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The LARASE and SaToR-G experiments

The LAser RAnged Satellites Experiment (LARASE, 2013-2019) and Satellite Tests of Relativistic Gravity

(SaToR-G, started on 2020) are two experiments devoted to measurements of the gravitational
interaction in the Weak-Field and Slow-Motion (WFSM) limit of General Relativity (GR) by means
of laser tracking to geodetic passive satellites orbiting around the Earth. The two experiments
were and are funded by the Italian National Institute for Nuclear Physics (INFN-CSN2).

In particular, SaToR-G aims to test gravitation beyond the predictions of Einstein’s Theory of GR
searching for effects foreseen by alternative theories of gravitation (ATG) and possibly connected
with ‘’new physics’’.

SaToR-G builds on the improved dynamical model of the two LAGEOS and LARES satellites
achieved within the previous project LARASE.

The improvements concern the modeling of both gravitational and non-gravitational
perturbations.



The LARASE and SaToR-G experiments

From the analysis of satellite orbits it is possible to obtain a series of measurements of gravitational effects
with consequent constraints on different theories of gravitation. The main measures include:

1. Relativistic precessions
2. Constraints on long-range interactions
3. Nonlinearity of the gravitational interaction
4. Local Lorentz Invariance
5. Equivalence principle
6. …

From these measurements it is possible to obtain constraints on the parametrized post-Newtonian (PPN)
parameters and their combinations.

The ultimate goal is to provide precise and accurate measures, in the sense of a robust and reliable
evaluation of systematic errors, in order to obtain significant constraints for the different theories.



The LARASE and SaToR-G experiments

The parametrized post-Newtonian (PPN) formalism
• Post-Newtonian formalism or PPN formalism details the parameters in which different

metric theories of gravity, under WFSM conditions, can differ from Newtonian gravity.

Nordtvedt, K. Equivalence Principle for Massive Bodies. II. Theory. Phys. Rev. 1968, 169, 1017–1025
Will, C.M. Theoretical Frameworks for Testing Relativistic Gravity. II. Parametrized Post-Newtonian Hydrodynamics, and the Nordtvedt Effect. Astrophys. J. 1971, 163, 611–628
Will, C.M.; Nordtvedt, K. Conservation Laws and Preferred Frames in Relativistic Gravity. I. Preferred-Frame Theories and an Extended PPN Formalism. Astrophys. J. 1972, 177, 757–774

Consequently, the natural theoretical framework to test gravitation will be that of the

Parameterized Post-Newtonian (PPN) formalism.

However, we also try to apply, as far as possible, the approach suggested by R. H. Dicke more than 50 years

ago, usually referred to as the Dicke framework:

• this is a fairly general framework that allows us to conceive experiments not connected, a priori, with a

given physical theory and also provides a way to analyze the results of an experiment under primary

hypotheses.

Dicke, R.H. The Theoretical Significance of Experimental Relativity; Blackie and Son Ltd.: London/Glasgow, UK, 1964



The LARASE and SaToR-G experiments

In 1971, Thorne and Will remarked that:

• “ . . . It is important for the future that experimenters concentrate not only on measuring
the PPN parameters. They should also perform new experiments within the Dicke
framework to strengthen—or destroy—the foundation it lays for the PPN framework . . .
”

D. Lucchesi, L. Anselmo, M. Bassan, et al., Testing Gravitational Theories in the Field of the Earth with the SaToR-G Experiment. 
Universe 7, 192, https://doi.org/10.3390/universe7060192, 2021

Thorne, K.S.; Will, C.M. Theoretical Frameworks for Testing Relativistic Gravity. I. Foundations. Astrophys. J. 1971, 163, 595

We analyzed these aspects in more detail in 2021 in the paper introducing the SaToR-G experiment:



The LARASE and SaToR-G experiments

Gravity theories different from GR provide additional fields beside the metric tensor g, that act as
“new” gravitational fields:

• Scalar

• Vector

• Tensor

The role of these gravitational fields is to “mediate” how the matter and the non-gravitational fields
generate the gravitational fields and produce the metric.

In Metric theories different from GR

• spacetime geometry tells mass-energy how to move as in GR

• but mass-energy tells spacetime geometry how to curve in a
different way from GR

• the metric alone acts back on the mass in agreement with
EEP as in GR.



The predictions of GR on the orbits of geodetic satellites, which play the role of test

masses, will be compared with those of ATG both metric and non-metric in their essence

LARES (ASI, 2012)LAGEOS (NASA, 1976) LAGEOS II (ASI/NASA, 1992)

Geodetic satellites and Satellite Laser Ranging



Geodetic satellites and Satellite Laser Ranging

The geodetic satellites are tracked with very high accuracy through the powerful Satellite Laser Ranging (SLR)
technique.

The SLR represents a very impressive and powerful technique to determine the round–trip time between
Earth–bound laser Stations and orbiting passive (and not passive) satellites.

The time series of range measurements are then a record of the motions of both the end points: the Satellite
and the Station.

Thanks to the accurate modelling of both gravitational and non–
gravitational perturbations on the orbit of these satellites ⎯

less than 1 cm in range accuracy ⎯ we are able to determine
their Keplerian elements with about the same accuracy.

The precision of the measurement depends mainly from the laser pulse width, about
110−10 s ⎯ 310−11 s



Geodetic satellites and Satellite Laser Ranging

The International Laser Ranging Service (ILRS)

The ILRS was established as one of the IAG (International Association of Geodesy) measurement services in
1998, with a charter to organize and coordinate world-wide Satellite Laser Ranging (SLR) and Lunar Laser
Ranging (LLR) activities to support programs in geodesy, geophysics, and lunar and planetary science, and to
provide the data products (Earth center of mass and scale) important to the maintenance and improvement
of the International Terrestrial Reference Frame (ITRF).
The main scientific products derived using SLR and LLR data include:

• precise geocentric positions and motions of ground stations
• satellite orbits
• components of Earth’s gravity field and their temporal variations
• tidal parameters
• Earth Orientation Parameters (EOP)
• mantle structure
• exchange of angular momentum between crust and atmosphere
• precise lunar ephemerides and information about the internal structure of the Moon
• Fundamental physics.



Geodetic satellites and Satellite Laser Ranging

The ILRS network
ilrs.gsfc.nasa.gov



Geodetic satellites and Satellite Laser Ranging

The ILRS supports laser ranging measurements to geodetic,
remote sensing, navigation, and experimental satellites equipped
with retroreflector arrays as well as to reflectors on the Moon.



Precise Orbit Determination

In simple words, Precise Orbit Determination (POD) has the goal of accurately determining the position and
velocity vectors of an orbiting satellite.

To achieve this objective, precise observations of the satellite's motion and a dynamic model of the orbit as
accurate as possible are necessary.

With these two ingredients it is possible to compute
the observable to be minimized in a least squares
process.

In the case of SLR, this observable is a quadratic
function of the range residuals R:

ℛ𝑖 = 𝑂𝑖 − 𝐶𝑖



Currently, we are using the following software in our POD:

• GEODYN II (NASA/GSFC)
• SATAN (NSGF, UK) in collaboration with “Observatorio de YEBES” (Spain) (under test)
• Bernese (Univ. Berna, CH)

1. From a least squares fit of the tracking data by means of an appropriate dynamic model, the estimate of the state
vector of the satellite over 7-day arcs is obtained.

2. Then from an appropriate comparison between the state vector estimated at the beginning of each arc with the
state vector estimated at the beginning of the previous arc but propagated at the same epoch, the residuals in the
orbital elements are obtained: Δ Ԧ𝑥𝑟𝑒𝑠 = Ԧ𝑥𝑒𝑠𝑡 − Ԧ𝑥𝑝𝑟𝑜

Precise Orbit Determination



Typical POD for  the two LAGEOS and LARES satellites

• GEODYN II s/w
❑ Arc length, 7 days
❑ General Relativity: not modeled
❑ Empirical accelerations, CR, …: not estimated
❑ Non-gravitational perturbations: internal and external
❑ Gravity field: from GRACE and GRACE-FO solutions
❑ State-vector adjusted to best fit the tracking data
❑ …

Precise Orbit Determination



Orbital residuals: these are rate in the elements over 7 days

D. Lucchesi, G. Balmino, The LAGEOS satellites orbital residuals determination and the Lense–Thirring effect measurement. 
Plan. and Space Science, doi:10.1016/j.pss.2006.03.001, 2006

Precise Orbit Determination



Orbital residuals: these are rate in the elements over 7 days
Therefore, all the computed residuals show both periodic and secular
effects.
• Periodic effects:

❑ Gravitational effects, mainly due to the mismodeling of
o Gravity field
o Tides

➢ Ocean
➢ Solid

❑ Non-gravitational perturbations, mainly due to
o Thermal thrust effects
o Asymmetric reflectivity

• Secular effects:
❑ GR precession

o Schwarzschild
o Lense-Thirring
o De Sitter
o Nonlinearity: mainly Earth’s quadrupole J2

❑ Thermal thrust effects, mainly due to 
o Earth Yarkovsky effect
o Solar Yarkovsky-Schach effect

Precise Orbit Determination



However, the correct separation of the various periodic effects (hence of their
understanding) represents a very difficult task to achieve:

• it represents a challenge that is anything but simple to face
• the overcoming of which is of fundamental importance to better verify the gravitational

interaction in the WFSM limit

The current periodic effects non modeled or mismodeled in the residuals:

• mask the measurement of any periodic effects
of a relativistic nature

• constitute a kind of noise superimposed on the
secular relativistic effects

K  +3.097    S  − 8.410−3 

Gussian-like distribution for 𝝁𝑮𝑹 = 𝟏

𝝁𝒎𝒆𝒂𝒔 = 𝟎. 𝟗𝟗 ± 𝟎. 𝟏𝟑

S.D.=1.20

Precise Orbit Determination



1. Gravitational perturbations (GPs)
2. Non-gravitational perturbations (NGPs).

Dynamic Model

The dynamic model aims to reconstruct the position and velocity of the satellite taking into account three
main aspects:

1. gravitational perturbations
2. non-gravitational perturbations
3. reference systems.

