -+
n<0

&LINK WITH

·THEORY: E. H(1-5*124 is a MODULAR FORM Ccosp form of weightn (

·MENTATIONTHEORY:

n20
H*(Hilb" AA, ) irreducible representation of

the HEISENBERG ALGEBRA

·COUNTINGON IS SURFACES

·MAVARIETIES, STATICGEOMETRY

...



ONECAN COMPUTE IAD IN TERMS OF CHIGHER DIM) PARTITIONS

e.g. 3: enumeration ofPARTITIONS (5> monomial ideals in a variables)
9
D r
#INCHon

T

e.g.

↑I
=(xx,kYz,k,Y3,knX3,x)

En = 5

(MacMahon function]

#oN 2((t) = (1 - tby
- b



thereis no such formula for IAP if a s

In fact, even for d = 2.3 the existence of a closed

formula for plus, or p (n) =(Splane partitions ofn3

remains a mistery



Thank
you for your attention!


