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Quantum Decoherence

• Quantum-to-classical transition mechanism.

• Interaction with the environment −→ loss of coherence.

• Evolution of quantum systems described by master equations
(Lindblad, . . .)

Decoherence in Quantum Gravity
Gravitational field (or spacetime) as an omnipresent environment [A. Bassi et al, Class. Quant.

Grav. 34, 193002 (2017).].
Several frameworks: Quantum clocks [R. Gambini et al, Phys.Rev.Lett. 93 (2004)], metric
fluctuations [H.P. Breuer et al,Class. Quant. Grav. 26, 105012 (2009)], fluctuating minimal length and
GUP models [L. Petruzziello and F. Illuminati, Nat.Comm. 12, 4449 (2021)], . . .
Phenomenology: Neutron interferometry and neutral kaons [J. Ellis et al, Nucl.Phys.B 241, 381

(1984)], neutrino oscillations [V. D’Esposito and G. Gubitosi, arXiv:2306.14778 ], optomechanical
cavities [C. Pfister et al, Nature Communications 7, 13022 (2016)].
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Deformed Symmetries

Spacetime symmetries are deformed with invariant scales.

Invariant velocity scale (c): Galileian Relativity −→ Special Relativity.
Invariant energy (or length) scale (EP or ℓP): Special Relativity −→ Deformed
Special Relativity.

Deformed symmetries are described with Hopf algebras

Non-linear algebraic sector

[Xi,Xj] = f (XXX)

Coalgebra becomes relevant

∆ : H → H⊗H (coproduct)

S : H → H (antipode)
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Deformed symmetries in QM

κ-Galilei algebra: undeformed algebra and deformed coalgebra.

Deforming the coalgebra means deforming the action of generators on the Hilbert space.

Undeformed coalgebra

∆Pµ

(
|p⟩⊗ |q⟩

)
= (pµ +qµ) |p⟩⊗ |q⟩ (1)

Pµ ⟨q| := ⟨q|S(Pµ) =−qµ ⟨q| (2)

Deformed coalgebra

∆Pµ

(
|p⟩⊗ |q⟩

)
= (pµ ⊕qµ) |p⟩⊗ |q⟩ (3)

Pµ ⟨q| := ⟨q|S(Pµ) ̸=−qµ ⟨q| (4)

The algebra becomes the standard Galilei algebra. Non trivial structures on the coalgebra are

∆P0 = P0 ⊗1+1⊗P0 +
1
κ

Pn ⊗Pn , S(P0) =−P0 +
1
κ

PPP2 (5)

� Fundamental decoherence from quantum spacetime

� XXV SIGRAV Conference on General Relativity and Gravitation
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Adjoint Action

In standard QM evolution of density operators ρ is given by the adjoint action
of time translations generator.

Adjoint action defined as [H. Ruegg & V. N. Tolstoy, Lett.Math.Phys. 32, 85–101 (1994)]

adA(B) := (id⊗S)∆A⋄B , (a⊗b)⋄O := aOb (6)

If coalgebra structures are trivial

adA(B) = (id⊗S)(A⊗1+1⊗A)︸ ︷︷ ︸
∆A

⋄B = (A⊗1− 1⊗A︸ ︷︷ ︸
S(A)=−A

)⋄B = [A,B] (7)
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gV. D’Esposito � Università degli studi di Napoli “Federico II” 5



Introduction Deformed quantum evolution Conclusions & Outlook Backup slides

Adjoint Action

In standard QM evolution of density operators ρ is given by the adjoint action
of time translations generator.
Adjoint action defined as [H. Ruegg & V. N. Tolstoy, Lett.Math.Phys. 32, 85–101 (1994)]

adA(B) := (id⊗S)∆A⋄B , (a⊗b)⋄O := aOb (6)

If coalgebra structures are trivial

adA(B) = (id⊗S)(A⊗1+1⊗A)︸ ︷︷ ︸
∆A

⋄B = (A⊗1− 1⊗A︸ ︷︷ ︸
S(A)=−A

)⋄B = [A,B] (7)

� Fundamental decoherence from quantum spacetime

� XXV SIGRAV Conference on General Relativity and Gravitation
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Density operator time evolution