We will focus on the first two points:



1. Gravitational perturbations (GPs)
2. Non-gravitational perturbations (NGPs).

Dynamic Model

The dynamic model aims to reconstruct the position and velocity of the satellite taking into account three
main aspects:

1. gravitational perturbations
2. non-gravitational perturbations
3. reference systems.
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In particular we are interested in knowing the effects of these perturbations on some orbital elements, those
characterized by secular effects produced by GR, as:

• Argument of pericenter, 𝝎
• Right ascension of the ascending node, 𝜴
• Mean anomaly, M



The GR model for the accelerations

Dynamic Model: GPs

with: 

Einstein or Schwarzschild 
component 

De Sitter (or geodetic) component 

Lense–Thirring component 

Relativistic perturbations 

Huang et al., Celest. Mech. & Dyn. Astron. 48, 1990

Where, capital letters refer to position, velocity,
acceleration and mass in the barycentric reference
frame, while small letters refer to the same
quantities in the non–inertial geocentric reference
system (E=Earth, S=Sun)
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Gravitational perturbations and their knowledge play an important role both in the
satellite POD and in the estimation of the error budget of a measurement, i.e. for the
valuation of the main sources of systematic errors

Dynamic Model: GPs



The Earth’s potential development in spherical harmonics
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Dynamic Model: GPs



For instance, the Einstein-Thirring-Lense precession is very small compared to
the classical precession of the orbit due to the deviation from the spherical
symmetry for the distribution of the Earth's mass, or even compared to the
same relativistic Schwarzschild precession produced by the mass of the
primary (≈ 3350 mas/yr for LAGEOS)
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Dynamic Model: GPs

The even zonal harmonics ҧ𝐶ℓ0 are responsible of a secular effect



Therefore, the correct modelling of the even zonal harmonics (ℓ = even, m = 0)
represents the main challenge in this kind of measurements, since they have
the same signature of the relativistic effect but much larger amplitudes. These
harmonics are the main sources of systematic errors

ሶΩ𝑐𝑙𝑎𝑠𝑠 𝑠𝑒𝑐
= −

3

2
𝑛

𝑅⨁

𝑎

2 cos 𝑖

1 − 𝑒2 2
ቄ− 5 ҧ𝐶2,0 + ⋯

Dynamic Model: GPs



Static 
Models

Dynamic Model: GPs



Temporal 
Models

Dynamic Model: GPs



The modeling of the even zonal harmonics

To reduce the impact of the knowledge of these coefficients on the relativistic precession
measurement, we modeled them accounting for their significant time dependency as well
evidenced by their Temporal Solutions (TS) provided by the GRACE (NASA/DLR) and
GRACE-FO missions

Dynamic Model: GPs



• we started this activity in 2017

• this activity has been fundamental to reduce the impact of the systematic error
related to the knowledge of the Earth’s gravitational field

Dynamic Model: GPs 
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evidenced by their Temporal Solutions (TS) provided by the GRACE (NASA/DLR) and
GRACE-FO missions



The modeling of the even zonal harmonics

To reduce the impact of the knowledge of these coefficients on the relativistic precession
measurement, we modeled them accounting for their significant time dependency as well
evidenced by their Temporal Solutions (TS) provided by the GRACE (NASA/DLR) and
GRACE-FO missions

• we started this activity in 2017

• this activity has been fundamental to reduce the impact of the systematic error
related to the knowledge of the Earth’s gravitational field

o in the error budget

Dynamic Model: GPs

𝑥 = 𝑥𝑚𝑒𝑎𝑠 ± 𝛿𝑥 ± ∆𝑥𝑠𝑦𝑠



𝑥 = 𝑥𝑚𝑒𝑎𝑠 ± 𝛿𝑥 ± ∆𝑥𝑠𝑦𝑠

The modeling of the even zonal harmonics

To reduce the impact of the knowledge of these coefficients on the relativistic precession
measurement, we modeled them accounting for their significant time dependency as well
evidenced by their Temporal Solutions (TS) provided by the GRACE (NASA/DLR) and
GRACE-FO missions

• we started this activity in 2017

• this activity has been fundamental to reduce the impact of the systematic error
related to the knowledge of the Earth’s gravitational field

o in the error budget

o In the measurement itself (nonlinear fit vs linear fit)

Dynamic Model: GPs



From GRACE Temporal Solutions 
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Dynamic Model: GPs
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D. Lucchesi, THE IMPACT OF THE EVEN ZONAL HARMONICS SECULAR VARIATIONS ON THE LENSE THIRRING EFFECT
MEASUREMENT WITH THE TWO LAGEOS SATELLITES. International Journal of Modern Physics D, Vol. 14, No. 12, 1989-2023; doi:
10.1142/S0218271805008169, 2005
D. Lucchesi, R. Peron, LAGEOS II pericenter general relativistic precession (1993-2005): Error budget and constraints in 
gravitational physics. Phys. Rev. D 89, 082002, doi:10.1103/PhysRevD.89.082002, 2014

Some articles concerning the modeling of Gravitational Perturbations in relation to measurements
in the field of gravitation and of gravity theories

G. Pucacco, D. Lucchesi, Tidal effects on the LAGEOS–LARES satellites and the LARASE program. Celest. Mech. And Dyn. Astron., 
130:66, https://doi.org/10.1007/s10569-018-9861-5, 2018
D. Lucchesi, L. Anselmo, et al., General Relativity Measurements in the Field of Earth with Laser-Ranged Satellites: State of the
Art and Perspectives. Universe, 5, 141; doi:10.3390/universe5060141, 2019
D. Lucchesi, M. Visco, et al., A 1% Measurement of the Gravitomagnetic Field of the Earth with Laser-Tracked Satellites.
Universe, 6, 139; doi:10.3390/universe6090139, 2020

Dynamic Model: GPs



In recent years, as part of the previous experiment LARASE, we have developed several models to
take into account some perturbations of non-gravitational origin acting on the LAGEOS, LAGEOS II
and LARES satellites:

• Spin model
• General model for thermal thrust forces due to the Sun and the Earth (to be published)
• Neutral drag model

M. Visco, D. Lucchesi, Review and critical analysis of mass and moments of inertia of the LAGEOS and LAGEOS II satellites for the 
LARASE program. Adv. in Space Res. 57, 044034 doi:10.1016/j.asr.2016.02.006, 2016
M. Visco, D. Lucchesi, Comprehensive model for the spin evolution of the LAGEOS and LARES satellites. Phys. Rev. D 98, 044034 
doi:10.1103/PhysRevD.98.044034, 2018
Pardini, C.; Anselmo, L.; Lucchesi, D.M.; Peron, R., On the secular decay of the LARES semi-major axis. Acta Astronautica 2017,
140, 469–477. doi:10.1016/j.actaastro.2017.09.012

Dynamic Model: NGPs



LAGEOS

• The two LAGEOS have almost the same oblateness of about 0.04

• LARES is practically spherical in shape, even if an oblateness as
small as 0.002 is however possible

M. Visco, D. Lucchesi, Review and critical analysis of mass and moments of inertia of the LAGEOS and LAGEOS II satellites for the LARASE 
program. Adv. in Space Res. 57, 044034 doi:10.1016/j.asr.2016.02.006, 2016

Dynamic Model: NGPs



Documents on LAGEOS
• NASA, 1975. LAGEOS Phase B Technical Report, NASA Technical Memorandum X-64915. Technical Report TMX-64915.

Marshall Space Flight Center. Marshall Space Flight Center, Alabama 35812. February 1975
• Siry, J.W., 1975. The LAGEOS system. Technical Report TM-X-73072. NASA
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Aeronautics and Space Administration, Washington, DC
• Fitzmaurice, M.W., Minott, P.O., Abshire, J.B., Rowe, H.E., 1977. Prelaunch Testing of the Laser Geodynamic Satellite.

Technical Report TP-1062. NASA
• Wong, C., 1978. Watching the Earth move from space. Sky Telesc., 198–202

Documents on LAGEOS II
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Spin Orientation: , 

LArase Satellites Spin mOdel Solutions (LASSOS)

LASSOS Spin Model: results for LAGEOS II

Andrés de la Fuente, J.I., 
2007. Enhanced 
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Perturbations (Ph.D. 
thesis). Delft University 
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Blue = LASSOS model for the rapid-spin 
Red = LASSOS general model
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LArase Satellites Spin mOdel Solutions (LASSOS)

LASSOS Spin Model: results for LAGEOS II
Blue = LASSOS model for the rapid-spin 
Red = LASSOS general model

Rotational Period: P
Andrés de la Fuente, J.I., 
2007. Enhanced 
Modelling of LAGEOS 
Non-Gravitational 
Perturbations (Ph.D. 
thesis). Delft University 
Press. Sieca Repro, 
Turbineweg 20, 2627 BP 
Delft, The Netherlands.
Kucharski, D., Lim, H.C., 
Kirchner, G., Hwang, J.Y., 
2013. Spin parameters of 
LAGEOS-1 and LAGEOS-2 
spectrally determined 
from Satellite Laser 
Ranging data. Adv. Space 
Res. 52, 1332–1338.
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Dynamic Model: NGPs

• We developed a simplified thermal model of the satellite based on
– the energy balance equation on its surface
– a linear approach for the distribution of the temperature with respect to its equilibrium (mean) temperature

• A general thermal model based on
– a satellite (metallic structure) in thermal equilibrium
– the CCRs rings are at the same temperature of the satellite
– for each CCR the thermal exchange with the satellite is computed

We have tackled the problem following the two approaches considered in the past in the
literature (but with some differences):

𝑑𝑄𝑖

𝑑𝑡
≅ ෍

𝑗
𝑃𝑗 − 𝜀𝑗𝜎𝐴𝑒𝑥𝑡,𝑗𝑇𝑖

4 + ෍
𝑘

𝑅𝑖,𝑘 𝑇𝑘
4 − 𝑇𝑖

4 + ෍
𝑘

𝐶𝑖,𝑘 𝑇𝑘 − 𝑇𝑖 + ⋯ = ℋ𝑖

𝜕𝑇𝑖

𝜕𝑡

Absorbed power Emitted power Power exchanged 
by radiation

Power exchanged 
by conduction

Thermal thrust perturbations

𝑑𝐴𝑖

𝒏𝒊

𝑇𝑖 , 𝜖𝑖



LArase Thermal mOdel Solutions (LATOS)

