Anisotropic Neutron Stars: Exploring Quasinormal
Modes in Full General Relativity

Sushovan Mondal

Institute of Mathematical Sciences
Chennai, India
XXV SIGRAV Conference on General Relativity and Gravitation

September 4, 2023

A
(@‘;
‘.\' 74

SIVEY TRV R e WY o3 o¥e BN M@ BN A AW Y ERASte A nisotropic Neutron Stars: Exploring September 4, 2023 1/31



This presentation is based on : S. Mondal and M. Bagchi, Non-radial
oscillation of anisotropic neutron stars in full general relativity, (2023),
arXiv:2309.00439 [gr-qc].
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Introduction

@ Recent discovery of gravitational waves opened a new window to
look at the heavenly bodies.

e Nonradial oscillation of neutron stars can generate gravitational
waves.

o In general relativistic theory, we know that background metric and
fluid get coupled to each other.

e Perturbation on the system(neutron star), can oscillate both
metric as well as fluid.

@ Outside the star, the fluid perturbation becomes zero, but metric
perturbation can propagate as gravitational waves, where the
imprint of properties of the compact stars gets incorporated.
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Anisotropic Compact Stars in Equilibrium

e Anisotropy in the neutron stars can arise due to various reasons,
presence of magnetic field [1], kion condensation [2], presence of
superfluidity [3] etc.

@ Due to the presence of anisotropy, the
Tolman—Oppenheimer—Volkoff equation also gets modified.

o For a spherically symmetric, nonrotating object, the metric is
given by

ds? = —e’Mdt? + A dr? + r2(d6? + sin® 0d¢?). (1)

@ The energy-momentum tensor of anisotropic fluid is given by
T} = diag(—p, pr, pt, pt)- ey
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Anisotropic Compact Stars in Equilibrium

e From the Einstein field equations, we can get the hydrostatic
equilibrium equation, which can be written as,

dpr __(p+p)(m(r) +4mpr®)  2x
dr r(r —2m(r)) T 2

where x = p; — p», is the anisotropic parameter and
m(r) = 4x [ pr'*dr’. This is the modified TOV equation for
anisotropic self gravitating compact object.

e To solve this, we have considered BSk21 EoS.

@ In our work we shall consider a simple phenomenological ansatz,
where x = 7p,u, this is called quasi local anisotropy parameter.
Where 7 describes anisotropic strength and p is the quasilocal
variable. Here we consider the quasi local variable is identical to
local compactness, which means p = 2m(r)/r. {
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Overview
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Perturbation Scheme

@ Due to spherical symmetry of background and we are interested in
linearized theory, to perturb the system we have considered
Regge-Wheeler gauge, where the perturbation decomposes in two
independent part (polar and axial) according to their parity.

e Here we will consider the polar part (even parity) of the
perturbation which is given by,

e’Hy(r) dwrH(r) 0 0
_ 1| iwrHi(r) €M Ha(r) 0 0 m. it
fag = =1 0 0 r2K(r) 0 Y,
0 0 0 r?sin? 0K (r)
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Perturbation Scheme

@ The displacement of the fluid is given by,

0
-1 f/\/ZW( ) )
r e r
wo__ m _iwt
g - _Tl—QV(,r,)ae 1 € ) (4)
-2
o sqn2 Gv(r)ad)
@ The perturbation of the velocity is given by,
_H
2
iwr—te=M2W
—iwr 2V oy
—iw(rsinf) 2V,

Su’ = Tle_y/2}/2meiwt, (5)
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Perturbation Scheme

o Linearized Einstein equation
0GP = 8moTP.

@ Linearized conservation of energy-momentum tensor equation

§(VgT?) = 0.
@ Define
Ap, = _T,lefu/2XYimezwt.
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Perturbation Scheme

e With these expressions in our hand, we can derive the governing
equations of oscillation. The equations are given by as follows.

e From 5G(2) = 87r5T02 we can write,

HY = §H+ iK B I+ 14+ 2mrter — 471'7'2e>‘(p7, — p)H1
r r r
_16meMp+p ), ©)
r

o In the similar way, from 0G} = 8767

I(l+1)
2r r

1 1
K = ;H — {(l—i— Dr—t - 21/I:| K +
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Perturbation Scheme

e From the definition of X in Eq. (8)