Assumptions:

• Adjoint action of P0 gives the time evolution of ρ .
• Time evolution preserves the hermiticity of ρ (required to interpret the

eigenvalues of ρ as probabilities).
These requirements are met with

i∂tρ =
1
2

{
adP0(ρ)− [adP0(ρ)]

†
}

(8)

leading to

∂tρ =−i [P0,ρ]−
1

2κ

(
ρ PPP2 +PPP2

ρ −2Pnρ Pn
)

(9)
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gV. D’Esposito � Università degli studi di Napoli “Federico II” 6



Introduction Deformed quantum evolution Conclusions & Outlook Backup slides

Density operator time evolution

Assumptions:
• Adjoint action of P0 gives the time evolution of ρ .
• Time evolution preserves the hermiticity of ρ (required to interpret the

eigenvalues of ρ as probabilities).
These requirements are met with

i∂tρ =
1
2

{
adP0(ρ)− [adP0(ρ)]

†
}

(8)

leading to

∂tρ =−i [P0,ρ]−
1

2κ

(
ρ PPP2 +PPP2

ρ −2Pnρ Pn
)

(9)

� Fundamental decoherence from quantum spacetime

� XXV SIGRAV Conference on General Relativity and Gravitation
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Decoherence time and fundamental constraint on the mass
Free particle solution in momentum basis is

⟨ppp|ρ|qqq⟩ := ρpq(t) = ρpq(0)exp
{
−i t[E(p)−E(q)]− t

2κ
(ppp−qqq)2

}
(10)

Off-diagonal coherences vanish after a decoherence time

τD =
2κ

(δppp)2 (11)

“Characteristic time” of a state of a quantum
system
[J. Hilgevoord APJ 64, 1451 (1996)]

τc ≳ (δE)−1 (12)
aaa

Decoherence not observable (“quantumness
is preserved”) if τD ≥ τc

(δ ppp)2

δE
≲ 2κ (13)

With E = (2m)−1ppp2, from (13) and for momentum localized states, δp
p ≪ 1

m ≲ κ (14)
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• From purely algebraic arguments a Lindblad equation was derived as the
evolution equation of quantum systems. Decoherence.

• From the decoherence time, a fundamental constraint on the mass of
quantum systems arises.

• Phenomenology: neutrino oscillation, table-top experiments with
optomechanical cavities.

• Can this framework be extended to field theories? Primordial
perturbations decoherence...
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Interaction with the Environment
von Neumann measurement:

|on⟩⊗ |R⟩ 7→ |on⟩⊗ |an⟩ ⇒ |ψ⟩⊗ |R⟩ 7→ ∑
n

cn |on⟩⊗ |an⟩ (15)

|an⟩ ∈ HA, |on⟩ ∈ HS.
Two-level system: |ψi⟩⊗ |E0⟩ 7→ |ψi⟩⊗ |Ei⟩, i = 1,2. Environment-system entanglement
emerges dynamically

|ψ⟩⊗ |E0⟩=
1√
2

(
|ψ1⟩+ |ψ2⟩

)
⊗|E0⟩ 7→

1√
2

(
|ψ1⟩⊗ |E1⟩+ |ψ2⟩⊗ |E2⟩

)
(16)

The density operator of the system is

ρS = trE
{

ρ
}
=

1
2

(
|ψ1⟩⟨ψ1|+ |ψ2⟩⟨ψ2|+ |ψ1⟩⟨ψ2| ⟨E1⟩E2 + |ψ2⟩⟨ψ1| ⟨E2⟩E1

)
(17)

For macroscopic systems |Ei⟩= ∏
N
α=1 |e

(i)
α ⟩, ⟨e(1)α ⟩e(2)

β
= ε ≲ 1, thus ⟨E1⟩E2 ∼ ε

N ∼ 0
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Example of system-environment interaction
Two-level system

{
|0⟩ , |1⟩

}
; environment composed of N two-level systems

{
|↑⟩i , |↓⟩i

}
.