Dynamic Model: NGPs

Simplified (average) thermal model

• We used:

o AYS  −1.035×10−10 m/s2

o   2113 s

𝐴𝑌𝑆 ≅
16

9

𝐴

𝑚

𝜀𝜎

𝑐
𝑇0

3∆𝑇

𝑎𝑋 = 𝐴𝑌𝑆

𝑠𝑖𝑛𝑧⨀

1 + 𝜔𝑠𝑝𝑖𝑛𝜏
2

𝑎𝑌 = 𝐴𝑌𝑆

𝑠𝑖𝑛𝑧⨀

1 + 𝜔𝑠𝑝𝑖𝑛𝜏
2 𝜔𝑠𝑝𝑖𝑛𝜏

𝑎𝑍 = 𝐴𝑌𝑆𝑐𝑜𝑠𝑧⨀

𝑎𝑋 = 𝐴𝑌𝑆

𝑠𝑖𝑛𝑧⨀

1 + 𝜔𝑠𝑝𝑖𝑛𝜏
2 Γ𝑋

𝑎𝑌 = 𝐴𝑌𝑆

𝑠𝑖𝑛𝑧⨀

1 + 𝜔𝑠𝑝𝑖𝑛𝜏
2 Γ𝑌

𝑎𝑍 = 𝐴𝑌𝑆𝑐𝑜𝑠𝑧⨀Γ𝑍

Characteristic amplitude:

Accelerations in body:

With no eclipses With eclipses

Lucchesi D.M., Reassessment of the error modelling of the non-gravitational perturbations on 
LAGEOS II and their impact in the Lense-Thirring derivation - Part II, Plan. Space Sci. 50 (2002)

Farinella P, Vokrouhlicky D., Thermal force effects on slowly rotating, spherical
artificial satellites - I. Solar heating, Plan. Space Sci. 44, 12 (1996)



About 27 years POD of LAGEOS II with GEODYN II

𝒅𝒆

𝒅𝒕
=

𝟏 − 𝒆𝟐

𝒏𝒂
𝑹 𝐬𝐢𝐧 𝒇 + 𝑻 𝐜𝐨𝐬 𝒇 + 𝐜𝐨𝐬 𝒖

Thermal thrust: results for LAGEOS II

LArase Thermal mOdel Solutions (LATOS)

Dynamic Model: NGPs



Being able to clean up this parameter has a
particular importance for us: it contains a
secular effect from General Relativity, due
to the Gravitoelectric field (M) and to the
Gravitomagnetic field (J)

𝒅𝝎

𝒅𝒕
=

𝟏 − 𝒆𝟐

𝒏𝒂𝒆
−𝑹 𝒄𝒐𝒔 𝒇 + 𝑻 𝐬𝐢𝐧 𝒇 +

𝒔𝒊𝒏 𝒖

𝟏 − 𝒆𝟐
−

𝑾

𝑯 𝒔𝒊𝒏 𝒊
𝒓 𝒔𝒊𝒏 𝝎 + 𝒇 𝐜𝐨𝐬 𝒊
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About 27 years POD of LAGEOS II with GEODYN II

LArase Thermal mOdel Solutions (LATOS)
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Dynamic Model: NGPs

Residuals in the semi-major axis (m/7d)

March 14, 2012

Integrated residuals in the semi-major axis (m)

It is as if a certain mechanism is pumping energy to the satellite !



Dynamic Model: NGPs

In the late 1980s and early 1990s, the observed
decay for the semi-major axis of the two LAGEOS
satellites was explained in terms of:
• Earth-Yarkovsky thermal drag  70%
• Charged particles drag  20%
• Neutral particles drag  10 %.

The former (old) explanation:

Rubincam, 1982

March 14, 2012



Dynamic Model: NGPs

In the late 1980s and early 1990s, the observed
decay for the semi-major axis of the two LAGEOS
satellites was explained in terms of:
• Earth-Yarkovsky thermal drag  70%
• Charged particles drag  20%
• Neutral particles drag  10 %.

The former (old) explanation:

Rubincam, 1982

March 14, 2012

Based on the results of our analyzes and the models
we have developed for NGPs, we believe that the
possible explanation for the observed phenomenon
lies in the evolution of the Spin of LAGEOS II and its
consequent impact on the solar Yarkovsky effect.



Dynamic Model: NGPs

Residuals in the semi-major axis and their comparison with the solar Yarkovsky-Schach effect

ሶ𝒂𝒀𝑺 > ሶ𝒂𝑬𝒀ሶ𝒂𝒀𝑺 < ሶ𝒂𝑬𝒀

Earth-Yarkovsky deceleration vs. solar Yarkovsky-Schach acceleration

ሶ𝒂 ≅
𝟐

𝒏
𝑻

ሶ𝒂 ≅ −𝟐𝟓. 𝟔
𝒄𝒎

𝒚𝒓
ሶ𝒂 ≅ +𝟒𝟏. 𝟖

𝒄𝒎

𝒚𝒓

March 14, 2012



Dynamic Model: NGPs

Residuals in the semi-major axis and their comparison with the solar Yarkovsky-Schach and Earth-
Yarkovsky effects

𝜏 = 2113 𝑠 𝜏 = 3000 𝑠 𝜏 = 300 𝑠

𝒅𝒂

𝒅𝒕
=

𝟐

𝒏 𝟏 − 𝒆𝟐
𝑻 + 𝒆 𝑻 𝐜𝐨𝐬 𝒇 + 𝑹 𝐬𝐢𝐧 𝒇

The role of the Thermal Inertia



Dynamic Model: NGPs

Neutral Drag: results for LARES

A modified version of the SATRAP (SATellite Rentry Analysis Program) tool, developed at ISTI/CNR in
Pisa, was used to compute the neutral drag acceleration acting on LARES, as a function of time, taking
into account the real evolution of solar and geomagnetic activities and the observed secular semi-major
axis decay

Several thermospheric density
models were used in SATRAP to
compute the components of the
neutral drag acceleration in the
Gauss reference system R (Radial),
T (Transverse) and W (Out-of-
Plane): JR-71, MSIS-86, MSISE-90,
NRLMSISE-00, GOST-2004 and
JB2008



Dynamic Model: NGPs

𝓐𝒅𝒓𝒂𝒈 = −
𝟏

𝟐

𝑨

𝑴
𝝆𝑪𝑫𝑽𝒓

𝟐෡𝑽𝒓

In an analysis of about 6.5 years (April 6, 2012 → October 26, 2018) we investigated the
effects of the neutral drag on all the orbital elements of LARES. In particular:

• from the perturbing accelerations obtained from SATRAP we computed the effects on the orbit via Gauss
equations

• we compared these orbital effects with the orbit residuals obtained from GEODYN

𝑪𝑫 ≅ 𝟒. 𝟎𝟕Accelerations (in Gauss co-moving frame) due to neutral drag obtained with SATRAP (MSIS-86):

Neutral Drag: results for LARES



Dynamic Model: NGPs

𝒅𝒂

𝒅𝒕
=

𝟐

𝒏 𝟏 − 𝒆𝟐
𝑻 + 𝒆 𝑻 𝐜𝐨𝐬 𝒇 + 𝑹 𝐬𝐢𝐧 𝒇

Residuals
Model

Neutral Drag: results for LARES

Model from SATRAP Model vs. GEODYN Residuals



We have at our disposal three main observables to investigate the effects produced by the different
theories of gravitation, starting with those of GR, on the orbits of artificial satellites:

Measurements and constraints from pericenter and mean anomaly

• The argument of pericenter: 
• The mean anomaly: M
• The right ascension of the ascending node: 

Therefore, the main targets of our analyses have been the 
measurement of:

• Schwarzschild precession
• Lense-Thirring precession



ሶ𝜔𝑆𝑐ℎ𝑤 =
3 𝐺𝑀⨁

Τ3 2

𝑐2 𝑎 Τ5 2 1 − 𝑒2

ሶ𝑀𝑆𝑐ℎ𝑤 = − 1 − 𝑒2
3 𝐺𝑀⨁

Τ3 2

𝑐2 𝑎 Τ5 2 1 − 𝑒2

ሶΩ𝐿𝑇 =
2𝐺

𝑐2𝑎3

𝐽⨁

1 − 𝑒2 Τ3 2

We have at our disposal three main observables to investigate the effects produced by the different
theories of gravitation, starting with those of GR, on the orbits of artificial satellites:

• The argument of pericenter: 
• The mean anomaly: M
• The right ascension of the ascending node: 

Measurements and constraints from pericenter and mean anomaly



Observables such as the argument of pericenter and the mean anomaly, are interesting to be
analyzed in the context of a possible violation of the 1/r2 law for gravity parametrized by a
Yukawa-like long-range interaction:

𝑽 𝒓 = −𝑮∞

𝑴𝟏𝑴𝟐

𝒓
𝟏 + 𝜶𝒆− Τ𝒓 𝝀 𝑭 𝒓 = −𝜵𝑽 𝒓 = −𝑮∞ 𝟏 + 𝜶 𝟏 +

𝒓

𝝀
𝒆− Τ𝒓 𝝀

𝑴𝟏𝑴𝟐

𝒓𝟐
ො𝒓

A Yukawa-like parameterization seems general at the lowest order interaction
and in the non-relativistic limit, independently of a:
• Scalar field with the exchange of a spin-0 light boson

• Vector field with the exchange of a spin-1 light boson

• Tensor field with the exchange of a spin-2 light boson

𝑉𝑦𝑢𝑘= − 𝛼
𝐺∞𝑀1

𝑟
𝑒− ൗ𝑟

𝜆

𝛼 =
1

𝐺∞

𝐾1

𝑀1
∙

𝐾2

𝑀2

𝜆 =
ℎ

𝜇𝑐M1 = Mass of the primary source;

M2 = Mass of the secondary source;

G = Newtonian gravitational constant;

r = Distance;

 = Strength of the interaction; K1,K2 = Coupling strengths;

