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1 Weyl—Lewis—Papapetrou vs Kerr

To study disk structures around black holes
P axial symmetry
P stationarity
» circularity

The Weyl - Lewis — Papapetrou metric reads

ds® = &*¥ (dt — Qd(p)2 — 2= (dz2 + dg2) — 0?e dy?

where
et et
A]ﬂl} - 52 vQ- VQv Yo = 0 (11[},22 - 1/’,29) T 52 (Q?z - Q?Q) )
20 20
et
A Q= —4Vi) - va, Yz = 2Qw,zw,g - ﬁ Q,ZQ,Q

The first two equations can be reformulated in terms of Ernst potentials.
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1 Weyl—Lewis—Papapetrou vs Kerr

To study disk structures around black holes
P axial symmetry
P stationarity
» circularity

The Weyl - Lewis — Papapetrou metric reads

ds? = &% (dt — Qdyp)? — 207¥) (dz° + do®) — o’e Y dy?
Kerr metric — a special member of WLP class, in BL coordinates
A 2 X
2 .2 2
ds =-5 (dtfasm Hdcp) +Zdr

+ X d6? + %((a2+r2)dgp—adt> ,
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1 Weyl—Lewis—Papapetrou vs Kerr

To study disk structures around black holes
P axial symmetry
P stationarity
» circularity

The Weyl - Lewis — Papapetrou metric reads

ds® = &*¥ (dt — Qd(p)2 — 2= (dz2 + dg2) — 0?e dy?

We want to study the connection of
» direct linearization of WLP around Kerr background
> perturbative solutions obtained by Debye potential formalism
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® NP/GHP formalism
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2 NP/GHP formalism

» particular realization of tetrad formalism
» equations for scalar quantities in a coordinate independent form
» particulary useful for Type D spacetimes

For example, the Maxwell tensor
Yo = Fablamb, Y1 = 1/2 F.p (I"nb + maﬁ1b) s Y2 = Fabﬁ”lanb

and reconstruction

F=—-nAmpo+(nAl+mAm)pr —mAlgp,
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2 Maxwell equations

D¢y — 6 = (7 — 2a)o + 2p¢1 — Kb ,
D¢y — 61 = — Ao + 271 + (p — 2€) ¢,
Agg — 01 = (27 — ) o — 271 + o2,
Agy — 62 = vy — 2pu¢1 + (28— T)92 ,

b1 — 0o = —7'p0 + 2001 — K2,
bpa — ' p1 = oo — 271 + 02,

example

i 1
D¢:/JVJ¢: m [(r2+a2) at+A8r+38¢}w,
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2 Motivation

Motivation:

> realistic situations — numerical simulations

> simplification of the model — (possibly) analytical solution
Simplifications?

P> symmetries

> linearization (i.e. solving for test fields)

> algebraic type (D)
Advantages of this setup?

» contains black hole spacetimes

» Type D — Teukolsky (decoupling of the MEq)

» Allows us to construct a Hertz potential in a special calibration
(Debye potential) — one complex scalar function 1

» 1) — the whole field
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© Electromagnetic case
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3 Hertz potentials

Hertz potential _
A, = VJPaj + G,

Hertz potential and gauge spinor in the principal dyad are chosen as follows

Pag = Xotate — X1 (0ats + 08La) + X2 0408,
Gaa = 2(7'Xo — 0X1) tala — 2(0'Xo — TX1) oalar
—2(7'X1 — 0X2) tada +2(0'X1 — 27X2) 0a0aA’ ,
and

o = bbXo 1 =2(p0" + 7'b)Xo0 s 02 =0'0'x0.
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3 Master Equations
Teukolsky Master Equation

[(b—2) (b + &) — @ —F)(@ +7)] v "0 = Jo,

sources encoded in (Green function — not physical sources)

Jo=@=F) P d = (b= )by " Im.

9002/ / G(r,0,r',0")Jo(r',0', ro,00)%(r',0")sin @' dr'de’ .
o Jo

The Deybe potential equation (Andersson, Backdahl, Blue — fundamental
spinor operators)

(P =) (b+2)—(@—-7)(@ +7)]d=0.

In the BL coordinates these Egs. are separable. Standard way of solving:
series expansion (quite general)
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3 Axial symmetry + stationarity

Stationarity + Axiall symmetry
TME, DEq = Laplace Eq (in 2s+3 dim)

Green function for TME

g = 920, —00) [E(m)+ (1+ 7 2000 >K(m)] .

QQ 20, _Q0)2

Physical four-current
J :joat +.j3alp 5

Simplified expression for the sources of TME reads as follows

Jo = 2)0% |:§0 (p2j0)+iasin 0% (p2jo)+[% (asin29p2j3)fi§ ((32 + r2) sin0p2j3>:|
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3 Superpotential integration?

How to integrate the superpotetnial?

» direct attempt — impossible

> transform to Weyl coordinates (Laplace)
> integrate on the axis (the solution is given by its values on the axis)

> integrate away from the axis

T (z2—2)*+ a5
sin Oy z2 — 32

QO z+lgcoso¢—zg
2
Z(e,2) = — = (0, z+lgcosa)sm ada = sinf @ da.
T sin 6g (z + igcos ) 762
0
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3

Intermezzo: Elliptic integrals

Yam

E(m) = V1 - msin20d9,
0
Vom 1

K(m) = ——d,
o V1—msinZ0

Yam 1
|'|(n|m):/0 e — df.
— nsin 0) 1— msin“6

Branch cut n € (1, 00)

lim M(n—ielm) = MN(n|m),

e—+0

T
lim MN(n—+ielm) =N(nlm)+ ——— .
i, N ) = (o) +
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Figure: The contourplot of the Debye superpotential =, in the Weyl coordinates

(0, 2).
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Figure: The contourplot of the Debye superpotential =, in the Weyl coordinates
(0, 2).