Ĥint =
1
2

σ̂z ⊗ Ê , Ê :=
N

∑
i=1

gi σ̂
(i)
z (18)

2N −1 energy levels for E given by |n⟩= |↑⟩i |↓⟩i . . . |↑⟩i with εn = ∑
N
i=1(−1)ni gi.

e−i t Ĥint |ψ⟩= e−i t Ĥint
(

a |0⟩+b |1⟩
)
⊗

2N−1

∑
i=1

cn |n⟩= a |0⟩ |ε0(t)⟩+b |1⟩ |ε1(t)⟩ (19)

with |ε0(t)⟩= |ε1(−t)⟩= ∑
2N−1
i=1 cne−i t εn

2 .
The decoherence parameter

r(t) = ⟨ε1(t)⟩ε0(t) = ∑
n
|cn|2e−iεn t ⇒ ⟨|r(t)|⟩ ∼ 2−N (20)

Recurrence time τrec exists since N is always finite. gi = g ∀ i and ∑
2N−1
i=1 cn |n⟩=

⊗N
i=1

1√
2

(
|↓⟩i + |↑⟩i

)
give r(t) =

[
cos(gt)

]N with τrec =
π

g . Highly improbable, typically τrec ∝ N!
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Environmental superselection
Interaction with the environment selects the preferred basis.

|ψ±⟩⊗ |E0⟩ 7→
1√
2

(
|ψ1⟩⊗ |E1⟩± |ψ2⟩⊗ |E2⟩

)
(21)

|ψ±⟩ get entangled with the environment.
Superselected states are the ones that get least entangled with the environment
(|ψi⟩).
Typically Ĥ = ĤS + ĤE + Ĥint.
Quantum measurement limit: Ĥ ≈ Ĥint. Typically Ĥint = Ŝ⊗ Ê, thus
eigenstates of Ŝ get selected

e−i t Ŝ⊗Ê |si⟩⊗ |E0⟩= |si⟩⊗ e−i t λi Ê |E0⟩ := |si⟩⊗ |Ei(t)⟩ (22)

Quantum limit: Ĥ ≈ ĤS. Constants of motion of S (energy) get selected.
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Lindblad equation

In general ρ̂S(t) = trE

{
Û(t)ρ̂S,E(0)Û†(t)

}
. Master equations give

approximations
∂tρ̂S(t) =−i

[
ĤS, ρ̂S

]
+ D̂

[
ρ̂S(t)

]
(23)

Lindblad equation: most general master equation preserving the positivity of
ρ̂S.

∂tρ̂ =−i
[
ĤS, ρ̂S

]
− 1

2
gmn

(
Q̂mQ̂n ρ̂ + ρ̂ Q̂mQ̂n −2 Q̂m ρ̂ Q̂n

)
(24)

with gmn ∈ R and um un gmn ≥ 0 , ∀u.
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Details of the contraction

The contraction

NNN 7→ c−1NNN , PPP 7→ c−1PPP , κ 7→ c−2
κ (25)

gives

Π0 =
1

c2κ
P0 +

√
1− 1

c4κ2

(
P2

0 − c2PPP2
)
→ 1 , Π

−1
0 =

− 1
c2κ

P0 +
√

1− 1
c4κ2

(
P2

0 − c2PPP2
)

1− 1
c4κ2

(
P2

0 − c2PPP2
) → 1

(26)
thus

∆P0 = P0 ⊗Π0 +Π
−1
0 ⊗P0 +

1
c2κ

cPn Π
−1
0 ⊗ cPn → P0 ⊗1+1⊗P0 +

1
κ

Pn ⊗Pn

S(P0) = −P0 +
1

c2κ
c2PPP2

Π
−1
0 →−P0 +

1
κ

PPP2 , cS(Pi) =−cPi Π
−1
0 ⇒ S(Pi) =−Pi (27)
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Representation on Hilbert Space

To study the effect of these deformations we need to represent the algebra on
the algebra of operators of quantum systems AH .
This is done with the standard G 7→ −iR(G) procedure.
For the coalgebra this means

∆P0 = P0 ⊗1+1⊗P0 −
i
κ

Pn ⊗Pn , S(P0) =−P0 −
i
κ

PPP2 (28)
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