 = Range of the interaction;  = Mass of the light-boson;

h = Planck constant; c = Speed of light

Measurements and constraints from pericenter and mean anomaly



Consequences:

1. the deviations from the usual 1/r law for the gravitational potential lead to
new weak interactions between macroscopic objects

2. The interesting point is that these supplementary interactions may be either
consistent with Einstein Equivalence Principle or not

3. In this second case, non–metric phenomena will be produced with tiny, but
significant, consequences in the gravitational experiments

4. The characteristic of such very weak interactions, which are predicted by
several theories, is to produce deviations for masses separations ranging
through several orders of magnitude, starting from the sub–millimeter level
up to the astronomical scale

Measurements and constraints from pericenter and mean anomaly



scale distances between 10−4 m ─ 1015 m have been tested during the last       

35 years with null results for a possible violation of NISL and for the WEP

Measurements and constraints from pericenter and mean anomaly



We are therefore interested in new analyzes of the long-term and secular effects on the orbits of
the two LAGEOS and (possibly) of LARES to further constrain a possible long-range force
described by a Yukawa-like potential

The main objectives are:

• Perform the analysis over the entire life of LAGEOS II, about 32 years

• Consider as observables both the argument of pericenter and the mean anomaly of LAGEOS II

• Include in the analysis also the older LAGEOS satellite

• Improve the results of a previous measurement (2010/2014) obtained with LAGEOS II argument of
pericenter

• Compare the results with the predictions of GR and of other ATG

D. Lucchesi, R. Peron, LAGEOS II pericenter general relativistic precession (1993-2005): Error budget and constraints in gravitational 
physics. Phys. Rev. D 89, 082002, doi:10.1103/PhysRevD.89.082002, 2014

D. Lucchesi, R. Peron, Accurate Measurement in the Field of the Earth of the General-Relativistic Precession of the LAGEOS II
Pericenter and New Constraints on Non-Newtonian Gravity. Phys. Rev. Lett. 105, 231103, doi:10.1103/PhysRevLett.105.231103, 2010

Measurements and constraints from pericenter and mean anomaly



The total relativistic precession of the argument of pericenter: 28 years

ሶ𝜔𝐺𝑅 = ሶ𝜔𝑆𝑐ℎ𝑤 + ሶ𝜔𝐿𝑇 + ሶ𝜔𝐽2

𝑑𝑖𝑟 + ሶ𝜔𝐽2

𝑖𝑛𝑑𝑖𝑟 = 3298.26 Τ𝑚𝑎𝑠 𝑦𝑟

Although the POD performed on the LAGEOS II
satellite is not yet optimized, the preliminary
results are encouraging:

𝜺 − 𝟏 ≅ 𝟐. 𝟑 × 𝟏𝟎−𝟐

ሶ𝜔𝑡𝑜𝑡 = ሶ𝜔𝐺𝑃 + ሶ𝜔𝑁𝐺𝑃 + 𝜀 ሶ𝜔𝐺𝑅 + ⋯

Linear Fit
One of the main point to face is that of a reliable
model for the time behavior of the coefficients of
the gravity field of the Earth on a so long timespan

ሶ𝜔𝑆𝑐ℎ𝑤 =
3 𝐺𝑀⨁

Τ3 2

𝑐2 𝑎 Τ5 2 1 − 𝑒2
= 3352.58 Τ𝑚𝑎𝑠 𝑦𝑟

Measurements and constraints from pericenter and mean anomaly



𝜺 − 𝟏 ≅ 𝟔. 𝟔 × 𝟏𝟎−𝟑

The total relativistic precession of the argument of pericenter: 13.7 years (5000 days)

Linear Fit

𝜀 − 1 = (−0.12 ± 2.10) ∙ 10−3 ± 2.5 ∙ 10−2

Non-Linear Fit

The previous measurement in 2014

13 years13.7 years

Measurements and constraints from pericenter and mean anomalyTo reduce the impact of the gravitational field 
mismodeling, the time interval in which the analysis is 

carried out can be reduced



Combination of the argument of pericenter and the mean anomaly of LAGEOS II: cancels the 
errors related to J2

Linear Fit

𝜺 − 𝟏 = (−𝟎. 𝟏𝟐 ± 𝟐. 𝟏𝟎) ∙ 𝟏𝟎−𝟑 ± 𝟐. 𝟓 ∙ 𝟏𝟎−𝟐The previous measurement in 2014, on 13 years:

13.7 years

ሶ𝜔𝑆𝑐ℎ𝑤 =
3 𝐺𝑀⨁
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𝑐2 𝑎 Τ5 2 1 − 𝑒2
= 3352.58 Τ𝑚𝑎𝑠 𝑦𝑟

ሶ𝑀𝑆𝑐ℎ𝑤 = − 1 − 𝑒2
3 𝐺𝑀⨁

Τ3 2

𝑐2 𝑎 Τ5 2 1 − 𝑒2

ሶ𝑀𝑆𝑐ℎ𝑤 = − 1 − 𝑒2 ሶ𝜔𝑆𝑐ℎ𝑤 = −3352.26 Τ𝑚𝑎𝑠 𝑦𝑟
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𝜺 − 𝟏 ≅ +𝟎. 𝟑𝟓 ± 𝟐. 𝟒𝟐 × 𝟏𝟎−𝟑 ± 𝜺𝒔𝒚𝒔

𝒌 ≅ −𝟎. 𝟏𝟐𝟑𝟓𝟎𝟎

ሶ𝑴𝒓𝒆𝒔
𝑳𝟐 + 𝒌 ሶ𝝎𝒓𝒆𝒔

𝑳𝟐
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The total relativistic precession of the argument of pericenter: a previous result on 13 years

Target:

Fit:

We obtained b  3294.6 mas/yr, very close to the
prediction of GR

The discrepancy is just 0.01%

From a sensitivity analysis, with constraints on some of
the parameters that enter into the least squares fit, we
obtained an upper bound of 0.2%

Δ ሶ𝜔𝑟𝑒𝑙
𝐿𝐼𝐼 = 3294.95 Τ𝑚𝑎𝑠 𝑦𝑟

b=Δ ሶ𝜔𝑓𝑖𝑡
𝐿𝐼𝐼 ≃ 3294.56 Τ𝑚𝑎𝑠 𝑦𝑟

GP NGP GR
     =  +  + 

𝜀 = 1 + (−0.12 ± 2.10) ∙ 10−3 ± 2.5 ∙ 10−2

D. Lucchesi, R. Peron, LAGEOS II pericenter general relativistic precession (1993-2005): Error budget and constraints in 
gravitational physics. Phys. Rev. D 89, 082002, doi:10.1103/PhysRevD.89.082002, 2014

Non-Linear Fit

Measurements and constraints from pericenter and mean anomaly



Measurements and constraints from pericenter and mean anomaly



The total relativistic precession of the argument of pericenter: a previous result on 13 years

Summary of the constraints obtained

PPN →

Yukawa →

ATGs →

Measurements and constraints from pericenter and mean anomaly



Violation of 1/r^2 law: Yukawa-like potential

ℛ𝑌𝑢𝑘 = −α
𝐺∞𝑀⨁

𝑟2 1 +
𝑟

𝜆
𝑒− Τ𝑟 𝜆 Ƹ𝑟

ሶ𝝎𝒀𝒖𝒌 𝟐𝝅 = −
𝟏 − 𝒆𝟐

𝒏𝒂𝒆
𝓡𝒀𝒖𝒌 𝒄𝒐𝒔 𝒇

𝟐𝝅

𝝀 ≅ 𝟔, 𝟎𝟖𝟏𝒌𝒎 ≈ 𝟏𝑹⊕

𝒅𝝎

𝒅𝒕
𝟐𝝅

𝑷𝒆𝒂𝒌

≅ 𝟏. 𝟐𝟕𝟑𝟗𝟒 ⋅ 𝟏𝟎−𝟒 ⋅ 𝜶 Τ𝒓𝒂𝒅 𝒔

𝒂

𝝀
≅ 𝟐

𝜶 ≅ 𝟎. 𝟓 ± 𝟖 ∙ 𝟏𝟎−𝟏𝟐 ± 𝟏𝟎𝟏 ∙ 𝟏𝟎−𝟏𝟐

𝝀 ≅ 𝟔, 𝟎𝟖𝟏𝒌𝒎 ≈ 𝟏𝑹⊕

𝒂

𝝀
≅ 𝟐

ሶ𝝎𝒀𝒖𝒌 𝟐𝝅

𝜺 − 𝟏 = (−𝟎. 𝟏𝟐 ± 𝟐. 𝟏𝟎) ∙ 𝟏𝟎−𝟑 ± 𝟐. 𝟓 ∙ 𝟏𝟎−𝟐

Measurements and constraints from pericenter and mean anomaly

The previous measurement in 2014, on 13 years:



Constraints on a long-range force: Yukawa like interaction

1981

1998

2003

Earth-LAGEOS

LAGEOS-Lunar

Lunar precession 
LLR

Planetary RR

Laboratory
Geophysical

85 1010 −− 

Composition independent experimentsThe region above 
each curve is ruled 
out at the 95.5% 
confidence level

Previous limits with 
LAGEOS’s from GM

measurements:

Measurements and constraints from pericenter and mean anomaly



Constraints on a long-range force: Yukawa like interaction

1981
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LAGEOS II precession 2014

Planetary RR
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Geophysical

85 1010 −− 
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Composition independent experimentsThe region above 
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confidence level
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Constraints on a long-range force: Yukawa like interaction

𝜶 ≅ 𝟎. 𝟓 ± 𝟖 ∙ 𝟏𝟎−𝟏𝟐 ± 𝟏𝟎𝟏 ∙ 𝟏𝟎−𝟏𝟐

1981

1998

2003

2014

Earth-LAGEOS

LAGEOS-Lunar

Lunar precession 
LLR

LAGEOS II precession

Planetary RR

Laboratory
Geophysical

𝜶 ≅ 𝟓 ∙ 𝟏𝟎−𝟏𝟑

85 1010 −− 

𝜶 ≅ 𝟏 ∙ 𝟏𝟎−𝟏𝟎

Composition independent experimentsThe region above 
each curve is ruled 
out at the 95.5% 
confidence level

𝝀 ≅ 𝟔, 𝟎𝟖𝟏𝒌𝒎 ≈ 𝟏𝑹⊕2014

Previous limits with 
LAGEOS’s from GM

measurements:

Measurements and constraints from pericenter and mean anomaly



The previous error budget for the pericenter on 13 years

𝜺 − 𝟏 ≅ 𝟎. 𝟑𝟓 × 𝟏𝟎−𝟑 ± 𝟐. 𝟒𝟐 × 𝟏𝟎−𝟑±?