3 Analytical

continuation
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3 Physical sources 16

Uniformly charged ring

. 5(/’—!’0)5(9—00)
Jo = Jo(ro, o) S(0.00) sinfo '

;3=0.

Evaluating the integral leads to the Debye potential of the charged ring

_ T 0 9 )
Pring = M <c0t90 + — —iasinfy > U
2p(r0790)

890 8r0




3 Physical sources 17

Circular current

5(/’—!’0)5(0—90)

Jo :07 J3 :J3(r0a90) z(r()’go) sin 90

Evaluating the integral leads to the Debye potential of the current loop

_ R sin 6 < . . 0 o, oy 0 )
= j3(rg,00) ——= | —irp — asinbgp— + i (r§ + a v
Yeurrent J3( 0 0)2p(r0’ 00) 0 0 ( 0 ) aro

00y

1]
N\\\A 77
N\a\wWwwww@lhz
= =
(dr) Inteéral cﬁrves of E (circula‘r (ej Inteéral cﬂrves of B (circular

current). current).
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@ Gravitational case
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4 TME, s=2
Teukolsky Master equation

(b—2—40) (b — ) = (8= 7 —47) (8 = ') = 30| o = To.
sources

To= (0—47—7)[(p—20) Tim— (0 —7) Ty]
+ (b —40— @) [(8 - 27_—/) Tim — (b - 5) 7-mm]

Given Ty, we
1 solve for ¥ and then
2 evaluate 1) on the axis
3 solve for the Debye potential on the axis
4 evaluate the integral to get the potential everywhere
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4 Debey potentials for gravitational perturbations - ORG 20

B9 — (Xo + Xo) Ll + Yomamy + Yoy, — 22,1 ,my) — 22,1 (i)

with
Xo = (55 + 27/5) X[,4’0] 5
Y, = (bb + 20b) X[, 4] »
Zo = (b0 + (7 + ') b + 00) X[o,—4]
and
2o = bbbbtp, 4.
2py = 00V Ppo_a— 302 [0 — 70 + 0b' — 0'b — 202] Pp_ag s
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4 Metric perturbation in ORG |21

Ossar 1 k- 1

Gt (Ko ke Fo 2, %oy anole, $1%, %+ gasole, 81% 2 sano(z, 51, oo Trcalx, 51
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4 Metric perturbation in ORG+IRG

Let us use )
b = )+ 3
Tedious work leads to the following expressions in BL coordinates
(t7 r7 07 <p)
hy O 0 hp
h., — 0 hrr hr9 0
71 0 he he O
hey 0 0 hye

with
h=(x+Xx) [(dt — asin? 9d<p)2 + idrz}
—(y+7) [(adt — (P + 2?)dy) sin20 — Z2d02}
—2i(z — 2)sin@ [—adt + (r* + a°)dyp] (dt — asin® 0dy)
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4  Weyl—Lewis—Papapetrou 23
WLP metric reads
ds? = ¥ (dt — Qdy)® — 2O0~¥) (dz° + do®) — o°e *Ydy?
and linearize around known background

Y — Yo + ey, A= Ao+ €N, Q— Qo+€eQ.

We may as well consider

ds? = €% (dt — Qdyp)” — €72 (yundxMdx" + g?de?)
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4 WLP, continued

in BL coordinates we get

he =2 (A — 2°sin0) T~ 1y,

he, = 2aMrsin® 0 My + (a®sin® 6 — A)XZ1Qq,

P 0°Y2 + 42°M?r?sin* 9
w7 ¥ (a%sin’0 — A)
h., = 2xA~t (Y1 —m)

hgg = 2% (Y1 —m1) -

1 — 4aMrsin® X710 |
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4 Calibration

hwip = h+ ‘ngKerr

for calibration vector
& = £(r,0)9, + fy(r,0)dy

we have to solve

AT T2 \ors "0t
and we have an algebraic constraint

/

A
f9+Atan9fr:Ztan9[(y+)7)+(x+>‘<)}
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4 Dragging
On Schwarzschild background we get

4.
Q =il SA'ne (z—2)

which solves linearized WLP eq

A_1Q1 + 4V - VY =0
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Full set of Equations

i (R it

6 sinls] (3 (-(xex - (o5 yoy)) Sinlel-f 23 (28 -zelx 21))
. [z, 0] = o8 - sinfe]? M 2rfo[r, 6] Sin[26] - fr[r, 6] SW[x, O
{nte, 2w gy (4D +24a G2 sinte] ~at (v+9) sinte)?) + o (atrfelr, o) sin(20] - fr(x, o] ulx, o),
Yo, z] = = (y+¥) =[x, 6] L g0 [x, 6] — (fotr, ©12° Y [r, 6] + £r[r, 61 2% [r, 61),
2 2 121z, o]
SO a(x+%) (drueasiz, o]) _ i (2-2) (a?sin[6)?+A[r]) Z(r, 0] | aMfr[r, 0] Sin[0]? (422 - 6xM-4A[x] +Z[x, 0])
Qlfp, z] = ———— E[z, 6] -aly+y) Alrl+ - *
sz, o] asiz, o] As(x, 6] sin[e]

as(z, 0]?
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@ Conclusions and future prospects
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5 Conclusions and future prospects

» closed compact formula

» structure of discontinuities

» generalization of circular sources for s = 2

> 6™ derivatives of superpotential

it is working — compared results to Tagoshi, Sano
> incoming/outgoing radiation gauge

> more integration constants

construction of realistic rotating discs

» generalization of Kuzmin-Toomre

> point particles on axis — cut
> construction of realistic rotating discs
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