A2
W = %e’\/QrH—i— Mg~ L (L g,
r r

A—v
re 2

+ X (11)
Cg (pr +p+ 2%)

o From §(VzT?%) =0

61/7)\/2 /
Py ey

(12)

1
W (ptpr+X)V = PX = S (pr+ ) H +
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Perturbation Scheme

From 0G?% = 876T? and §G1 = 8mT}

1
3m+ 5 (1= 1)(1+2) + Amrdp, | H = 8ne /213X

1
— [—e”)‘r?’wQ + il(l + 1)(m+ 47rr3pr) Hi + leef)‘/QTrrW

1 A
) [_2@ — (1 +2)r + e + = (m + dmrp,) (3m — v + 4mrp,) | K,
T

(13)
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Perturbation Scheme

v/2 l x(6 +rv')

oy — |- X + (pr v/2
r [T+TC§(3(pr+p)+2x)] oo [2

- !ev/21(z D)o 20+ 1)ev/?

e

X' =-2

2r2 r3

H,

[ v/2 v/2
e’*(pr + p) <l(l+1) +mzey> L XA )
2r 2r

eV/Q(—G—i-rl/)

) (v—=X)/2 (v+X)/2
-’ ¢ + ¢ 3 X (6 — dmr—! — 87rr2p,n) w
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Overview

@ Outline of solution
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Outline of solution

o Inside the star we have to solve the set of 4 first order differential
equation for oscillation (Hi, K, W, X) and three equations for
background(m, p,, v) with two algebraic relation (V, H).

o Initial conditions come from regularity condition at the center of
the star. One can get the expressions for initial condition by
expanding the equations (both oscillation and background) in
Taylor series up to zeroth order.

@ The boundary condition is the Lagrangian perturbation at surface
should be zero (Ap, = 0).

@ Outside the star fluid perturbation is zero. But metric
perturbation is finite. The metric perturbation functions (Hi, K)
combines to a single second order differential equation, which is
called Zerilli equation. e
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Outline of solution

o The Zerilli equation is given by

d*Z 9 .
e (W= VaM) Z =0, (15)
where,
* (1-2M/r) 2 3 2272
Vo) = Sy aanye (e D Gy

+18n M?r +18M3) . (16)

and ny = (I(l+1))/2) — 1, and 7* = r + 2MIn((r/2M) — 1).
o In the asymptotic limit, we can think the solution of this equation
as a combination of ingoing and outgoing wave.
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Outline of the solution

e As, we are interested in the solutions where the solution of this
equation is totally outgoing, so we have integrated these equations
for several frequencies, and calculated the component of the
ingoing part. And by finding the frequency at which the outgoing
part becomes zero, we get the quasinormal mode of the particular
model of the star.

e For that we have integrated the Zerilli equation up to infinity
(near about (50w™!)).

@ Then match the solution with

Z(T*) = B'mZzn(T*) + BoutZout(T*) 5 (17)
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Outline of the solution

o Where,
Zout('f’*) = 6(—iwr*) ZﬂjT_j 5 (18)
§=0
Zin(r*) = ™) N " Bir I (19)
§=0

e From these expressions we get a recursion relation of f; s.

o Now matching the numerical solution with the analytical
asymptotic form, we can get B;,.

e Now we can calculate B;, for a several values of w and fit those
values to get a functional form of Bj,(w).

e Now we find the root of that function to get the particular
frequency, for which the the ingoing part of the wave is zero, and
the wave is purely outgoing.

e Quasi-normal mode frequency is Re(w) and damping time is o)
1/Im(w).
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Results
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Figure 1: Mass-Radius profiles for anisotropic neutron stars with —2 <7 <2
and BSk21 EoS.
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Results
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Figure 2: Plot of f mode frequencies with respect to square root of average
density for various anisotropic strength.
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Results
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Figure 3: Plot for quasi-normal modes with respect to the total mass of the
stars for various anisotropic strength within the stars.
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Results
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Figure 4: Plot for quasi-normal modes with respect to the anisotropic strength
for 1IMg & 1.4M mass stars.
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Results
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Figure 5: Plot for damping time with respect to mass for various anisotropic
strength
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Figure 6: Plot for damping time with respect to anisotropic strength for
1.4Ms neutron stars
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