𝒌 ≅ −𝟎. 𝟏𝟐𝟑𝟓𝟎𝟎

𝑿𝒐𝒃𝒔 = ሶ𝑴𝒓𝒆𝒔
𝑳𝟐 + 𝒌 ሶ𝝎𝒓𝒆𝒔

𝑳𝟐

𝑋𝑟𝑒𝑙 = ሶ𝑀𝑟𝑒𝑙
𝐿2 + 𝑘 ሶ𝜔𝑟𝑒𝑙

𝐿2 ≅ −3759.26 mas/yr

𝜹𝑱𝟐 = 𝟎

New Error Budget should be estimatd, but𝜺 − 𝟏 = (−𝟎. 𝟏𝟐 ± 𝟐. 𝟏𝟎) ∙ 𝟏𝟎−𝟑 ± 𝟐. 𝟓 ∙ 𝟏𝟎−𝟐

𝜀𝐺𝑃 ≈ 0

New Error Budget should be estimatd, but

Preliminary measurement

Measurements and constraints from pericenter and mean anomaly



LAGEOS II

The long-term temporal behavior is 
very similar in these two orbital 

elements

Preliminary measurement

Measurements and constraints from pericenter and mean anomaly



𝜺 − 𝟏 ≅ 𝟎. 𝟑𝟓 × 𝟏𝟎−𝟑 ± 𝟐. 𝟒𝟐 × 𝟏𝟎−𝟑±?

𝒌 ≅ −𝟎. 𝟏𝟐𝟑𝟓𝟎𝟎

𝑿𝒐𝒃𝒔 = ሶ𝑴𝒓𝒆𝒔
𝑳𝟐 + 𝒌 ሶ𝝎𝒓𝒆𝒔

𝑳𝟐

𝑋𝑟𝑒𝑙 = ሶ𝑀𝑟𝑒𝑙
𝐿2 + 𝑘 ሶ𝜔𝑟𝑒𝑙

𝐿2 ≅ −3759.26 mas/yr

𝜹𝑱𝟐 = 𝟎

New Error Budget should be estimatd, but

New Error Budget should be estimatd, but 
since the long-term behaviour of the two 

elements are quite similar

𝜀𝑁𝐺𝑃 ≈ 0.7 + 𝑘0.7 % ≅ 0.8%

𝜀𝐺𝑃 ≈ 0

𝜺 − 𝟏 = (−𝟎. 𝟏𝟐 ± 𝟐. 𝟏𝟎) ∙ 𝟏𝟎−𝟑 ± 𝟐. 𝟓 ∙ 𝟏𝟎−𝟐

The previous error budget for the pericenter on 13 years
Preliminary measurement

Measurements and constraints from pericenter and mean anomaly



1981

1998

2003

2022LAGEOS II precession

2022

2014

2014

Comparison with previous results: literature, LARASE , SaToR-G

Currently, for the precision of 
the measurement we 

assumed the same as that 
obtained from LARASE 

experiment

LARASE: pericenter
SaToR-G: pericenter + mean anomaly

Measurements and constraints from pericenter and mean anomaly



The total relativistic precession of the argument of pericenter: a previous result on 13 years

Summary of the constraints obtained

PPN →

Yukawa →

ATGs →

Measurements and constraints from pericenter and mean anomaly



• Constraints beta and gamma

𝟐 + 𝟐𝜸 − 𝜷

𝟑
− 𝟏 = (−𝟎. 𝟏𝟐 ± 𝟐. 𝟏𝟎) ∙ 𝟏𝟎−𝟑 ± 𝟐. 𝟓 ∙ 𝟏𝟎−𝟐

𝟐 + 𝟐𝜸 − 𝜷

𝟑
− 𝟏

𝒔𝒚𝒔

= ±𝟎. 𝟖 ∙ 𝟏𝟎−𝟐

Preliminary constraints to alternative theories of gravitation

Measurements and constraints from pericenter and mean anomaly

PRD 2014



• Constraints on Moffat non-symmetric theory for gravitation

Moffat (1979), and Moffat and Woolgar (1988), studied the possibility of a Non-Symmetric
Gravitation Theory (NSGT) starting from Einstein's idea to unify gravitation and electromagnetism
introducing a non-symmetric fundamental tensor.

Among the various features of this theory, we are interested to the one which specifies that a given body B has
associated — in addition to its mass — a NSGT charge ℓ^2_B which arises from the coupling of the non-metric
with a vector current. Interesting for our study, the equation of motion of a test body is not the standard
geodesic-equation, because of the presence of this new attribute. Indeed, for the pericenter rate of a binary
system constituted by a primary B and a satellite S, Moffat and Woolgar (1988) obtained an additional
contribution given by:

Δ ሶ𝜔 𝑠𝑒𝑐
𝑀𝑜𝑓𝑓𝑎𝑡

=
3 𝐺𝑀⊕

Τ3 2

𝑐2𝑎 Τ5 2 1 − 𝑒2
𝒞⊕𝒮

𝑐4 1 + Τ𝑒2 4

𝐺𝑀⊕ 1 − 𝑒2
2

Preliminary constraints to alternative theories of gravitation

Measurements and constraints from pericenter and mean anomaly



Therefore, with the present study we can constrain the non-symmetric interaction to the following values:

To compare with:

Ciufolini and Matzner [Int. J. Mod. Phys. (1992)], from the 

total uncertainty in the calculated precession of LAGEOS

Lucchesi [Phys. Lett. A 318 (2003)], from the systematic 

effects on the pericenter of  LAGEOS II

Δ ሶ𝜔 𝑠𝑒𝑐
𝑀𝑜𝑓𝑓𝑎𝑡

=
3 𝐺𝑀⊕

Τ3 2

𝑐2𝑎 Τ5 2 1 − 𝑒2
𝒞⊕𝒮

𝑐4 1 + Τ𝑒2 4

𝐺𝑀⊕ 1 − 𝑒2
2

𝒞⊕𝐿𝑎𝑔𝑒𝑜𝑠𝐼𝐼 ≤ 0.003𝑘𝑚 4 ± 0.036𝑘𝑚 4 ± 0.092𝑘𝑚 4

𝒞⊕𝐿𝑎𝑔𝑒𝑜𝑠 ≤ 0.16𝑘𝑚 4

𝒞⊕𝐿𝑎𝑔𝑒𝑜𝑠𝐼𝐼 ≤ 0.087𝑘𝑚 4

• Constraints on Moffat non-symmetric theory for gravitation

𝒞⊕𝐿𝑎𝑔𝑒𝑜𝑠𝐼𝐼_𝑠𝑦𝑠 ≤ ± 0.029𝑘𝑚 4

Preliminary constraints to alternative theories of gravitation

Measurements and constraints from pericenter and mean anomaly

PRD 2014



A generalization of Einstein's GR may be obtained when a Riemann-Cartan spacetime is considered. In this
case a non-vanishing torsional tensor is present because of non-symmetric connection coefficients. More
recently, Mao et al. (2007) suggested that the presence of torsional effects in the solar system should be
tested experimentally. Indeed, they developed a theory-independent framework based on symmetry
arguments in order to parametrize both metric and connection. This theory is characterized by a set of
parameters that are able to describe torsion and metric.

Subsequently, March et al. (2011) computed (in the WFSM limit) the corrections to the longitude of the
pericenter in the case of a satellite orbiting the Earth and in the field of the Sun for the Schwarzschild, Lense-
Thirring and de Sitter precessions produced by these possible spacetime torsions. For the argument of
pericenter we obtain:

Δ ሶ𝜔 𝑠𝑒𝑐
𝑡𝑜𝑟𝑠𝑖𝑜𝑛 =

3 𝐺𝑀⊕
Τ3 2

𝑐2𝑎 Τ5 2 1−𝑒2

2𝑡2+𝑡3

3
+∆ ሶ𝜔𝐿𝑇

𝑡𝑜𝑟𝑠𝑖𝑜𝑛

• Constraints on Mao spacetime torsion

Preliminary constraints to alternative theories of gravitation

Measurements and constraints from pericenter and mean anomaly



Therefore, with the present study we can constrain the torsion effects to the following values:

March et al. (2011), using the Mercury's perihelion shift 

measurement of Shapiro et al. (1990) 

Δ ሶ𝜔 𝑠𝑒𝑐
𝑡𝑜𝑟𝑠𝑖𝑜𝑛 =

3 𝐺𝑀⊕
Τ3 2

𝑐2𝑎 Τ5 2 1−𝑒2

2𝑡2+𝑡3

3
+∆ ሶ𝜔𝐿𝑇

𝑡𝑜𝑟𝑠𝑖𝑜𝑛

2𝑡2 + 𝑡3 ≤ 3.5 ∙ 10−4 ± 6.2 ∙ 10−3 ± 7.49 ∙ 10−2

To compare with:

2𝑡2 + 𝑡3 ≅ 3 ∙ 10−3

• Constraints on Mao spacetime torsion

2𝑡2 + 𝑡3 _𝑠𝑦𝑠 ≤ ±2.40 ∙ 10−2

Preliminary constraints to alternative theories of gravitation

Measurements and constraints from pericenter and mean anomaly

PRD 2014



• We considered several models for the background gravitational field of the Earth

▪ This allows to highlight possible systematics among the different models

• For the first 10/15 even zonal harmonics we considered their explicit time dependency following
the monthly solutions from GRACE measurements

▪ This has reduced the systematic error of the background gravitational field

• Together with the relativistic Einstein-Thirring-Lense precession we estimated also some of the
low-degree even zonal harmonics ( = even and m = 0) of the background gravitational field

▪ This allows to estimate the direct correlation between the relativistic Einstein-Thirring-Lense
precession with the coefficients of the gravitational field

The 2019-2020 measurement: The Einstein-Thirring-Lense precession 

Measurements and constraints from the ascending node longitute



• The relativistic Einstein-Thirring-Lense precession has been measured both in the residuals of
the rates of the combined nodes and in their integration

▪ This is the first time that the measurement has been performed on the rate of the combined
observables

• The measurement has been obtained both via linear fits and non-linear fits

▪ This is also the first time that a reliable measurement of the Einstein-Thirring-Lense precession has
been obtained by means of a simple linear fit

The 2019-2020 measurement: The Einstein-Thirring-Lense precession 

Measurements and constraints from the ascending node longitute



By solving a linear system of three equations in three unknowns, we can solve for the
relativistic precession while reducing the impact in the measurement of the non perfect
knowledge of the Earth’s gravitational field:

ሶΩ𝑐𝑜𝑚𝑏 = ሶ𝛿Ω𝑟𝑒𝑠
𝐿1 + 𝑘1𝛿 ሶΩ𝑟𝑒𝑠

𝐿2 + 𝑘2𝛿 ሶΩ𝑟𝑒𝑠
𝐿𝑅 • LT effect observable

• k1 and k2 are such that to cancel the unmodelled effects/errors
of two even zonal harmonics (order m=0) of the Earth’s
gravitational field: quadrupole and octupole coefficients

ሶΩ2
𝐿1𝛿 ҧ𝐶2,0 + ሶΩ4

𝐿1𝛿 ҧ𝐶4,0 + ሶΩ𝐿𝑇
𝐿1𝜇 + ⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿1

ሶΩ2
𝐿2𝛿 ҧ𝐶2,0 + ሶΩ4

𝐿2𝛿 ҧ𝐶4,0 + ሶΩ𝐿𝑇
𝐿2𝜇 + ⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿2

ሶΩ2
𝐿𝑅𝛿 ҧ𝐶2,0 + ሶΩ4

𝐿𝑅𝛿 ҧ𝐶4,0 + ሶΩ𝐿𝑇
𝐿𝑅𝜇 + ⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿𝑅

ሶΩ𝐺𝑅
𝑐𝑜𝑚𝑏 = 50.17 𝑚𝑎𝑠/𝑦𝑟

𝑘1 ≅ 0.345
𝑘2 ≅ 0.073

𝜇, δ ҧ𝐶2,0, δ ҧ𝐶4,0

The 2019-2020 measurement: The Einstein-Thirring-Lense precession 

Measurements and constraints from the ascending node longitute



The data reduction of the satellites orbit has been done with GEODYN II (NASA/GSFC) on a time
span of about 6.5 years (2359 days) from MJD 56023, that is from April 6th 2012, and we computed
the residuals on the orbit elements of LAGEOS, LAGESOS II and LARES:

1. EIGEN-GRACE02S (2004)
2. GGM05S (2014): official field of the ILRS
3. ITU_GRACE16 (2016)
4. Tonji-Grace02s (2017)

• Background gravity model: GRACE-static and
coefficients from GRACE Temporal Solutions

• Arc length of 7 days

• No empirical accelerations

• Thermal thrust effects (Yarkovsky Schach and
Rubincam) not modelled

• General relativity modelled with the
exception of the Lense-Thirring effect

Measurements and constraints from the ascending node longitute



Cumulative sum for Results for  from the linear system

GGM05S + GRACE-TS model
K  +3.097    S  − 8.410−3 

Gussian-like distribution for 

D. Lucchesi, G. Balmino, The LAGEOS satellites orbital residuals determination and the Lense–Thirring effect measurement. 
Plan. and Space Science, doi:10.1016/j.pss.2006.03.001 , 2006

Measurements and constraints from the ascending node longitute



Cumulative sum for Results for  from the linear system

GGM05S / EIGEN-GRACE02S / ITU_GRACE16 / Tonj-Grace02S

+ GRACE-TS model

Measurements and constraints from the ascending node longitute



Einstein-Thirring-Lense effect measurement: frame dragging

𝝁𝒎𝒆𝒂𝒔 − 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑

Errors @ 95% CL

𝝁𝑮𝑹 = 𝟏 Model 𝜇 ± 𝛿𝜇 𝜇 − 1

GGM05S 1.0053  0.0074 + 0.0053

EIGEN-GRACE02S 1.0002  0.0074 + 0.0002

ITU_GRACE16 0.9996  0.0074 − 0.0004

Tonji-Grace02s 1.0008  0.0074 + 0.0008

This is indeed a very precise measurement

Measurements and constraints from the ascending node longitute



Among the main perturbations to consider we have

• The gravitational perturbations

❑ Earth’s gravitational field

❑ Tides

o Ocean

o Solid

❑ General relativity

• The non-gravitational perturbations

❑ Direct solar radiation pressure, Earth’s albedo and infrared radiation

❑ Thermal thrust effects

Main sources of systematic errors

Measurements and constraints from the ascending node longitute



𝝁𝒎𝒆𝒂𝒔 − 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑 ± 𝟏𝟔 × 𝟏𝟎−𝟑

Errors @ 95% CL

𝝁𝑮𝑹 = 𝟏 Model 𝜇 ± 𝛿𝜇 𝜇 − 1

GGM05S 1.0053  0.0074 + 0.0053

EIGEN-GRACE02S 1.0002  0.0074 + 0.0002

ITU_GRACE16 0.9996  0.0074 − 0.0004

Tonji-Grace02s 1.0008  0.0074 + 0.0008

Estimation of the systematic errors

This is indeed a very accurate measurement

Einstein-Thirring-Lense effect measurement: frame dragging

Main sources of systematic errors

*

Measurements and constraints from the ascending node longitute



𝝁𝒎𝒆𝒂𝒔 = 𝟏. 𝟎𝟎𝟏𝟓 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑 ± 𝟎. 𝟎𝟏𝟔

Einstein-Thirring-Lense effect measurement: frame dragging

D. Lucchesi, M. Visco, R. Peron, et al., An improved measurement of the Lense-Thirring precession on the orbits of laser-ranged
satellites with an accuracy approaching the 1% level. arXiv:1910.01941, doi:10.48550/arXiv.1910.01941, 2019

I. Ciufolini, A. Paolozzi, et al., An improved test of the general relativistic effect of frame-dragging using the LARES and LAGEOS
satellites. Eur. Phys. J. C, 79:872, doi.org/10.1140/epjc/s10052-019-7386-z, 2019

𝝁𝒎𝒆𝒂𝒔 = 𝟎. 𝟗𝟗𝟏𝟎 ± 𝟎. 𝟎𝟐

Linear Fit

Linear Fit, after removing a few well known tidal signals from the nodes residuals

D. Lucchesi, M. Visco, R. Peron, et al., A 1% Measurement of the Gravitomagnetic Field of the Earth with Laser-Traked Satellites. 
Universe 6, 139, doi:10.3390/universe6090139, 2020
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The 2019-2020 result for the Lense-Thirring precession can be exploited to preliminary
constrain some ATG, such as:

𝝁𝒎𝒆𝒂𝒔 − 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑 ± 𝟏𝟔 × 𝟏𝟎−𝟑

Error @ 95% CL

ቈ
𝝁𝑮𝑹 = 𝟏

𝝁𝑵𝒆𝒘 = 𝟎
ሶΩ𝐿𝑇 = 𝜇

2𝐺

𝑐2𝑎3

𝐽⨁

1 − 𝑒2 Τ3 2

Discrepancy Systematic error

• a scalar-tensor theory, i.e., a metric theory of gravity
• a torsion theory, i.e., a non-metric theory of gravity

Preliminary constraints on alternative theories of gravitation

D. Lucchesi, M. Visco, R. Peron, et al., A 1% Measurement of the Gravitomagnetic Field of the Earth with Laser-Traked Satellites. 
Universe 6, 139, doi:10.3390/universe6090139, 2020
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Constraints to scalar-tensor theories

• An interesting case is that of extended gravity (EG) theories, where:
❑ 𝑅 → 𝑓 𝑅

❑ 𝑅 → 𝑓 𝑅, 𝑅𝛼𝛽𝑅𝛼𝛽

❑ 𝑅 → 𝑓 𝑅, 𝑅𝛼𝛽𝑅𝛼𝛽 , 𝜙

𝑆𝐺𝑅 =
1

16𝜋𝐺
න 𝑅 −𝑔𝑑4𝑥 + 𝑆𝑛𝑔

𝑆𝐵𝐷 =
1

16𝜋𝐺
න 𝜙𝑅 −

𝜔

𝜙
𝑔𝛼𝛽𝜙,𝛼𝜙,𝛽 −𝑔𝑑4𝑥 + 𝑆𝑛𝑔

𝑆𝐸𝐺 =
1

16𝜋𝐺
න 𝑓 𝑅, 𝑅𝛼𝛽𝑅𝛼𝛽 , 𝜙 −

𝜔

𝜙
𝑔𝛼𝛽𝜙,𝛼𝜙,𝛽 −𝑔𝑑4𝑥 + 𝑆𝑛𝑔

Where  is a scalar field and  represents the dimensionless Dicke’s coupling constant: it is tested by the experiments

→  Introduces effective masses: 𝑚𝑅, 𝑚𝜙, 𝑚𝑌

S. Capozziello, G. Lambiase, et al., Constraining models of extended gravity using Gravity Probe B and 
LARES experiments. PRD 91, 044012, 2015

𝑌 = 𝑅𝛼𝛽𝑅𝛼𝛽

Measurements and constraints from the ascending node longitute



Constraints to scalar-tensor theories

• An interesting case is that of extended gravity (EG) theories, where:
❑ 𝑅 → 𝑓 𝑅

❑ 𝑅 → 𝑓 𝑅, 𝑅𝛼𝛽𝑅𝛼𝛽

❑ 𝑅 → 𝑓 𝑅, 𝑅𝛼𝛽𝑅𝛼𝛽 , 𝜙

𝑆𝐺𝑅 =
1

16𝜋𝐺
න 𝑅 −𝑔𝑑4𝑥 + 𝑆𝑛𝑔

𝑆𝐵𝐷 =
1

16𝜋𝐺
න 𝜙𝑅 −

𝜔

𝜙
𝑔𝛼𝛽𝜙,𝛼𝜙,𝛽 −𝑔𝑑4𝑥 + 𝑆𝑛𝑔

𝑆𝐸𝐺 =
1

16𝜋𝐺
න 𝑓 𝑅, 𝑅𝛼𝛽𝑅𝛼𝛽 , 𝜙 −

𝜔

𝜙
𝑔𝛼𝛽𝜙,𝛼𝜙,𝛽 −𝑔𝑑4𝑥 + 𝑆𝑛𝑔

Where  is a scalar field and  represents the dimensionless Dicke’s coupling constant: it is tested by the experiments

ሶ𝜴𝑳𝑻
𝑬𝑮 = −

𝟏 + 𝒎𝒀𝒓 + 𝒎𝒀𝒓 𝟐

𝒆𝒎𝒀𝒓
ሶ𝜴𝑳𝑻
𝑮𝑹

𝒎𝒀 > 𝟏. 𝟗 × 𝟏𝟎−𝟔 𝒎−𝟏

S. Capozziello, G. Lambiase, et al., Constraining models of extended gravity using Gravity Probe B and 
LARES experiments. PRD 91, 044012, 2015

→  Introduces effective masses: 𝑚𝑅, 𝑚𝜙, 𝑚𝑌

𝑌 = 𝑅𝛼𝛽𝑅𝛼𝛽

𝝁𝒎𝒆𝒂𝒔 − 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑 ± 𝟏𝟔 × 𝟏𝟎−𝟑

Measurements and constraints from the ascending node longitute

ሶ𝛀𝒈𝒓𝒂𝒗 = ሶ𝛀𝑳𝑻
𝑮𝑹 + ሶ𝛀𝑳𝑻

𝑬𝑮



Constraints to torsion theories

• Torsional theories are characterized by non-symmetric affine connections:
❑ Γ𝛽𝛾

𝛼 ≠ Γ𝛾𝛽
𝛼

𝑆𝛽𝛾
𝛼  =

Γ𝛽𝛾
𝛼 −Γ𝛾𝛽

𝛼

2
Tensor that describes the torsion phenomena

𝒕𝟏, 𝒕𝟐, 𝒕𝟑, 𝒘𝟏, 𝒘𝟐, 𝒘𝟑, 𝒘𝟒, 𝒘𝟓
torsion parameters that must be 

constrained by measurements

ሶΩ𝑡𝑜𝑟= ሶΩ𝐿𝑇
𝑠𝑒𝑐

𝜇 −
𝑤2−𝑤4

4
+ ሶΩ𝑑𝑆

𝑠𝑒𝑐

𝑡2

2

March, R., Bellettini, G., Tauraso, R., Dell’Agnello, S., Constraining spacetime
torsion with LAGEOS. Gen. Relativ. Gravit., 43, 3099–3126, 2011

−0.36 < 𝒘𝟐 − 𝒘𝟒 < +0.44

From a previous measurement of the Lense-Thirring effect with an
estimated error budget of about 10% Ciufolini, I.; Pavlis, E.C. A confirmation of the general relativistic prediction of the Lense-Thirring effect.

Nature, 431, 958–960, 2004
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Γ𝛽𝛾
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constrained by measurements

ሶΩ𝑡𝑜𝑟= ሶΩ𝐿𝑇
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𝑤2−𝑤4

4
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𝑡2

2

March, R., Bellettini, G., Tauraso, R., Dell’Agnello, S., Constraining spacetime
torsion with LAGEOS. Gen. Relativ. Gravit., 43, 3099–3126, 2011

−0.36 < 𝒘𝟐 − 𝒘𝟒 < +0.44

From a previous measurement of the Lense-Thirring effect with an
estimated error budget of about 10% Ciufolini, I.; Pavlis, E.C. A confirmation of the general relativistic prediction of the Lense-Thirring effect.

Nature, 431, 958–960, 2004

ሶ𝜴𝒕𝒐𝒓= ሶ𝜴𝑳𝑻
𝒔𝒆𝒄

𝝁 −
𝒘𝟐 − 𝒘𝟒

𝟒

ሶ𝜴𝒈𝒓𝒂𝒗 = ሶ𝜴𝑳𝑻
𝑮𝑹 + ሶ𝜴𝒅𝑺

𝑮𝑹 + ሶ𝛀𝒕𝒐𝒓

𝒘𝟐 − 𝒘𝟒 = −𝟎. 𝟎𝟎𝟔 ± 𝟎. 𝟎𝟔𝟒

𝝁𝒎𝒆𝒂𝒔 − 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑 ± 𝟏𝟔 × 𝟏𝟎−𝟑
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Local Lorentz Invariance

LLI states that the outcome of any local (in space and time) non-gravitational experiment is independent of the velocity
of the freely-falling reference frame in which the experiment is performed.

Modern unification theories suggest that the gravitational long-range interaction between macroscopic bodies may be

mediated, not only by the metric tensor field g of GR but also by other fields, as scalar, vector, or tensor fields.

More generally, besides GR, any metrically coupled tensor-scalar theory of gravitation does not predict any violation of
local boost invariance. This is for example the case of the Brans-Dicke theory of gravitation which predicts the existence
of a scalar field .

However, in the case of theories that contain vector fields or other tensor fields, in addition to the metric tensor g, one

expects that the global distribution of matter in the Universe to select a preferred rest frame for the local gravitational

interaction.

In this case the physical laws could be different from a moving observer with respect to a stationary one, as well as

from the orientation...

Local Lorentz Invariance (LLI) represents a pillar of the Standard Model (SM) of particles and fields as well as of Einstein’s 
theory of General Relativity (GR).



From the phenomenological point of view, and in the framework of the Parametrized-Post Newtonian (PPN) formalism
[1,2,3], valid in the weak-field and slow-motion (WFSM) limit of GR, the Preferred Frame Effects (PFE) are described by
the parameters α1, α2 and α3, all equal to zero in GR and in tensor-scalar theories of gravity. In particular, in the case of
the interaction of N ideal test masses, the Lagrangian depends on the two parameters α1 and α2, that, if different from
zero, will provide non-boost invariant terms depending on the velocities (𝒗𝑎

0) of the test masses with respect to some
gravitationally preferred rest frame [4]:

In theories of gravity with LLI holds, while in theories with or with       LLI is violated.  ቊ
𝑔𝜇𝜈

𝜙 ቊ
𝑔𝜇𝜈

𝐾𝜇
ቊ

𝑔𝜇𝜈

𝐶𝜇𝜈

1. Nordtvedt, K. Equivalence Principle for Massive Bodies. II. Theory. Phys. Rev. 1968, 169, 1017–1025
2. Will, C.M. Theoretical Frameworks for Testing Relativistic Gravity. II. Parametrized Post-Newtonian Hydrodynamics, and the Nordtvedt Effect. Astrophys. J. 1971, 163, 611–628
3. Will, C.M.; Nordtvedt, K. Conservation Laws and Preferred Frames in Relativistic Gravity. I. Preferred-Frame Theories and an Extended PPN Formalism. Astrophys. J. 1972, 177, 757–774
4. Damour, T.; Esposito-Farese. G. Testing for preferred-frame effects in gravity with artificial Earth satellites. Phy. Rev. D 1994, 49, 4, 1693-1706

ℒ𝑁 = ℒ𝛽,𝛾,𝜂 + ℒ𝛼1
+ ℒ𝛼2

ℒ𝛼1
= −

𝛼1

4𝑐2
෍

𝑎≠𝑏

𝐺𝑚𝑎𝑚𝑏

𝑟𝑎𝑏
𝒗𝑎

0 ∙ 𝒗𝑏
0
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ℒ𝑁 = ℒ𝛽,𝛾,𝜂 + ℒ𝛼1
+ ℒ𝛼2

Local Lorentz Invariance is a key ingredient of the Equivalence Principle.  

Einstein Equivalence Principle (EEP)
valid in GR and in all metric theories of gravity:

1. WEP
2. LLI
3. LPI

Strong Equivalence Principle (SEP)
valid in GR:

1. GWEP
2. LLI
3. LPI

GWEP = Gravitational Weak Equivalence Principle. It means that WEP is valid for self-gravitating bodies as well as for
test bodies.

𝐺𝑎𝑏 = G 1 + 𝜂
𝐸𝑎

𝑔𝑟𝑎𝑣

𝑚𝑎𝑐2
+

𝐸𝑏
𝑔𝑟𝑎𝑣

𝑚𝑏𝑐2

𝜂 = 4𝛽 − 𝛾 − 3 − 𝛼1 + 2
3𝛼2 𝛽 = 𝛾 = 1 in GRNordtvedt effect

𝛼1 = 𝛼2 = 0

Local Lorentz Invariance



LLI and, consequently, PFE, are
well tested in the context of
high-energy physics experiments
but are much more difficult to
test in the context of gravitation,
both in the weak-field regime
and in the strong- or quasi-
strong-field regime.

In 1994, Damour and Esposito-
Farese have shown that the
orbits of some artificial satellites
have the potential to provide
improvements in the limit of the
1 parameter down to the 10−6

level, thanks to the appearance
of small divisors which enhance
the corresponding PFE.

Local Lorentz Invariance



In our analysis:

• we concentrated upon the yearly oscillation of the longitude (𝜔 + 𝑀) of the LAGEOS II satellite
• as gravitationally preferred rest frame we consider that of the cosmic background radiation
• w represents the speed of the Sun with respect to this reference frame with orientation given by the

following ecliptic coordinates (𝜆𝑃𝐹 , 𝛽𝑃𝐹):

ℒ𝛼1
= −

𝛼1

4𝑐2
෍

𝑎≠𝑏

𝐺𝑚𝑎𝑚𝑏

𝑟𝑎𝑏
𝒗𝑎

0 ∙ 𝒗𝑏
0

ℒ𝛼1
= −

𝛼1

2𝑐2

𝐺𝑀⨁𝑚𝑠

𝑟⨁𝑠
𝒗⨁ + 𝒘 ∙ 𝒗𝑠 + 𝒗⨁ + 𝒘

𝒗𝑠
0 = 𝒗𝑠 + 𝒗⨁ + 𝒘

𝑤 = 368 ± 2
𝑘𝑚

𝑠
ቊ

𝜆𝑃𝐹 = 171°. 55
𝛽𝑃𝐹 = −11°. 13

Local Lorentz Invariance



From Lagrange’s perturbative equations we are able to extract the perturbative effect of a possible PFE on the rate of the
argument of pericenter and on the rate of the mean anomaly of the satellite.

ሶ𝝎 + ሶ𝑴
𝜶𝟏

= −𝜶𝟏𝒏
𝒘𝒗⨁

𝒄𝟐
𝟏 + 𝒄𝒐𝒔 𝜺 𝒄𝒐𝒔 𝜷𝑷𝑭 𝒔𝒊𝒏 𝒏⨁𝒕 − 𝝀𝑷𝑭 + ⋯

𝑑𝜔

𝑑𝑡
=

1 − 𝑒2

𝑛𝑎2𝑒

𝜕𝑅

𝜕𝑒
−

cot 𝑖

𝑛𝑎2 1 − 𝑒2

𝜕𝑅

𝜕𝑖

𝑑𝑀

𝑑𝑡
= −

2

𝑛𝑎

𝜕𝑅

𝜕𝑎
−

1 − 𝑒2

𝑛𝑎2𝑒

𝜕𝑅

𝜕𝑒

We finally obtain:

𝑛 =
𝐺𝑀⨁

𝑎3

where  represents the obliquity of the ecliptic with respect to the celestial equator (𝜀 ≅ 23°. 45). 

R  represents the perturbing funtion
𝑎, 𝑒, 𝑖, Ω, 𝜔, 𝑀  are the keplerian elements

𝑛 represents the satellite mean motion:

If PFEs exist, the quantity ሶ𝜔 + ሶ𝑀
𝛼1

must be present in the residuals of the two elements obtained from the satellite

POD.

Local Lorentz Invariance



POD of the LAGEOS II satellite

• GEODYN II s/w
❑ Timespan of 10311 days (about 28.3 years)
❑ Arc length: 7 days
❑ General Relativity: not modeled
❑ Empirical accelerations, CR, …: not estimated
❑ Non-gravitational perturbations: internal and external
❑ Gravity field: from GRACE solutions
❑ State-vector adjusted to best fit the tracking data
❑ …

Local Lorentz Invariance



Procedure in the time domain to extract the constraint in the PPN parameter 1.

ሶ𝝎 + ሶ𝑴
𝜶𝟏

= −𝜶𝟏𝒏
𝒘𝒗⨁

𝒄𝟐
𝟏 + 𝒄𝒐𝒔 𝜺 𝒄𝒐𝒔 𝜷𝑷𝑭 𝒔𝒊𝒏 𝒏⨁𝒕 − 𝝀𝑷𝑭 + ⋯ = 𝜶𝟏𝑲 sin 𝒏⨁𝒕 − 𝝀𝑷𝑭 + ⋯

1. From the POD we estimated the satellite state-vector for each arc
2. From the state-vectors we obtain the residuals in the rate of the orbital elements: ሶ𝜔 and ሶ𝑀
3. From these residuals we build our gravitational observable: ሶ𝜔 + ሶ𝑀
4. We remove from the observable the predictions of the unmodeled relativistic precessions of GR
5. We Pass-Band filter this new (corrected) observable around the yearly frequency
6. We apply a Lock-in to these data at the expected frequency (the annual one) for the effect described by

the 1 parameter and linked to the existence of the PFE due to the cosmic background radiation
7. We calculate the mean from this last operation and from this mean, suitably renormalized, we extract

the value of the PPN parameter 1.

𝑲 = −𝒏
𝒘𝒗⨁

𝒄𝟐 𝟏 + 𝒄𝒐𝒔 𝜺 𝒄𝒐𝒔 𝜷𝑷𝑭

Local Lorentz Invariance



Residuals in the two observables after the POD Relativistic precessions in the two observables

Local Lorentz Invariance

𝑑𝜔

𝑑𝑡
=

1 − 𝑒2

𝑛𝑎2𝑒

𝜕𝑅

𝜕𝑒
−

cot 𝑖

𝑛𝑎2 1 − 𝑒2

𝜕𝑅

𝜕𝑖

𝑑𝑀

𝑑𝑡
= −

2

𝑛𝑎

𝜕𝑅

𝜕𝑎
−

1 − 𝑒2

𝑛𝑎2𝑒

𝜕𝑅

𝜕𝑒



Residuals in the observable ሶ𝜔 + ሶ𝑀 FFT of the Residuals in the observable

365.25 d

Local Lorentz Invariance



Residuals in the observable after Pass-Band filtering FFT of the Residuals in the observable

Local Lorentz Invariance



Lock-in analysis

𝐬𝐢𝐧 𝒏⨁𝒕 − 𝝀𝑷𝑭 ∙ ሶ𝜔 + ሶ𝑀
𝒓𝒆𝒔

= 𝛼1 K 𝒔𝒊𝒏 𝒏⨁𝒕 − 𝝀𝑷𝑭
𝟐 + ⋯

sin 𝛼 sin 𝛽 =
1

2
cos 𝛼 − 𝛽 − cos 𝛼 + 𝛽

sin 𝛼 sin 𝛼 =
1

2
1 − cos 2𝛼

sin 𝛼 cos 𝛽 =
1

2
sin 𝛼 − 𝛽 + sin 𝛼 + 𝛽

If α=β, as in our case, a part of the signal goes in continuous (DC) and a part at twice the annual frequency.

ሶ𝝎 + ሶ𝑴
𝜶𝟏

= 𝜶𝟏𝑲 sin 𝒏⨁𝒕 − 𝝀𝑷𝑭 + ⋯ 𝑲 = −𝒏
𝒘𝒗⨁

𝒄𝟐 𝟏 + 𝒄𝒐𝒔 𝜺 𝒄𝒐𝒔 𝜷𝑷𝑭

Lock-in analysis, in this case more properly a homodyne analysis (phase sensitive detection), is mathematically based on
Werner's trigonometric formulas:

Local Lorentz Invariance



Lock-in analysis

 182.63 d

𝜶𝟏 = ሶ𝝎 + ሶ𝑴
𝒓𝒆𝒔

𝟐

𝑲

Local Lorentz Invariance



𝛼1 = +1.64 × 10−6

Preliminary result for the PPN parameter 1 and constraints to alternative theories of
gravitation:

1. This result represents the first constraint in 1 in the field of the Earth based on a pure gravitational experiment.
2. The result obtained, although preliminary, confirms the validity of the LLI for gravity and strongly constrains possible

PFEs and, consequently, vector-tensor theories of gravity, at least in the WFSM limit of GR: Einstein Æther theory.

Local Lorentz Invariance



𝛼1 = +1.64 × 10−6

Preliminary result for the PPN parameter 1 and constraints to alternative theories of
gravitation:

1. This result represents the first constraint in 1 in the field of the Earth based on a pure gravitational experiment.
2. The result obtained, although preliminary, confirms the validity of the LLI for gravity and strongly constrains possible

PFEs and, consequently, vector-tensor theories of gravity, at least in the WFSM limit of GR: Einstein Æther theory.
3. We have also performed a sensitivity analysis on the value of the PPN parameter α1 by constructing a distribution of

its values as the Lock-in frequency and signal phase vary randomly on a sample of 10^5 values each. We
consequently obtained a two-parameter distribution of 1 for evaluating the possible violation signal of GR.

𝛼1 = −3.2 × 10−7 rms (𝛼1) = 𝜎 𝛼1 ≅ 7.146 × 10−5

median (𝛼1)= −9.9 × 10−7

max(𝛼1)= +1.1283 × 10−4

min(𝛼1)= −1.1283 × 10−4

Results from the sensitivity analysis:

Local Lorentz Invariance



Sensitivity analysis:

Local Lorentz Invariance



Preliminary error budget for the systematic errors:

1. Gravitational field (quadrupole)

2. Solid tides

3. Ocean tides

4. Non-Gravitational Perturbations:

𝛿𝛼1 ≅ 2.47 × 10−6

7 × 10−9 < 𝛿𝛼1 < 7 × 10−8

Very preliminary evaluation of the measure on the constraint to the parameter α1:

𝛼1 = +1.6 × 10−6 ± 7 × 10−5

1.538 × 10−6 < 𝛿𝛼1 < 1.538 × 10−5

𝛿𝛼1 ≅ 1.6 × 10−5

From the measure From the distribution

𝛿𝛼1 ≅ 0

Local Lorentz Invariance



𝛼1 = +1.6 × 10−6 ± 7 × 10−5 With SLR data from LAGEOS II longitude, 2023

𝛼1 = −7 × 10−5 ± 9 × 10−5 With LLR data from the oscillations of the Earth-Moon distance, 2008

ො𝛼1 = −4 × 10−6 ± 4 × 10−5 From binary Pulsar data, 2012

L. Shao, N. Wex, New tests of Local Lorentz invariance of gravity with small-eccentricity binary pulsars. Class. Quantum Grav. 29, 
2012.

Müller J, Williams J G and Turyshev S G, 2008. Lunar laser ranging contributions to relativity and geodesy. Lasers, Clocks and
Drag-Free Control: Exploration of Relativistic Gravity in Space (Astrophysics and Space Science Library vol 349) ed H Dittus, C 
Lammerzahl and S G Turyshev p 457.
J. Müller, K. Nordtvedt, D. Vokrouhlický, Improved constraint on the α1 PPN parameter from lunar motion. Phys. Rev. D, Vol. 54, 
No 10, 1996.

Comparison with the literature:

Local Lorentz Invariance



• The activities of the previous experiment LARASE (2013-2019) and of the ongoing
experiment SaToR-G have been presented together with their theoretical and
experimental framework

• We have obtained several significant precise and accurate results in testing GR,
resulting in interesting constraints to alternative theories of gravitation

• Passive geodetic satellites represent indeed a very powerful tool (quasi ideal proof
masses) to test the gravitational interaction in the field of the Earth and to compare
the predictions of GR with those of alternative theories of gravitation.

Conclusions
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